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ANDREY SARANTSEV

RANDOM STABILITY OF RANDOM VARIABLES

For a random variable N = 0, 1, 2, . . . we study the following question: When does the

sum of N many independent and identically distributed copies of a random variable

X have the same law as a nontrivial rescaling of X? We show that such N-stable
random variable exists if and only 1 < E[N ] < ∞. Under an additional assumption

E[N lnN ] < ∞, we describe all N-stable X. We also study a converse problem:

For a given X ≥ 0 with E[X] = 1, find the set of all N such that X is N-stable.
Distributions of these N form a commuting semigroup with respect to composition of

probability generating functions.

1. Introduction

1.1. Main concepts. A real-valued random variable X (or its distribution on the real
line) is called stable if for every n = 2, 3, . . . there exist constants an > 0 and bn such that
for independent identically distributed copies X1, X2, . . . , Xn of X, we have:

X1 + . . .+Xn
d
= anX + bn.

If bn = 0, this random variable or its distribution is called strictly stable. The theory of
stable and strictly stable distributions is classic and well-developed, see the monographs
[24, 30]; and a less known but useful book [8, Chapter 2]; see the discussion in Section
2 below. These distributions are described via their characteristic functions (Fourier
transforms) E[eiuX ], where i =

√
−1.

Applications of strictly stable distributions include: (a) Actuarial mathematics, with n
the number of claims and Xk the size of the kth claim; then the overall size of all claims
has the same distribution as each claim, up to scaling; (b) Quantitative finance, with Xk

the stock market log returns on day k, and n the number of days; then the cumulative
log return for n days is given by the sum X1 + . . . +Xn; (c) Scaling limits of sums of
IID random variables, generalizing the Central Limit Theorem; (d) Increments of stable
Lévy processes, which have stationary independent increment and are also invariant with
respect to scaling.

The topic of this article is random stability or N -stability. Definition 1.1 is a generaliza-
tion of strictly stable distributions Q, which are N -stable in terms of this Definition 1.1
for a constant N = n for each n = 2, 3, . . .

Definition 1.1. Take a random variable N with values 0, 1, 2, . . . with distribution P . A
probability measure Q on R, or, equivalently, a random variable X ∼ Q, is called N -stable
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or, equivalently, P -stable, if there exists a c > 0 such that the following equality in law
holds:

(1) X1 + . . .+XN
d
= cX,

where X1, X2, . . . ∼ Q are independent copies of X, independent of N .

In [11, Definition 3], the term strictly N -stable is used. Alternatively, the article [22]
uses the term branching stability to stress connection with branching processes. Recall
that a classic (Galton-Watson) discrete-time branching process (X0 = 1, X1, X2, . . .) is
constructed as follows: We fix a distribution P on {0, 1, 2, . . .}. At each step n, we treat
the value Xn of the process as the population, and generate a random number of offsprings
(distributed as Q) for each member of this population. For all members, the numbers
of their offsprings are independent. Classic monographs on branching processes include
[7] and a more recent book [1]. We will see in our article that this connection is indeed
critical. Indeed, the classic result (see Section 2 below) is: Under simple conditions, if c
is the mean of Q, then Xn/c

n weakly converges to a Q-stable distribution as n→ ∞.
Importantly, we can rewrite the main equation from Definition 1.1. Taking the

characteristic function (Fourier transform) f(u) = E[eiuX ] of X, and the probability
generating function φ of N : φ(s) = E[sN ], we rewrite this as the Poincare functional
equation:

(2) φ(f(u)) = f(cu), u ∈ R.
If X ≥ 0, then the same equation holds for the Laplace transform L(u) = E[e−uX ] instead
of the Fourier transform f(u). Taking the inverse of this Laplace transform, we can
rewrite this Poincare equation, in turn, as another functional equation: Schröder equation,
see [18].

1.2. Literature review on random stability. For random stability, there has been
a lot of research starting from the 1990s, as well as some earlier research in relation to
the classic theory of branching process. The most studied case is for geometric stable
distributions (N -stable for geometric N , see subsection 2.6 below), see [15] for a survey
and [9, Chapter 9] for a more detailed description. On the N -stability for general N ,
see articles [4] by Bunge on composition semigroups, discussed in more detail below in
subsections 3.3 and 3.4; and articles [10, 11, 12] by Klebanov et al. Kozubowski and
Panorska in [16] provide general classification of random stable variables under a condition
introduced in [32] and removed in our Theorem 2.2; see subsection 2.4 below. Finally, we
mention an important short note [22]. Financial applications are discussed in [8, Chapter
4], p. 157; see also [15, Remark 2.2] and references therein.

1.3. Our contributions. We have a twofold aim: To compile and streamline existing
results; and to state and prove new results. Existing literature is somewhat fragmented.
Equivalent formulations have appeared in different forms, and this article aims to unify
and extend them. Theorems 2.1, 2.2, and 2.3 are our main results. We could not find
Theorem 2.1 in other articles. The closest was [19, Corollary 1.2] with (in their notation)
Ai = 1/c. This discusses a generalization of random stability to smoothing problems.
But their proof applies only to nonnegative N -stable X. Theorem 2.2 was shown in [16]
but under a special artificial assumption which was introduced in 1973 and could not be
removed since then; here, we get rid of it. Theorem 2.3 was shown in special cases, see
the classic monograph [5].

1.4. Organization of the article. Section 2 contains main results: Theorems 2.1, 2.2,
and 2.3, as well as most lemmas. In Section 3, we fix a distribution Q on the real line and
study G(Q), which is the set of distributions P on 0, 1, 2, . . . for which Q is P -stable. We
also discuss two equivalent definitions of random stability. Section 4 is devoted to proofs.
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2. Main Results

2.1. Existence results. Theorem 2.1 is the main result of this article. As mentioned
earlier, we could not find it in the literature, despite its importance.

Theorem 2.1. Assume N is not identically zero and is not identically one. There exists
an N -stable random variable X which is not identically zero if and only if 1 < E[N ] <∞.

Remark 2.1. Consider a Sibuya distribution with probability generating function Gp(s) =
1− (1− s)p for p ∈ (0, 1). It was introduced in [29, formula (2)] with (in their notation)
β = γ = 1. See also a more recent article [17] with an extension with mass at zero. This
distribution has infinite mean. By Theorem 2.1, there exists no Sibuya-stable random
variable.

The following is a well-known uniqueness result, which can be found in the classic
monograph on branching processes: [1, Chapter I], Section 10, Theorem 2. Let us impose
an additional assumption

(3) E[N lnN ] <∞

with the standard convention that 0 ln 0 := 0. Of course, (3) implies E[N ] <∞.

Proposition 2.1. Assume E[N ] > 1. Under the assumption (3), there exists one and
only one N -stable X ≥ 0 (up to equality in law) such that E[X] = 1. For this X, we have
c = E[N ] in (1).

We stress that even for N satisfying E[N ] > 1 and (3), there exist N -stable X with
E[X] = ∞. See the discussion below where we classify all N -stable X for a given N .

Remark 2.2. The following result was proved in [1, Chapter I], Section 10, Theorem 3.
Let (Nk) be a branching process with N offsprings and c = E[N ] ∈ (1,∞). This case is
called supercritical. There exists a sequence (Ck) of positive numbers such that

(4)
Ck+1

Ck
→ c,

Nk

Ck

a.s.→ X,

whereX ≥ 0 is anN -stable random variable. There are two cases, when c = E[N ] ∈ (1,∞);
see also discussion in [2]. For a conceptual proof, see [21]. For other proofs, see [26,
Theorem 3.1], [27, Theorem 4.3].

• If E[N lnN ] <∞, we can simply take Ck = ck. Then E[X] = 1.
• If E[N lnN ] = ∞, we need to take Ck ̸= ck, and E[X] = ∞.

Definition 2.1. We call such X from Proposition 2.1 the standard N-stable random
variable, and the distribution of X is called the standard N -stable distribution.

2.2. Strictly stable distributions on the real line. Recall a well-known classification
of stictly stable distributions Q, see [24, Chapter 1] or [30, Chapter V]. Its characteristic
function (Fourier transform)∫

R
eiuxQ(dx) = e−g(u), i =

√
−1,

can be represented as

(5) g(u) = (β + γi sgn(u))|u|α

with α ∈ (0, 2], β > 0. Special cases:

• if α = 2, then γ = 0 and Q = N (0, 2β);
• if α = 1, then γ is unrestricted and Q is shifted Cauchy.
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Of course, we also have the trivial case β = γ = 0, when Q = δ0.
Denote the set of such functions g as G. Such distribution Q is also called strictly

α-stable to stress its dependence upon the index α. Note that the function g satisfies

(6) g(cu) = cαg(u), c > 0, u ∈ R.

A standard reference is the classic monograph [24, Chapter 1]: Equivalent Definitions
1.1.1, 1.1.4, 1.1.5, 1.1.6 of stable distributions, and Properties 1.2.6, 1.2.8 of strictly
stable distributions. Also, see other monographs: [20, Chapter 3]: Theorem 5.7.3 and
discussions after this; a more recent book [30, Chapter V]: Section 7 for general results
about strict stability; Theorem 7.6 for strictly stable symmetric distributions; Theorem
3.5 for positive strictly stable symmetric distributions; Theorem 3.5 for positive strictly
stable random variables. Finally, we point out to [5, Chapter 4], section 4.5, page 130.
We stress that much of classic research involves stable not strictly stable distributions,
which arise as weak limits

(7)
X1 + . . .+Xn

an
− bn, n→ ∞,

for independent identically distributed X1, X2, . . . But we use strictly stable distributions
here in this article, with bn = 0.

2.3. Classification of N-stable X for given N . In Theorem 2.2, we classify N -stable
distributions. This replicates the results [16, Proposition 2.1, Proposition 3.1] but without
an artificial additional assumption in Remark 2.3 below. TheN -stable laws are represented
via a product involving a standard N -stable random variable, and an independent strictly
α-stable random variable. We impose the following conditions:

(8) 1 < E[N ] and E[N lnN ] <∞.

Theorem 2.2. Under the condition (8), any N-stable X can be represented as the
following product of random variables:

(9) X
d
= Y 1/αZ,

where Y is the standard N-stable random variable, and Z is a strictly α-stable random
variable independent of Y , for some α ∈ (0, 2]. The characteristic function of X can be
represented as

(10) f(u) = E
[
eiuX

]
= L(g(u)).

Here, L(u) = E[e−uY ] is the Laplace transform of this standard N -stable Y . Also, g ∈ G
is defined via the characteristic function of Z, which is e−g. Moreover, if X is N -stable
with index α, then it satisfies (1) with

(11) c = (E[N ])1/α.

Conversely, any X having representation (9), or characteristic function (10), is N -stable.

As discussed in the proof of Lemma 4.1, the Laplace transform can be defined for
Re(u) > 0. We need to extend this Laplace transform to the complex half-plane, since g
can be complex-valued.

Separately, we state an important uniqueness lemma.

Lemma 2.1. Assume L1 and L2 are Laplace transforms of two probability measures Q1

and Q2 on the positive half-line with mean 1. Let g1, g2 ∈ G be such that L1 ◦ g1 ≡ L2 ◦ g2.
Then L1 ≡ L2 and g1 ≡ g2.
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2.4. Removal of artificial assumptions. This result is important for the following
subtle reason. Earlier, such representation result was proved by [16] under an additional
condition on the Laplace transform L(u) = E[e−uY ] of this standard N -stable Y .

Remark 2.3. For any two infinitely divisible characteristic functions e−f and e−g on the
real line, L ◦ f ≡ L ◦ g implies f ≡ g.

This condition was first introduced in [32] and used for the converse of the transfer
theorem. This theorem is about a transfer from weak limits of sums of independent random
variables to weak limits of random sums of these variables, [5, Chapter 4]: Section 4.1,
Theorem 4.1.2, and references therein. Says [32]: The following condition is presumably
true, but so far no one was able to prove or disprove it. It turns out from our research
that we do not, in fact, need to prove this condition! Indeed, from 1973 until now, to the
best of our knowledge, no one could prove this in the general form. There were many
discussions of this condition in a recent book [5], which is an unabridged republication
from 1996: [5, Chapter 4], Section 2. To quote: No one has managed either to prove this
or to refute it yet. There, it was proved in several particular cases, but not in the general
case. In [9, Chapter 8], it was mentioned but unproved in Remark 8.8.16.

2.5. Examples of random stable variables. Here, we consider the three cases of
N -stable distributions: (a) symmetric; (b) Gaussian; (c) on the half-line.

Definition 2.2. The random variable X (or its distribution Q) is called a symmetric

N -stable if it is N -stable and X
d
= −X.

Lemma 2.2. Under the condition (8), any symmetric N-stable X has the following
characteristic function

(12) f(u) = E
[
eiuX

]
= L(β|u|α)

for some β > 0 and α ∈ (0, 2], where L is the Laplace transform of the standard N -stable
random variable Y . This X can be represented as

(13) X
d
= Y 1/αZ, E

[
eiuZ

]
= exp (−β|u|α) .

Here, Z is independent of Y , and is symmetric α-stable. Conversely, any X having
representation (13), or characteristic function (13), is symmetric N -stable.

Definition 2.3. Any N -stable random variable with index α = 2 is called a Gaussian
N -stable random variable.

We stress its similarity with classic Gaussian random variables. In the literature,
sometimes a Gaussian N -stable X is defined using (1) with (11) with α = 2. An
additional restriction E[X2] = ∞ is introduced in [10, Definition 2]. Confusingly, the
opposite restriction E[X2] <∞ was introduced in [5, Chapter 4], see Definition 4.6.1; or
[11, Definition 2], or [9, Chapter 8], Definition 8.3.2. But we do not need these restrictions
in the definition of a Gaussian N -stable random variable, as seen in the following lemma.

Lemma 2.3. Under the condition (8), any Gaussian N -stable X is symmetric: X
d
= −X.

It satisfies E[X2] <∞. Taking Y the standard N-stable random variable, with Laplace

transform L, we can represent X =
√
Y Z, where Z ∼ N (0, σ2) is independent of Y . The

characteristic function of X is given by

f(u) = E
[
eiuX

]
= L(σ2u2/2).

The final case is a nonnegative N -stable random variable X. It is easier to study their
Laplace transforms than characteristic functions.
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Lemma 2.4. Under the condition (8), a nonnegative N -stable X has Laplace transform

E
[
e−uX

]
= L(βuα)

for the Laplace transform L of the standard N -stable random variable Y , and for some

α ∈ (0, 1] and β > 0. This X can be represented as X
d
= Y 1/αZ, where Z is the stable

positive random variable of index α, independent of Y , defined via Laplace transform

(14) E
[
e−uZ

]
= e−βu

α

, u > 0.

Remark 2.4. A nonnegative N -stable X can have only index α ≤ 1, not α ∈ (1, 2]. One
can view Z as the subordinator process at a fixed time.

2.6. Geometric stability. The most classic example is for the geometricNp for p ∈ (0, 1),
with distribution

(15) P(Np = n) = p(1− p)n−1, n = 1, 2, . . . ;

and with expected value and the probability generating function

(16) E[sN ] =
ps

1− (1− p)s
, E[Np] =

1

p
.

Then the standard Np-stable distribution of every p ∈ (0, 1) is the standard exponential
with mean 1: It has density and the Laplace transform

(17) p(x) = e−x, x ≥ 0; L(u) = E[e−uY ] =
1

1 + u
, u ≥ 0; Y ∼ Exp(1).

A Gaussian Np-stable distribution is also well-known: The Laplace distribution with
density and the characteristic function

p(x) = 0.5σe−σ|x|, x ∈ R; f(u) =
1

1 + σ2u2
.

More generally, a symmetric Np-stable distribution is known: This is the Linnik distribu-
tion (named after a Ukrainian mathematician) with characteristic function

(18) f(u) =
1

1 + β|u|α
.

with 0 < α ≤ 2. See also [9, Chapter 9], Subsection 9.4.2.1, Theorem 9.4.6. This
distribution is absolutely continuous on the real line, but its density is explicitly known
only for α = 2, when it becomes the Laplace distribution. The positive Np-stable
distribution has Laplace transform with β > 0 and α ∈ (0, 1]:

(19) L(u) =
1

1 + βuα
.

This is commonly known as the Mittag-Leffler distribution; see [9, Chapter 9], Subsection
9.4.2.2, Theorem 9.4.9. Also, in [5, Chapter 2], the distribution with the Laplace trans-
form (19) was named the Kovalenko distribution after another Ukrainian mathematician,
see (3.2) or page 30. Some authors call it positive Linnik distribution, to stress its similarity
with the two-sided Linnik distribution from (18). This distribution is also absolutely
continuous, but its density is explicitly known only for α = 1 or α = 0.5. An entire
chapter [9, Chapter 9] is devoted to these geometric stable distributions. See also a great
survey [15] with large bibliography. Such geometric stable distributions were studied as
far back as in 1984 in [12] and also in one early article by T. Kozubowski [14]. Further
representation results for the Linnik and the Kovalenko distributions are given in [13].
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2.7. The infinitely divisible case. The following example is well known, see [7, Chapter
I, Example 8.5; Chapter V, Example 13.2], [22, Section 8], [10, Section 6], Examples 2
and 4, [4, Example 1]; [23, Example 3], and physical applications in [6, Section 8]. Here
X is a Gamma random variable with shape 1/k and certain rate parameter β > 0. We
remind the readers that it has Laplace transform

(20) E[e−uX ] = (1 + βu)−1/k, u > 0.

and N has probability generating function for some p ∈ (0, 1):

(21) φ(s) =
p1/ks

(1− (1− p)sk)1/k
.

And X is N -stable for any p and k. This is related to the classic geometric-exponential
pair from (17). Indeed, since the sum of k i.i.d. Gamma from (20) is exponential:

X1 + . . .+Xk ∼ Exp(1).

The probability generating function from (21) corresponds to the random variable kM .
Here, M is defined by its probability generating function

E[sM ] =

(
ps

1− (1− p)s

)1/k

and is negative binomial with shape 1/k. The sum of k independent identically distributed
copies of this M is, in fact, geometric, it is distributed as Np from (15):

M1 + . . .+Mk
d
= Np.

In Lemma 2.5, we generalize this for general infinitely divisible distributions. We remind
the readers the classic definition. For background, see [30].

Definition 2.4. A distribution Q on the real line, or, equivalently, a random variable
X, is called infinitely divisible if for each k = 1, 2, . . ., we can represent X as a sum of k
independent identically distributed random variables Y1, . . . , Yk:

X
d
= Y1 + . . .+ Yk.

In terms of characteristic functions f(u), or Laplace transforms L(u), or probability
generating functions φ(s), a necessary and sufficient condition is that for every k = 2, 3, . . .
the kth root of this function: f1/k(u), L1/k(u), φ1/k(s) must also be a characteristic
function, or a Laplace transform, or a probability generating function of some distribution.
We note that a characteristic function might be complex-valued. In this case, we use the
main complex branch of the kth root, which maps 1 to 1 (and not to other unit roots,
exp(imπ/k) for m = 1, . . . , k − 1). This issue does not arise for probability generating
functions or Laplace transforms, which are always real-valued and positive.

Lemma 2.5. Take infinitely divisible random variables N and X. Pick a k = 2, 3, . . .
and decompose

N =M1 + . . .+Mk, X = Y1 + . . .+ Yk

into k independent copies of M and Y , respectively. Then X is N -stable if and only if Y
is kM -stable. Here, we assume M and N take values from {0, 1, 2, . . .}, while X and Y
take real values.
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2.8. Commuting distributions. The uniqueness result in Lemma 2.1 for the repre-
sentation from Theorem 2.2 allows us to prove the following key statement. First, we
consider the composition operation

(22) φ ◦ ψ(s) ≡ φ(ψ(s))

for the two probability generating functions φ and ψ, or, equivalently, the corresponding
distributions. This operation is clearly associative, so the set of all probabiltiy distributions
on {0, 1, 2, . . .} is a semigroup under this operation. In terms of the random variables M
and N with probability generating functions φ and ψ, their composition φ ◦ ψ is also a
probability generating function of the random variable N1 + . . .+NM , where N1, N2, . . .
are independent (of each other andM) copies of N . The unit element for this composition
operation is φ(s) = s, corresponding to the variable M = 1.

Definition 2.5. We say that the probability generating functions φ and ψ, or their
corresponding distributions, or random variables M and N , commute if

(23) φ ◦ ψ ≡ ψ ◦ φ.

The key result is below. It was shown in other literature in particular cases, but not
in this general form. For such results for Gaussian N -stable random variables, see [5,
Chapter 4], Theorem 4.6.1 and Corollary 4.6.1; [11, Theorem 1], [9, Chapter 8], Theorem
8.3.4 and references therein; [23, Theorem 2.1]. The property of commutative semigroups
was also shown in [15, Remark 2.4]. This survey [15] is very comprehensive for 1990s.
However, they claim that geometric family is unique among such explicit commuting
families. We discuss later that this is not true.

Theorem 2.3. Assume E[M ] < ∞, E[N lnN ] < ∞, and let X be a non-degenerate
N -stable random variable. Then M and N commute if and only if X is M -stable. In this
case, E[M lnM ] <∞. Moreover, the standard N -stable distribution and the standard M -
stable distribution coincide. The index α and the representation of X from Theorem 2.2
for both M and N are the same.

Remark 2.5. As a corollary of Theorem 2.3, we get that M and N commute if and only
if their standard random stable distributions coincide.

Lemma 2.6. Assume E[N lnN ] < ∞. If X and Y are N-stable, and X is M-stable,
then Y is also M -stable. In this case, E[M lnM ] <∞, and E[N ] > 1, and E[M ] > 1.

Examples of commuting semigroups include geometric distributions from (15) and
Sibuya distributions from Remark 2.1. For each of the two families (Np, p ∈ (0, 1)), their
probability generating functions Gp(s) := E[sNp ] satisfy

(24) Gp ◦Gq = Gq ◦Gp = Gpq.

Recall from Remark 2.1 that there is no Sibuya-stable random variable.

3. Composition Semigroups

3.1. Introduction to the problem. Fix a probability measure Q on the real line.
In this section, we give an overview of known results and add a few new ones on the
following topic: Find the set of all distributions P on the nonnegative integers such that
Q is P -stable. Let N ∼ P and assume E[N lnN ] < ∞. Then from Theorem 2.3 and
Lemma 2.6, it is sufficient to consider Q which is the standard N -stable for any such
N . This allows to use the Laplace transform L of Q. Such X ∼ Q satisfies X ≥ 0 and
E[X] = 1.

However, we stress that not every X ≥ 0 can have nontrivial N such that X is N -stable.
First, to be N -stable for at least one N with 1 < E[N ] <∞, the distribution of X must
be absolutely continuous on (0,∞); see [1, Chapter I], Section 10, Theorem 4; Secton 12,
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Corollary 1; also [7, Chapter 1], Theorem 8.3. However, this absolute continuity is very
far from a sufficient condition for existence of N such that Q is N -stable. Recall the pair
of negative binomial N and Gamma X random variables from (20) and (21) such that X
is N -stable. Compare this result with Lemma 3.1.

Lemma 3.1. A Gamma random variable with shape parameter α ̸= 1/n for n = 1, 2, . . .
is not N -stable for any N .

The idea of the proof of Lemma 3.1 is to consider the behavior of the probability
generating function of N at s = 0. From (2), which involves the behavior of the Laplace
transform of X at infinity. This approach is useful to disprove that φ is a probability
generating function in other cases. Such distribution Q might have an atom at 0, that
is, have Q(0) = P(X = 0) > 0; and this happens if and only if N has an atom at zero:
P(N = 0) > 0. By the way, the case of an atom at zero can be reduced to the case of no
atom at zero. See [1, Chapter I], Section 12; [22, Section 9]; [6, Section 3], Definitions 3.1,
3.2; Theorem 3.2.

3.2. Analytic description. Recall that Y is a standard N -stable random variable. For
a given Y , let us describe such N analytically. Let π = P(Y = 0). The Laplace transform
L is a one-to-one strictly decreasing function [0,∞) → (π, 1], and we can find its inverse
L← (denoted using the arrow to distinguish it from 1/L):

(25) L(L←(s)) ≡ s, s ∈ (π, 1].

Recall that the functional equation (2) holds for the Laplace transform L of Y as well as
for its characteristic function f :

(26) φ(L(u)) = L(cu), u ≥ 0.

Using (25), we rewrite (26) as Schroder functional equation:

L←(φ(s)) = cL←(s), s ∈ (π, 1].

In complex analysis, Schroder’s equation is well known, see [28] for a bibliography and a
survey of results. We can also rewrite (26) using (25) as follows:

(27) φ(s) = L(cL←(s)), s ∈ (π, 1].

Equation (27) is the key formula in a seminal article [4] on random stability. It will play
an important role in this article as well.

This defines the probability generating function on the interval (π, 1] ⊆ [0, 1]. Maybe
this is not the entire [0, 1], but even if this interval is smaller, it is large enough to uniquely
determine the function φ. Indeed, this function φ, as any probability generating function,
is analytic in the unit disc D := {z ∈ C | |z| < 1}. Therefore, the values of φ on this
interval uniquely determine it.

3.3. The two semigroups. Take any probability measure Q on the half-line with mean
1. We can define two semigroups:

• The set G(Q), or, equivalently, G(X), of all probability generating functions φ
(or, equivalently, all distributions P on {0, 1, 2, . . .}) such that Q is P -stable. This
is a semigroup with respect to the composition operation.

• The set S(X) or S(Q) of all c ≥ 1 such that the right-hand side of (27) is a
probability generating function. This is a semigroup with respect to the standard
multiplication operation for real numbers.

For a given Q, one of the two possibilities exist. Either there is no N except N ≡ 1
such that (1) holds. In this case, G(Q) contains only the identity probability generating
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function φ(s) ≡ s; and S(Q) = {1}. Or Q is N -stable for some nontrivial N . The main
formula (27) defines a mapping M : S(Q) → G(Q) as follows:

(28) M : c 7→ L(cL←(·))

Lemma 3.2. The set G(Q) is closed under composition and weak convergence. The set
S(Q) is closed under multiplication and under the usual convergence of real numbers. The
mapping M from (28) is a bijection, and it preserves the semigroup operation, as well as
convergence. If 1 is the limit point of S(Q), then S(Q) = [1,∞).

Lemma 3.3 is an important result about finite moments for distributions in G(Q).

Lemma 3.3. Pick a distribution Q on [0,∞), and assume G(Q) ̸= {1} is nontrivial.
Then let N be any nontrivial random variable with distribution from G(Q), and let Y be
the standard N -stable random variable. Then:

• E[N lnN ] <∞ if and only if E[Y ] <∞;
• E[N lna+1N ] <∞ for a fixed a > 0 if and only if E[Y lna Y ] <∞;
• E[Nk] <∞ for a fixed k = 2, 3, . . . if and only if E[Y k] <∞.

As a corollary, if one distribution P ∈ G(Q) satisfies E[N lna+1N ] < ∞ for a fixed
a ≥ 0, or E[Nk] <∞ for a fixed k = 2, 3, . . . where N ∼ P , then all other distributions in
G(Q) satisfy this property, too.

3.4. Examples of semigroups. Existing literature shows various examples of such
multiplication semigroups of S(Q) ⊆ [1,∞). If there is no nontrivial P such that Q is
P -stable, then S(Q) = {1}. The other exteme, S(Q) = [1,∞), happens when there is
a continuous-time branching process N = (N(t), t ≥ 0) such that for every t ≥ 0, Q
is N(t)-stable. Background on continuous-time branching processes is provided in [7,
Chapter V]. On reparameterization, see the next subsection, in particular (29). We have
S(Q) = {1, c, c2, . . .} in [4, Examples 2, 4]. These are based on discrete-time branching
processes not embeddable into continuous-time branching processes, although we have
reservations about explanations there. Also, S(Q) = {1, 2, 3, . . .} in [4, Example 3] for
Q = δ1. Finally, the article [11] provides an example of S(Q) = {1, 4, 9, . . .} for Q having

Laplace transform (cosh
√
2u)−1 for u ≥ 0, where cosh is the hyperbolic cosine.

3.5. Parameterization. Here, we use c = E[N ] ≥ 1 (for the standard X, we have α = 1),
and the semigroup operation on c is multiplication. This exactly matches the notation
in [4] with et instead of c, and t ≥ 0. The corresponding semigroup operation here is
addition. However, in other literature, a different parameterization is used: p ∈ (0, 1).
Historically, N -stable X arose as weak limits of scaled random sums of random variables.
Much like classic stable distributions are weak limits of scaled and shifted sums of a
deterministic but growing number of independent identically distributed random variables.
Therefore, the notation was used is νp instead of N , with

(29) pνp
d→ X ≥ 0, p ∈ Ξ ⊆ (0, 1), p ↓ 0;

where X is, in fact, the standard νp-stable random variable for any p; and Ξ is a subset
of (0, 1) with limit point 0. The parameter p plays the same role as the parameter p from
geometric distributions in (15). In other cases, these distributions could be defined only
for some p ∈ (0, 1).

Some previous authors found it more convenient to impose this limit assumption, and
not derive it from scratch. Often, another additional condition was imposed: E[νp] = 1/p.
Normalizing by convergence and expectation at the same time. But this might not be
conistent, and we avoid this notation here. The reason is subtle: Match the discussion in
Section 1, Remark 2.2, with the p-notation, and recall the two cases, with E[N lnN ] <∞
or E[N lnN ] = ∞. In both cases, we do have E[Nk] = ck.
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• For the case E[N lnN ] < ∞, or equivalently, E[Z] = 1, we can let p = c−k and
νp = Nk. Then

E[νp] =
1

p
, pνp

d→ Z, p ↓ 0.

• If E[N lnN ] = ∞, or equivalently, E[Z] = ∞, then either let p = c−k; then
E[νp] = 1/p but not pνp → Z; or let p = 1/Ck, then pνp → Z but E[νp] ̸= 1/p.
We prefer parameterization p = 1/Ck.

In the second case, we cannot have both expectation and convergence assumptions for
νp. The notation of νp is used in the following literature (the list is not exhaustive): [23,
Section 2], (1) and (3), both expectation and convergence; [16, Section 1], only convergence;
[10, page 304], they mentioned only expectation but clearly meant convergence as well, as
seen from Theorem 2; [11, Section 2], only expectation, but later convergence is introduced;
[16, Section 2] (3) and (4), only convergence; [5, Chapter 4], (6.32), only convergence.
Sometimes, commutativity is required or derived in special cases.

The real reason behind the prevalence of this p-notation is that, historically, random
stability study to a large extend (although not exclusively) was focused on geometric
stability (that is, when N = Np is geometric from (15)). In this case, pNp converges
to the standard exponential distribution as p ↓ 0, and E[Np] = 1/p. Approximations of
sums of Np many independent identically distributed random variables as p ↓ 0 (similar
in spirit to the Central Limit Theorem) were extensively studied. A good exposition is in
[9, Chapter 9].

Lemma 3.4. Pick a distribution Q on the half-line. Assume G(Q) is nontrivial. Then
the random variable Nc with probability generating function (27) with L being the Laplace
transform of Y satisfies

(30)
Nc

c

d→ Y, c→ ∞, c ∈ S(Q),

if and only if E[Nc lnNc] <∞. In this case, E[Y ] = 1.

3.6. Equivalent definitions of random stability. There is another definition of
random stable variables in the literature, one that is based on weak limits of scaled
random sums. Stable and strictly stable distributions are often defined as weak limits of
scaled sums of N independent identically distributed random variables as N → ∞. The
same can be done for random stable distributions. See [16, Section 2], [22, Theorems 1, 2,
3].

Instead of N → ∞, we need a semigroup of probability distributions on nonnegative
integers; or, equivalently, a semigroup of probability generating functions. We might as
well assume this semigroup is commutative. Although we think one does not really need
this assumption, the proof is easy if we impose it. Luckily, even when we start from
one N such that X is N -stable, such semigroup comes naturally: This is the discrete
semigroup generated by N ; or, equivalently, the set of probability generating functions of
Nk for each k, where (Nk) is the discrete-time branching process with N offsprings.

The result below is simple but needs to be included separately. We could not find it
explicitly written in the literature.

Lemma 3.5. Take a random variable Y ≥ 0 with E[Y ] = 1. Assume its semigroup
G(Y ) is not trivial. Let Nc be the random variable with probability generating function
as in (27), with c ∈ S(Y ). Then a random variable X is N-stable for at least one, and
therefore for all, N with distribution in G(Y ), if and only if there exists a sequence of
independent identically distributed random variables U1, U2, . . . independent of all these
Nc, and a function a : S(Y ) → [0,∞) such that

(31)
U1 + . . .+ UNc

a(c)

d→ X, c→ ∞, c ∈ S(Y ).



96 ANDREY SARANTSEV

In this case, then for any such sequence U1, U2, . . . the statement (31) is equivalent to (32):

(32)
U1 + . . .+ U[c]

a(c)

d→ Z, c→ ∞, c ∈ S(Y ).

In this case, we have (9), with Z strictly α-stable, and Y and Z independent. Moreover,
the distributions of X and Z are related as in (9).

We see that Uj belong to the strict domain of attraction: Recall our discussion above
about defining strictly stable distributions as weak limits of scaled sums of independent
identically distributed random variables. This is different from classic α-stable domains of
attraction, where adding constants is allowed: Recall (7) and the discussion there. Strict
domain of stability include scaling sums of independent indentically distributed random
variables without adding constants. See the discussion in [16, Section 2].

4. Proofs

First, we present proofs of three main results: Theorems 2.1, 2.2, 2.3. Next, we present
proofs of the twelve lemmas: eleven from the main text plus an additional technical
lemma.

4.1. Proof of Theorem 2.1. This is the longest proof, and we present a short overview.
We split it in 8 steps. Step 1 is introductory and involves branching processes and
random sums of copies of X. Step 2 is for the case E[N ] ≤ 1. Steps 3–7 are for the case
E[N ] = ∞. We symmetrize the distribution X and then use tightness arguments to arrive
at a contradiction. Finally, Step 8 mentions the classic case 1 < E[N ] <∞.

Step 1. As before, let φ be the probability generating function of N . Consider a
discrete-time branching process (Nk) starting from N0 = 1 and each particle having the
number of offsprings distributed as N . The probability generating function of Nk is the
kth composition of φ:

φk(s) = E
[
sNk

]
= φ(φ(. . . φ(s) . . .)).

For background, we refer to the classic monographs [7, Chapter 1] and [1, Chapter I].
Applying the main equality k times, we get:

(33) X1 + . . .+XNk

d
= ckZ1.

This identity is helpful for the proofs of lack of N -stable X for E[N ] < 1 and E[N ] = ∞.
The first case is simple, the second is much harder. We always assume (Nk) is independent
of X1, X2, . . .

Step 2. Assume E[N ] ≤ 1. From the classic theory of branching processes [7, Chapter
1], Theorem 6.1 or [1, Chapter I], Section 5, Theorem 1, the process (Nk) becomes extinct
with probability 1. That is, Nk = 0 for some k almost surely. This immediately implies
that the left-hand side of (33) is equal to zero. Therefore, the right-hand side of (33) is
also equal to zero, which implies X1 = 0 almost surely. This contradiction completes the
proof of lack of nontrivial N -stable X if E[N ] ≤ 1.

Step 3. Now assume E[N ] = ∞. Define Yn := Xn − X ′n, where X
′
1, X

′
2, . . . is yet

another sequence of copies of X, independent of each other, of X1, X2, . . . and of the
branching process (Nk). Then

(34) Y1 + . . .+ YNk
= (X1 + . . .+XNk

)−
(
X ′1 + . . .+X ′Nk

)
.

Dividing (34) by ck, we get:

Σk :=
1

ck
(Y1 + . . .+ YNk

) = Sk − S′k,(35)

Sk :=
1

ck
(X1 + . . .+XNk

) , S′k =
1

ck
(
X ′1 + . . .+X ′Nk

)
.(36)
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Note that Sk and S′k are dependent via Nk. Thus we cannot claim that Σk
d
= X −X ′

for an independent copy X ′ of X. However, we can claim the sequence (Σk) is tight, or
relatively compact, or bounded in probability: For any ε > 0, there exists a K > 0 large
enough so that P(|Σk| ≥ K) ≤ ε for all k. This follows from the tightness of sequences
(Sk) and (S′k), which all have the same distribution, the same as X.

Step 4. Define the characteristic function of Σk:

(37) gk(u) = E
[
eiuΣk

]
It is real-valued, since Σk

d
= −Σk. It turns out that this simplifies the proof in a critical

way. See [20, Chapter 3], Theorem 3.1.2. Applying [31, Chapter 3], Lemma 3.1.3, we
derive from tightness of the sequence (Σk) that

(38) sup
k≥1

|1− gk(u)| → 0, u→ 0.

Since gk is real-valued, and by [20, Chapter 2], page 36, gk(u) ≤ 1, we can simply write
this statement (38) without the absolute value. This characteristic function gk from (37)
can be represented as

(39) gk(u) = φk(g(u/c
k)), g(u) := E

[
eiuYn

]
= E

[
eiu(Xn−X′

n)
]
= |f(u)|2

is the characteristic function of Yn, see [20, Chapter 3], Corollary 2 of Theorem 3.3.1.
Step 5. Fix an a > 1. From scaling theory for discrete-time branching processes with

infinite mean, see for example [27, Theorem 4.4], the event A = {Nk/a
k → ∞} has

positive probability. For any s ∈ (0, 1), we can rewrite

A =
{
sNk/a

k

→ 0, k → ∞
}

and note 0 ≤ sNk/a
k ≤ 1 almost surely. Applying the Fatou lemma, we get:

φk

(
sa

−k
)
= E

[
sNk/a

k
]

satisfies the upper limit

(40) lim
k→∞

φk

(
sa

−k
)
≤ E

[
lim
k→∞

sNk/a
k

]
≤ 0 · P(A) + 1 · P(Ac) < 1.

Step 6. Comparing (40) with (38), we get: For any u, s ∈ (0, 1) and a > 1, there exists
a k0(u, s, a) such that for k ≥ k0(u, s, a) we have:

(41) g(u/ck) ≥ sa
−k

.

Take the logarithms in (41) and apply the elementary inequality ln y ≤ y − 1 for y > 0:

(42) g(u/ck)− 1 ≥ a−k ln s.

Multiplying (42) by ak and letting k → ∞, we get:

(43) lim
k→∞

[
ak(g(uc−k)− 1)

]
≥ ln s.

In the right-hand side of (43), the number s ∈ (0, 1) is arbitrary. Therefore, we can take s
as close to 1 as we wish, to make ln s negative but as close to zero as we wish. Also, recall
that by [20, Chapter 2], page 36, we have: g(uc−k) ≤ 1. Applying all this to (43), we get:

(44) lim
k→∞

ak(g(uc−k)− 1) = 0.

Step 7. Rewrite as second-order discrete difference with step tk := 0.5c−ku:

2(g(uc−k)− 1) = g(−uc−k) + g(uc−k)− 2g(0) = △tk
2 g(0)

where we define △t
2g(u) := g(u − 2t) + g(u + 2t) − 2g(u). Clearly, tk → 0, and letting

a = c2 (since a is arbitrary), we rewrite (44) as △tk
2 g(0)/t

2
k → 0. Apply [20, Chapter 2],
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Theorem 2.3.1 and conclude: g′′(0) = 0, thus E[Y 2] = 0, and Y = 0 almost surely, thus
g(u) ≡ 1. Comparing this with (39), we get: |f(u)| ≡ 1. Apply [20, Chapter 2], Theorem
2.1.4, Corollary 1. We get: f(u) = eiuX0 and X = x0 almost surely for some x0 ∈ R. But
X is N -stable. Plugging X = x0 into (1), we get: x0N = cx. Thus either N = c, which
contradicts E[N ] = ∞; or x0 = 0, which implies X = 0 almost surely, but we exclude this
trivial case. This completes the proof that there is no N -stable X in case E[N ] = ∞.

Step 8. The classic case 1 < E[N ] <∞ is well-known and discussed in the Introduction,
using scaling limits of dsicrete-time supercritical branching processes. See [1, Chapter I],
Section 10, Theorems 2 and 3.

4.2. Proof of Theorem 2.2. Step 1. We show that any random variable X with
characteristic function f = L ◦ g and g ∈ G is N -stable. Apply (10) and (2) with
c = E[N ]:

φ(f(u)) = φ(L(g(u))) = L(cg(u)) = L(g(c1/αu)) = f(c1/αu).

Incidentally, this proves that characteristic functions of the left- and right-hand sides
of (1) coincide. Thus we have equality in law.

Step 2. We show that any random variable X with characteristic function

f(u) = E
[
eiuX

]
= L(g(u))

for some g ∈ G of index α can be represented as X = Y 1/αZ, where Y is the standard
N -stable random variable, and E

[
eiuZ

]
= e−g(u). We simply apply [16, Proposition 3.1]

and use their remarks on page 309, (10) – (12), Remark 1, about the difference between
stable and strictly stable. One can also consult [24, Chapter 1], Section 2 for the latter
question.

Step 3. Take a characteristic function f of an N -stable random variable X. We need
to prove that this solution to the main equation (2) can be represented as f = L ◦ g for
some g ∈ G. We apply results [5, Chapter 4], Section 4.6. Recall that (N0 = 1, N1 =
N,N2, N3, . . .) is a branching process with N offsprings of each person. Denote E[N ] = a,

then E[Nk] = ak. By Remark 2.2, since E[N lnN ] < ∞, we have: a−kNk
d→ X with

E[X] = 1 and X ≥ 0 a.s., with Laplace transform L. Also, recall the discussion about
parameterization in or below (29). Match the notation with [5, Chapter 4] and with our
subsection on parameterization:

Θ = {a−1, a−2, . . .},

with νa−k in the notation of Kozubowski which corresponds to Na−k in the notation
of [5, Chapter 4] becomes Nk, and ν in the notation of Kozubowski which corresponds
to N in the notation of [5, Chapter 4] becomes X. As in the proof of Theorem 2.1
(applying the equality in law multiple times), we conclude that if X is N -stable, then

X1 + . . .+XNk

d
= ckX1. Rewrite this using our new notation:

Xθ,1 + . . .+Xθ,Nk

d
= X, θ = a−k, Xθ,j :=

Xj

ck
.

In the notation of [5, Chapter 4], we have (6.33) with F being the CDF of X. Actually,
our statement is even stronger: We have equality in law, not just convergence in law.
Also, we have (6.32) in the same notation. This was discussed in the subsection on
parameterization. Therefore, by [5, Chapter 4], Theorem 4.6.3, the formula (6.34) holds
with an infinitely divisible Z with the CDF G and with m(θ) = [1/θ] = [ak]. Rewrite this
conclusion in our original notation:

X1 + . . .+X[ak]

ck
d→ Z.
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By the classic theory of stable distributions, this implies Z is strictly stable. And thus
E
[
eiuZ

]
= e−g(u) for some g ∈ G. By [5, Chapter 4], Theorem 4.6.5, we can write

(6.30), which completes the proof of the representation f = L ◦ g. With this, we proved
that a random variable X is N -stable if and only if its characteristic function f can be
represented as L ◦ g with g ∈ G, and thus completed the proof of Theorem 2.

4.3. Proof of Theorem 2.3. Step 1. From Theorem 2.2, the characteristic function
f of X can be represented as f(u) = L(g(u)), where L is the Laplace transform of the
standard N -stable Y , and g ∈ G. We also have (2) with c = E[N ]. Finally, E[Y ] = 1.

Step 2. Assume M and N commute. Then their probability generating functions φ
and ψ satisfy (22), and therefore

(45) φ(ψ(L(u))) = ψ(φ(L(u))) = ψ(L(cu)).

The function ψ ◦ L is the Laplace transform of the random variable S = Y1 + . . .+ YM ,
where Y1, Y2, . . . are copies of Y independent of each other and of M . From (45), we see
that S is N -stable, and has finite mean E[S] = E[Y ]·E[M ] = E[M ] = b. By the uniqueness

of the standard N -stable random variable, S/b
d
= Y . If we write this equality in law

in terms of Laplace transforms, we have: ψ(L(u)) = L(bu). Therefore, Y is M -stable.
Finally, letting α be the index of g, we get:

ψ(f(u)) = ψ(L(g(u))) = L(bg(u)) = L(g(b1/αu)) = f(b1/αu).

This proves X is M -stable as well.
Step 3. Conversely, if X is both M -stable and N -stable, then φ(f(u)) = f(au) and

ψ(f(u)) = f(bu). Applying both these identities, we get:

(ψ ◦ φ)(f(u)) = f(abu) = (φ ◦ ψ)(f(u)).
If X is a constant, thenM and N are also constants, and obviously they commute. If X is
not a constant, then f takes at least one value z inside the unit disc D = {z ∈ C | |z| < 1},
[20, Chapter 2], Theorem 2.1.4, Corollary 2. But f is continuous, therefore this value
z is the limit point of the image of f . Both φ ◦ ψ and ψ ◦ φ are probability generating
functions of some distributions. Therefore, they are analytic on D. Applying the classic
uniqueness result from compelx analysis, we get (23).

Step 4. If X is N -stable and M -stable, then we have: E[M ] ∈ (1,∞) and E[M lnM ] <
∞; also E[N ] ∈ (1,∞) and E[N lnN ] <∞.

Step 5. Finally, the last claim: For distinct M and N , the representation f = L ◦ g has
the same L and the same g. This follows from the uniqueness Lemma 2.1. In particular,
the index α for both M and N is the same.

4.4. Proof of Lemma 2.1. Step 1. It is clear from the representation of gj ∈ G in (5):

(46) gj(u) = |u|αj (βj + γj i sgn(u))

that Regj(u) > 0 for u ̸= 0; and gj(u) → 0 as u→ 0. And by Lemma 4.1

(47)
1− Lj(gj(u))

gj(u)
→ 1, j = 1, 2, u→ 0.

Indeed, Lj is the Laplace transform of a probability measure on [0,∞) with mean 1.
Next,

(48) L1(g1(u)) = L2(g2(u)).

Comparing (47) with (48), we get: g1(u)/g2(u) → 1 as u→ 0.
Step 2. From (46), rewrite for u > 0:

(49)
g1(u)

g2(u)
= uα1−α2 · β1 + γ1i

β2 + γ2i
.
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Since β1, β2 > 0, then

D :=

∣∣∣∣β1 + γ1i

β2 + γ2i

∣∣∣∣ > 0.

Taking the limit as u → ∞, yields α1 = α2, which consequently implies β1 = β2 and
γ1 = γ2. Thus g1 ≡ g2.

Step 3. To complete the final step and show L1 ≡ L2, recall L1(g1(u)) ≡ L2(g2(u)).
The functions L1 and L2 are analytic on the half-space H := {z ∈ C | Re(z) > 0}, by
Lemma 4.1. And the set {g(u) | u > 0} has limit points in H. By the classic uniqueness
result from complex analysis, L1 ≡ L2. This complets the proof of Lemma 2.1.

4.5. Proof of Lemma 2.2. This is another immediate consequence of Theorem 2.2:

X
d
= −X ⇒ Z

d
= −Z.

The function g from (5) is even: g(u) = g(−u). This happens if and only if γ = 0, so
g(u) = σ|u|α.

4.6. Proof of Lemma 2.3. From Theorem 2.2, we get: X =
√
Y Z, where Z is strictly

2-stable and therefore Gaussian. Thus E[X2] = E[Y ] · E[Z2] <∞, since E[Y ] = 1, which
follows from E[N lnN ] <∞.

4.7. Proof of Lemma 2.4. Since X ≥ 0, by assumption, then the strictly stable random
variable Z with index α must be nonnegative as well. But this could be true only if α = 1
and Z is a positive constant; or α ∈ (0, 1), and Z has Laplace transform (14). This can be
found in [30, Chapter V], Theorem 3.5, or in the classic reference [24]. Then the Laplace
transform of X is

E[e−uX ] = E
[
exp

(
−uY 1/αZ

)]
= EE

[
exp

(
−uY 1/αZ

)
| Y

]
= E

[
exp

(
−σuαY

)]
= L(σuα).

4.8. Proof of Lemma 2.5. Using the notation from the beginning of this article, we
see that the PGF of M is φ1/k. Therefore, the PGF of kM is ψ(s) = φ1/k(sk). The
Laplace transform of Y is L1/k. It is straightforward to check that (2) holds if and only
if ψ(L1/k(u)) = L1/k(cu) for u ≥ 0. This completes the proof.

4.9. Proof of Lemma 2.6. This follows from two consecutive applications of Theorem 2.3.
Indeed, if X is N -stable and M -stable, then M and N commute. But Y is N -stable, and
therefore Y is M -stable.

4.10. Proof of Lemma 3.1. We express L(u) = (1 + u)−α for the Gamma random
variable X with shape α and scale 1. We find the inverse function L←(s) = s−1/α − 1.
For c > 1, we have from (27):

φ(u) = u
(
u1/α(1− c) + c

)−α
.

It has Taylor decomposition which contains u1+1/α. This exponent is an integer if and
only if α = 1/n for n = 1, 2, 3, . . .

4.11. Proof of Lemma 3.2. Step 1. If 1 is the limit point of S(Q), then for every
interval (a, b) ⊆ (1,∞), however small, we have a c ∈ S(P ) ∩ (1, b/a). Then for some n,
we have cn ∈ (a, b). Also, s cn ∈ S(Q), which proves S(Q) ∩ (a, b) ̸= ∅. Since S(Q) is
closed under the usual convergence of real numbers, S(Q) = [1,∞).

Step 2. All other claims about S(Q) and G(Q) directly follow from [4, Proposition 1].
They use the notation et = c where t ≥ 0 and c ≥ 1.
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4.12. Proof of Lemma 3.3. This was, in fact, already proven in the literature, since
the tails of standard N -stable Y are related to tails of N : It is shown in [1, Chapter I],
Section 10, Theorem 2, that for any a ≥ 0,

E[N ln1+a(N)] <∞ ⇔ E[Y lna Y ] <∞.

Also, it is shown in [3, Theorem 0] that for k = 2, 3, . . ., we have:

E[Nk] <∞ ⇔ E[Y k] <∞.

4.13. Proof of Lemma 3.4. Step 1. Assume E[Y ] = 1. The Laplace transform of Nc/c:

(50) E
[
e−Ncu/c

]
= L

(
cL←

(
e−u/c

))
.

If Y has mean 1, then L′(0+) = −1. Derivative of the inverse function: (L←)′(1−) = −1.
Also, an elementary calculus result shows:

e−u/c − 1 ∼ −u
c
, c→ ∞.

Combining these asymptotics, we get:

(51) cL←
(
e−u/c

)
→ (L←)′(1−) · c ·

(
−u
c

)
= u.

Applying (51) to (50), we get that the left-hand side of (50) converges to L(u), which is
the Laplace transform of Y . This completes the if part.

Step 2. Conversely, if indeed there is such convergence, it holds for c = bn as well,
where b ∈ S(Q). But this corresponds to scaling of a discrete-time branching process.
Using the aforementioned discussion about parameterization, we see that such scaling
works only when E[Y ] <∞, which is equivalent to E[Y ] = 1.

4.14. Proof of Lemma 3.5. Step 1. Let us derive (1) from (31). Direct application of
[5, Chapter 4], Theorem 4.6.5, with the following notation match: θ = 1/c and m(θ) = [c],
Xθ,j = Uj/a(c), F is the CDF of X, and G is the CDF of Z, and N = Y in (6.32), and
(6.30) from [5, Theorem 4.6.3] can be rewritten as (9). See the discussion of notation
above.

Step 2. Conversely, if X is N -stable, then we can simply take U = X. Then we have
equality in law in (31) instead of weak convergence.

Step 3. Equivalence of (31) and (32) also follows from [5, Chapter 4], Theorem 4.6.5.

4.15. Analytical Laplace transform. Take a random variable X ≥ 0. Consider its
Laplace transform L(u) = E[e−uX ].

Lemma 4.1. Assume E[X] <∞. We can define L as a complex-valued function on the
half-plane H = {z ∈ C | Re(z) > 0}. This function is analytic on H, and we have:

(52)
1− L(z)

z
→ E[X], z → 0, Re(z) > 0.

Proof. For z = u+ iv ∈ H, we write |e−zX | = e−uX . Therefore, E|e−zX | = E[e−uX ] <∞,
and E[e−zX ] is well defined. It is complex analytic on H. To this end, we need to prove
in the complex analytic sense: L′(z) = E[−Xe−zX ]. But this, in turn, can be proved as
follows. Take two points z, z′ ∈ H and draw a segment between them. It is parametrized
as wt = zt+ z′(1− t). We need to show

(53) L(wt)− L(z) =

∫
[z,wt]

E
[
−Xe−uX

]
du.
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This integral over the segment is understood in the complex analytic sense. This can be
written using real-valued integration as∫ t

0

E
[
−Xe−(zs+(1−s)z′)X

]
(z′ − z) ds.

Remove expectations for a moment. From complex analysis, we get:

e−(zt+z′(1−t))X − e−ztX =

∫ t

0

(
−Xe−wsX

)
(z′ − z) ds.

We need only to show that we need an interchange of integration and expectation. This
requires us to use the Fubini theorem. Usually, this theorem is stated for real-vaued
functions, but it works equally well for complex-valued functions. We need:

(54) E
∫ t

0

∣∣−Xe−wsX
∣∣ (z′ − z) ds <∞.

Assuming Re(z) ≤ Re(z′) without loss of generality, Re(z) ≤ Re(ws) for all s ∈ [0, 1].
Hence

E| −Xe−wsX | = E|Xe−Re(z)X | <∞.

This proves (54), and therefore, this proves (53). Thus L is analytic on H. The prop-
erty (52) can be shown similarly, with z = 0, since E[Xe−zX ] = E[X] for z = 0. □

References

1. Krishna B. Athreya and Peter E. Ney, Branching Processes, Springer, 1972. https://doi.org/

10.1007/978-3-642-65371-1

2. Nicholas H. Bingham, On the Limit of a Supercritical Branching Process, Journal of Applied
Probability 25 (1988), 215–228. https://doi.org/10.2307/3214158

3. Nicholas H. Bingham and R. A. Doney, Asymptotic Properties of Supercritical Branching
Processes I: The Galton-Watson Process, Advances in Applied Probability 6 (1974), no. 4,
711–731. https://doi.org/10.2307/1426188

4. John Bunge, Composition Semigroups and Random Stability, Annals of Probability 24 (1996),
no. 3, 1476–1489. https://doi.org/10.1214/aop/1065725189

5. Boris V. Gnedenko and Victor Yu. Korolev, Random Summation: Limit Theorems and Applica-

tions. CRC Press, 2020. https://doi.org/10.1201/9781003067894
6. Theodore E. Harris, Branching Processes, Annals of Mathematical Statistics 19 (1948), no. 4,

474–494. https://doi.org/10.1214/aoms/1177730146

7. Theorode E. Harris, The Theory of Branching Processes, The RAND Corporation, 1964.
8. Lev B. Klebanov, Heavy-Tailed Distributions, Matfyzpress, 2003.

9. Lev B. Klebanov, Tomasz J. Kozubowski and Svetlozar T. Rachev, Ill-Posed Problems in
Probability and Stability of Random Sums, Nova Science, 2006.

10. Lev B. Klebanov, A. V. Kakosyan, Svetlozar T. Rachev and Grigory Temnov, On a Class of

Distributions Stable Under Random Summation, Journal of Applied Probability 49 (2012),
no. 2, 303–318. https://doi.org/10.1239/jap/1339878788

11. Lev B. Klebanov and Svetlozar T. Rachev, Sums of a Random Number of Random Variables
and their Approximations with ν-Accompanying Infinitely Divisible Laws, Serdica Mathematical
Journal 22 (1996), no. 4, 471–496.

12. Lev B. Klebanov, Gvanji M. Maniya and Joseph A. Melamed, A Problem of Zolotarev and

Analogs of Infinitely Divisible and Stable Distributions in a Scheme for Summing of a Random
Number of Random Variables, Theory of Probability and Its Applications 29 (1985), no. 4,

791–794. https://doi.org/10.1137/1129104
13. Victor Yu. Korolev and Alexander I. Zeifman, A Note on Mixture Representations for the Linnik

and Mittag-Leffler Distributions and Their Applications, Journal of Mathematical Sciences 218

(2016), no. 3, 314–327. https://doi.org/10.1007/s10958-016-3032-6
14. Tomasz J. Kozubowski, The Inner Characterization of Geometric Stable Laws, Statistics and

Risk Modeling 12 (1994), no. 3, 307–321. https://doi.org/10.1524/strm.1994.12.3.307
15. Tomasz J. Kozubowski, Geometric Infinite Divisibility, Stability, and Self-Similarity: an

Overview, Banach Center Publications 90 (2010), no. 1, 39–65.

https://doi.org/10.1007/978-3-642-65371-1
https://doi.org/10.1007/978-3-642-65371-1
https://doi.org/10.2307/3214158
https://doi.org/10.2307/1426188
https://doi.org/10.1214/aop/1065725189
https://doi.org/10.1201/9781003067894
https://doi.org/10.1214/aoms/1177730146
https://doi.org/10.1239/jap/1339878788
https://doi.org/10.1137/1129104
https://doi.org/10.1007/s10958-016-3032-6
https://doi.org/10.1524/strm.1994.12.3.307


RANDOM STABILITY OF RANDOM VARIABLES 103

16. Tomasz J. Kozubowski and Anna K. Panorska, On Moments and Tail behavior of ν-Stable

Random Variables, Statistics and Probability Letters 29 (1996), no. 4, 307–315. https://doi.

org/10.1016/0167-7152(95)00187-5

17. Tomasz J. Kozubowski and Krzysztof Podgorski, A Generalized Sibuya Distribution, Annals of

the Institute of Statistical Mathematics 70 (2018), no. 4, 855–887. https://doi.org/10.1007/

s10463-017-0611-3
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