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OLEKSII RUDENKO

THE INTERSECTIONS OF IMAGES OF TRAJECTORIES FOR
INDEPENDENT BROWNIAN MOTIONS ON CARNOT GROUPS

In this paper we present the conditions for the existence of intersections for functions
of several independent Brownian motions on Carnot groups. These conditions are
geometrical and local in nature, in the sense that they give a simple relation between
the local geometry of a manifold, related to intersections, at a given point, with the
structure of Lie algebra of left-invariant vector fields in a neighbourhood of the same
point. We prove that these conditions are necessary and sufficient for the existence
of intersections, if we exlcude from the consideration the points of a nowhere dense
set on the manifold, related to intersections.

1. INTRODUCTION

Suppose that X1, Xo,..., X, are independent stochastic processes with values in R?.
It is a well-known problem to find conditions that are necessary and sufficient for the
existence of intersections of these processes, meaning the existence of such t1,%o,...,t,
that X1 (t1) = Xa(t2) = ... = X, (¢,). This problem is also closely related to the problem
of self-intersections of the process X: find conditions that are necessary and sufficient
for the existence of such different ¢;,ts, ..., ¢, that X(t1) = X(t2) = ... = X(¢t,).

The first result of this type was proven in [7]: if n = 2 and X is a standard Brownian
motion then the self-intersections of X exist with probability 1 if d = 1,2,3 and do not
exist with probability 1 if d > 4. Also in [6] it was shown that if d = 2 and all X; are
standard Brownian motions, then self-intersections exist with probability 1. In [4] for a
class of 3-dimensional hypoelliptic processes it was shown that self-intersections do not
exist with probability 1. A sufficient condition for a large class of Levy processes to have
self-intersections was proposed in [8] and in [11]. Later in [9] it was proven that the
condition from [8] is also necessary for the existence of self-intersections. All the results
above can also be formulated for intersections of independent processes. In fact the case
of intersections of independent processes is often used as a part of the proof for the case
of self-intersections (for example, it was done in [4]).

In this paper we consider the following generalization of this problem: instead of in-
tersections of given independent processes, we consider intersections of images of these

processes under some infinitely differentiable functions f1, fo,..., fn. In other words
we study conditions related to the existence of such ¢1,ta,...,t, that fi1(X1(t1)) =
fo(Xa(tz)) = ... = fu(Xn(t,)). Moreover we are also considering the case when the

last condition is replaced by F(X1(t1), Xa(t2),..., Xn(tn)) = 0 for some infinitely differ-
entiable function F'. However in this latter case the corresponding conditions, proposed
in this paper, are more complicated and harder to check.

We restrict our investigation to the processes, which belong to a class of diffusions
called Brownian motions in Lie group (see [10]) in the case when the corresponding Lie
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group is stratified. Such processes, which we call Brownian motions on Carnot groups,
were considered previously in [14, 16]. The significance of such processes was discussed
in [1]. Also it is known that the differential operators related to these Markov processes
can be used as a local approximation for differential operators related to an arbitrary
smooth diffusion, as shown in [13].

The main idea behind the proofs is to use the results of [14] and [16]. In [14] the con-
ditions were proposed for the existence of “weighted” local times related to intersections
and self-intersections. It is not hard to check that the existence of non-zero local time
related to intersections or self-intersections as a limit of certain type of approximations
provides the existence of such intersections or self-intersections. Therefore it is not sur-
prising that our main conditions for existence of intersections and self-intersections are
derived from those proposed in [14] for the existence of the corresponding local times.
At the same time in [16] another condition was proposed for the non-existence of visits
to a given set by a joint trajectory of several independent Brownian motions on Carnot
groups. And the key result of our paper, the estimate proven in Theorem 4, allows us to
link the proposed geometric conditions, appearing originally in [14], with the asymptotic
behaviour of surface measure on H needed to satisfy the condition in [16]. In this way
we can prove that our conditions are both necessary and sufficient if we exclude from the
consideration the points of some subset of H. The exclusion of some points is required
because, unfortunately, we could not completely solve the problems related to “singu-
lar” points in the set H = {z|F(x) = 0}. As it turns out the relation of the Carnot
group structure with the structure of the manifold H at a given point can be non-trivial,
and in order to prove our results we have to restrict ourselves to such points where this
relation is “typical”, meaning it is in some sense the same as for all points in a small
neighbourhood of this point in H (see Definition 1).

In Section 2 we formulate our main result. In Section 3 we consider the relation
of the conditions for general F' with the conditions for the case of intersections of
f1(X1(t1), f2(Xa(t2)), .-, fn(Xn(tn)). In Section 4 we prove Theorem 4 needed to prove
the non-existence of intersections using the results from [16]. In Section 5 we show that
it is impossible to have a finite but nonempty set of intersection points with positive
probability. This is also needed to apply the results of [16]. In Section 6 we prove our
main result. In Section 7 we consider the case of self-intersections. In Section 8 we pro-
vide several examples of specific processes with or without the existence of intersections
or self-intersections.

2. THE MAIN RESULT

We fix n > 2 and for each i = 1,...,n consider Carnot groups G;, which are also Lie
groups with the common base space R?. On each group G; we define the correspond-
ing basis in the Lie algebra of left-invariant vector fields: L;;, j = 1,...,d, with the
corresponding homogeneous degrees p; : {1,...,d} = N, i=1,... n.

To clarify the meaning of the above notations we recall the definition of Carnot group
G; given in [3]. This definition consists of the following statements, which should hold
for any fixed i = 1,...,n:

1. Suppose that (z,y) — x ey is a group operation on G, (x); is a coordinate j of
r € G, in a given fixed Euclidean coordinate system on G; = R% and

(Bx(x)); = XD (2);,A > 0,2 € Gi.
Then for all A > 0, z € G;, y € G;:

Ix(zey) =0dx(x) e da(y).



THE INTERSECTIONS OF IMAGES OF TRAJECTORIES ... 63

2. Suppose that the set of vector fields L;; is defined as follows:

0
1 Lii(x) = =——(xe —rE€GL,yeG;,,j=1,...,d.

Then there exists a positive integer [, such that for all z € G;
1
di]fn(l.sp.(kL_J1 Sk(z)) =d,

where S; = {L”|pz(]) =1,7=1,... 7d}, Sk+1 = {[A,B} = AB—BA|A S Sl,B S
Sk}, k=1,2,..., and Si(z) is a set of vectors of the form A(z) (vector field A
evaluated at x) where A € S.

Similarly to the definitions in [16], here we also assume that all families of degrees
p; are arranged in the order of their values, meaning that p;(j) < pi(k),7 < k. We
also always assume that L;; are defined exactly as shown above on the corresponding
G;. Additionally, when dealing with only one Carnot group G (either G; or the product
G1 X ...x Gy), the notation z ey will be used to define the group addition when needed,
and the notation ! will be used to define the group inverse of z € G. We also denote

d
as @; the homogeneous dimension of G;: @; = > p;(j) and denote as p; the Carnot-
=1

Caratheodory distance on G;. For more detailed information about the definition of
Carnot group and related objects see [16] and [3].

For any differentiable function g : R™* — R™2 we write its derivative in the form of
mg X my matrix ¢’ as follows

(¢')ij(x) = gxg; (x),i=1,...,mo,5=1,...,my.

Consider an infinitely differentiable function F': G; x ... x G, — RM™ M < nd, such
that rank F'(x) = M for all z € Gy x ... X G,,. Let us first define points that are in
some sense “non-singular” with regard to the interaction between the level sets of F' and
the structure of Carnot groups Gy,...,G,.

We will use the notation x; to denote the canonical projection of x € G X ...x G, on
G;, and write an element « € G as x = (z1, %2,...,T,) in the form of a vector consisting
of its corresponding projections. In the following we use the notation ij to indicate the
action of a linear operator defined by the vector field L;; on the variable x;:

xi)s
where the notation (-); is used to denote the coordinate number s of a vector.

Definition 1. We denote as NS(F') a subset of Gy x ... x G,, such that z € NS(F) if
and only if for any non-negative integers s1, ..., s, the set of vectors

defined for each y = (y1,...,yn) € G1 X ... X Gy, has the same rank (the dimension of
its linear span) for all y in some neighbourhood of « with F(y) = F(z).

d
5 9 | .
Lz]F(‘T) = SZl(Lij(xi))Sa(iF(x)vl = 15 cees ) = 17' . '7d

It is easy to check that the condition for z € NS(F) holds if any family of vectors
LZ”]F (y) is either linearly independent at y = x or linearly dependent for all y in some
neighbourhood of x with F(y) = F(z) (but the reverse may not be true).

Denote H = {x € G1 X ... X Gu|F(x) = 0}. In the following we are going to focus
on the points in NS(F) N H. The following result shows that such restriction does not
take away too much, since the points that are being avoided belong to a nowhere dense
closed set in H.
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Proposition 1. The set NS(F)N H is open in H, and H\NS(F) is nowhere dense in
H.

Proof. Tt is clear that NS(F) N H is open in H by definition, since there are only finite
number of possible sets of vectors to consider.

The linear dependence of the family of vectors Li’;F (y) is equivalent to some infinitely
differentiable function g being equal zero at y. For example g(y) can be chosen as a
determinant of a matrix, containing all pairwise scalar products of given vectors.

But if some family of vectors Llij(y) does not have a constant rank in the neigh-
bourhood of z, then there is some subfamily of this family that are linearly dependent
at y = x, but linearly independent at least in one point y in any neighbourhood of z.
Therefore H\NS(F') is contained in the union of all the sets of the form

{z € Hlg(z) =0,¥6 > 03y € H, |z —y| <4 :g(y) # 0}

over a set of functions g corresponding to all possible families of vectors L%F(y) It
is obvious that each such set is nowhere dense in H, so the same can be said about
H\NS(F).

O

Suppose that X;(t), t > 0,7 =1,...,n are independent Brownian motions on Carnot
groups G; (see [14, 16] for the definition). Since each X; for i = 1,...,n is a Markov
process, then the corresponding probability measure P; that describes the distributions
of X; also depends on the starting point of the process, i.e. P; is also a function of
X;(0). The joint probability measure of all processes will be denoted as P and it is also

a function of X;(0), ¢ =1,...,n. In the following if a statement is made regarding these
probabilities it is meant that such statement is true for all possible cases, i.e. for all
possible values of X;(0), 7 =1,...,n. We assume that our probability space is complete

and that all processes X; are equal to their continuous modifications (in other words their
trajectories are continuous a.s.). These assumptions provide, in particular, that for any
B(R")-analytic set B C Gy x ... x G, and B(R™)-analytic set A C [0, +00]" the set
{w|3(t1,....tn) € A, (X1(t1),...,Xn(tn)) € B} is measurable (since X; are measurable
processes and by the properties of analytic sets, see for example [5]). For any sets
VCGy x...x Gy, T CI0,+00)" denote

M(‘/,T) :{(Il,...,fﬂn) € V|E|(t1,,tn) GTXl(tZ) :Ii,iil,...7ﬂ}.

The following condition first appeared in [14] (Theorem 2 and Theorem 11) in a
slightly different form, as a condition for finiteness of an integral. In our case the function
inside such integral is related to the product of powers of potentials of the corresponding
Brownian motions on Carnot groups, which is what should be expected, according to the
results of [9].

Definition 2. We denote as © a subset of G; X ... X GG,, such that z € © if and only

if for any A; > 0,4 =1,...,n, such that >  \; > 0, there exist k; € {0,1,...,d} and, if
i=1

ki £0,t;:{1,....k;} = {1,...,d}, i =1,...,n, satisfying the following conditions:

1. the vectors Lftl

Zki:M;
i=1

(j)F(x), j=1,...,k;, 1 =1,...,n are linearly independent and

3

=1

2. ‘ i (2 — é;:p&tﬂj))) > 0.

The following theorem states that as long as a point in H is “non-singular” (i.e. belongs
to NS(F)), then the existence of points in the set M (H, (0,¢]™) in a small neighbourhood
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of this point with positive probability is equivalent to having a point from © N H in the
same neighbourhood (note that © is an open set).

Theorem 1. Suppose that V C G1x...xG, is an open set and denote Uy = NS(F)NH.
IfUynO©NYV is nonempty set, then M(Uy NV, (0,t]™) is infinite with positive probability
for allt > 0. Otherwise, if UyNONV is an empty set, then the set M(UyNV, (0, +00)")
18 empty with probability 1.

Consider infinitely differentiable functions f; : RY — R™, m < d, such that rank f!(z) =
m foralli=1,...,n, z € R% In the following Theorem we choose a special form of the
function F', related to intersections of processes f;(X;(+)):

F(z) = (fi(z1) — fo(22), ..., fam1(Tn-1) = falzn)),
In this case H has the following form:
H = {(xh...,xn) S G1 X ... X Gn|f1(x7,) :fj(xj);i: 1,...,’[’L;j = 1,...,n}

and therefore M (H, T) is the set of points on the trajectory of (X1 (t1), ..., Xn(tn)),t €T
that satisfy f;(X;(t;)) = f;(X;(t;)) for all ¢ # j, i.e. this form of F' corresponds to such
intersections.

The following definition contains the conditions that are related to the existence or
non-existence of intersections points, meaning the points in the set M(H,T). As stated
in the Theorem 2 below, these conditions are equivalent to the conditions provided by
Theorem 1, but also they are simpler and more explicit.

For any differentiable function g : R? — R™, such that rank ¢'(y) = m for all y € R?,
and for any i =1,...,n and x € G; denote

m
m;(g,z) = min{Zpi(jq)H <H<...<jm<d:
qg=1

Lij,g(x),...,Li;, g(x) are linearly independent }

Definition 3. We denote as A a subset of H, such that
1. if m =1 then A = H;
2. ifm=2,n=2then A = H;
3. if m >4 then A = 0;
4. if m =3, n > 3 then A =
5. if m =2, n > 3, then z € A if and only if

1 1 1
(2) — 4+ — 4.+ —>n-2
a Q2 qn
where ¢; = m;(fi,z;) —1,i=1,...,n.
6. if m = 3, n = 2 then = € A if and only if at least one of the following conditions

holds

o there is a choice of ¢, j, k such that p1 (¢) = p1(j) = p2(k) = Land Ly ; f1(x1), L1 f1(21), Lo i fo(x2)

are linearly independent;

e there is a choice of 4, j, k such that p; (i) = p2(j) = p2(k) = 1and L1 ; f1(x1), Lo j fa(x2), Lok fo(x2)

are linearly independent;

Theorem 2. Ifx € NS(F)N H then x € © if and only if x € A.

3. THE RELATION BETWEEN THE GEOMETRY OF CARNOT GROUPS AND
INTERSECTIONS

In this section we consider the case

F(CL‘) = (fl(xl) - fg(l'g), .- '7fn71(mn71) - fn(xn))
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and prove Theorem 2. First we will simplify the condition © using the structure of F.
As in the case of © the following condition is a reformulation of a special case of the
main condition in Theorem 11 from [14], for the specific form of F'.

Definition 4. We denote as ©* a subset of G; X ... X G, that x € ©* if and only if

for any A; > 0,4 =1,...,n, such that Y  A; > 0, there exist k; € {0,1,...,m} and, if
i=1

ki 20,6 :{1,... kit = {1,...,d}, i =1,...,n, satisfying the following conditions:

1. Y dimK; = > k; =m(n — 1), where K; = {0} if k; = 0 and otherwise

i=1 =1

Ki = lsp{thl(l)fz(xl)a ceey Lz,tl(kl)fl(xl)}az = la RN

2.
VweRLw#03di=1,...,n:w¢ K,
3.
i=1 j=1

First we are going to show that ©® and ©* coincide for a given F.

Lemma 1. Suppose that we have a family of vector fields Ly, j = 1,...

1,...,n, where t; : {1,...,k;} = {1,...,d}. Then the vectors Lf;_(j)F(x), j=1,...,k;,

i=1,...,n are linearly independent for x € G1 X ... X Gy, if and only if
o Liyjyfilzs), j=1,... ki are linearly independent for all i =1,...,n,
L)
VweR™ w#0,Jie{l,...,n} :w ¢ B;
where

By =lsp{L;s,jyfi(zi),j=1,..., ki}

Proof. 1t is convenient to think of the vector Lftl (j)F (z) as n — 1 vectors of size m put
together, since F' itself has similar structure. We will refer to such vector in L;‘E,iti(j)F (x)
that corresponds to fi(z;) — fi+1(zi+1) in F' as block number [ in Lffti(j)F(x). Note that
all blocks of Lffti(j)F (x) are equal zero, except maybe two: block number 4, which is
equal to L, ;) fi(x:), and block number i — 1, which is equal to —L; 4, ;) fi(x;) (if block
number is not between 1 and n — 1 then the corresponding condition should be simply
ignored). This leads us to following conclusion: the vectors Lf’t (j)F(;v), ji=1,...k;,
i =1,...,n are linearly dependent if and only if there exists w € R™ such that it can be
represented as a linear combination of L; ;, ;) fi(2:), j = 1,...,k; foralli=1,...,n and
at least one of these representations has non-zero coefficients. But this is equivalent to
the statement of Lemma. O

Corollary 1. © = ©*.

To prepare the proof of Theorem 2 we need some additional information regarding the
structure of NS(F) for the given F.

Lemma 2. Suppose that differentiable vector fields Ay, ..., Ay in R? and a twice differ-
entiable function f : R? — R™, where m < d and rank f'(z) = m at some point x € R?,
are such that

e dim B(y) =1 for all y in some neighbourhood of x, where

B(y) = Lsp{A1f(y),.... Arf(y)}
e B(y) = B(z) as long as f(y) = f(z) for all y, z in some neighbourhood of x.
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Then [A;, A;]f(y) € B(y) for all y in some neighbourhood of x and all i, j.

Proof. Choose i such that A; f(z) # 0 and so A; f(y) # 0 for all y in some neighbourhood
of z. Then for each j # i there exists a differentiable function A;(y), such that A, f(y) =
Aj(y)A;f(y) in some neighbourhood of z. Denote v;(y) = |A;f(y)|. Note that, by our

assumptions, Aiif W) has to be constant as long as f(y) is constant for all y in some
neighbourhood of x. We obtain
A, A,
[Ai,Aj] = [’}/i’yfft, Aj — /\JAI —|— )\jAz} = OéAi + 71[71’ Aj — Ain]

with some differentiable function a(y). Now to show that [A;, A;]f(y) € B(y) it is enough
to prove that [%, Aj — XA f(y) =0 for all y in some neighbourhood of x.

Since any change of variables (meaning the replacement of y with 1(z) where ¢ is a
diffeomorphism on some neighbourhood of z) does not change the linear independence

of vector fields and their commutators, we may assume that f(y) = (y1,...,ym) and
x = 0. In this case m first coordinates of % are differentiable functions of y1,...,ym
(they do not depend on Y41, ..., ya) and m first coordinates of A; — \;A; are equal to

zero in some neighbourhood of z. But the vector [%7 A; — NjA;]f(y) is equal to m first

coordinates of [%, A —NAl(y) = %(Aj — XA (y) — (4, — )\in)%(y), which are all

equal to zero. To finish the proof we note that for any ji, jo

[Aj,, Ajy] = a1 di + [A), — Njy Ay Aj, — A, A+

A; A;
+ A%l A — A A, 7] + Am%[77 Aj, = XAj, Al
and, similarly to what was done before, we can claim that [A;, —A;, A;, Aj, — X, Al f(y) =
0 for all y in some neighbourhood of z. O

Theorem 3. If z = (x1,...,2,) € NS(F) N H, then for each i = 1,...,n there
exists 1(i) € {1,...,d} such that p;(I(i)) = 1 and L;;; fi(xi) # 0. Moreover, if
m = 2, n > 2, then for each pair ¢ # r in {1,...,n} we can choose l(q), I(r) so
that Lgi(q)fq(2q), Ly fr(2,) are linearly independent and py(I(q)) = 1, p,(I(r)) = 1.

Proof. First of all we can see that the condition € NS(F) N H also provides a similar
condition for f; at x;: for each i all sets of vectors L; ;, fi(xi), ..., L; j, fi(x;) are either
linearly independent at x; or linearly dependent for all y in some neighbourhood of z;.
Note that the condition f(y) = f(z;) is not required, since the projection of H on G; is
an open set, which follows from the fact that for each j = 1,...,n the set f;(G;) is open.

Fix i € {1,...,n} and suppose that L;;fi(x;) = 0 for all j such that p;(j) = 1.
Then, since z € NS(F), this is also true for all y in some neighbourhood of z;. Recall
that we can obtain each L;; with p;(j) = 2 as a linear combination of commutators
of L;; with p;(j) = 1, and similarly we can obtain each L;; with p;(j) = k > 2 as a
linear combination of commutators of L;; with smaller p;(j). But [L; ;,, L; j,| fi(z) = 0 if
L; j, fi(y) = Li j, fi(y) = 0 for all y in some neighbourhood of z. Applying this argument
repeatedly we obtain that L;; f;(x;) = 0 for all j =1,...,d, which is a contradiction. So
there has to be at least one j such that L;; f;(z;) # 0 and p;(j) = 1.

Now suppose that ¢ # r in {1,...,n} are fixed and we cannot choose such I(q), I(r)
that L q)fq(%q), Lryry fr(x,) are linearly independent and p4(l(q)) = p.(I(r)) = 1.
Denote

Biy = Bii(y) = Lsp{Lij fi(y)ls = 1,...,d,pi(j) = 1},i=1,...,n

Since we already proved that dim Byi(z,) # 0, dim Byi(z,) # 0 then to satisfy our
assumptions it is necessary that dim By (z,) = dim B,1(z,) = 1 and moreover By (z,) =
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B,1(x,) also has to be true. Consider a set K of all L7} F/(x) with i # ¢, i # r and all
Lf;F(x) corresponding to the vector fields L;; in By1, By1, in other words

K = (L5 F(@)li £ 0, £ 7 ot pi() < 1}
Since z € NS(F') then w(y) = diml.sp.K has to be constant for all y in some neighbour-

hood of z with F'(y) = F(z). On the other hand we have w(z) = m(n — 2) + 1 and to
maintain this value as claimed it is necessary that:

e dim By (y) =1 for all y in some neighbourhood of z,,
o there is a small neighbourhood U of z, such that By (y) = By1(z) for all y € U,

z € U with fq(y) = fy(2).

But it means that we can apply Lemma 2 and obtain that [Lg j,, Lq j,]f4(¥) € Bg1(y)
for all y in some neighbourhood of z, and every ji, jo such that py(j1) = pe(j2) = 1.
Therefore Lg;fq(y) € Bqgi(y) if pi(j) = 2. Continuing this argument we obtain that
Lgjfq(zq) € Bgi(zg) for all j =1,...,d, which is a contradiction since m > 2.

[

Before we prove Theorem 2 we also need to consider the following lemma.

Lemma 3. Let ay,...,a, be such that a; > 1, i = 1,2...,n. Then there exist non-

n
negative numbers A1, ..., A, with > \; = 1 such that aihi+airj <1 foralli=1,...,n,
i=1

n
j=1,...,n,i#j if and only if > = >2.
=1

n
Proof. Assume that such Ay,..., A, exist, but > ai < 2. Note that if a;\; < % for all
i=1
i=1,...,n then we obtain:
n n
1
Y=
i=1 ' =

2\ = 2
1

So without loss of generality we may assume that a3 A > % Then we obtain

n n

1:i)\¢=)\1+2)\iai <)‘1+ng
i=1 i M i

1 1
<A+ (2 — 7)(1 — )\10[1) =1+ (1 — 7)(1 — 2/\10&1) <1
o1 g

But this is a contradiction, meaning that one of the assumptions does not hold.

n
On the other hand if 3 L > 2 we may set \; = (> Oé%)*l and then oy \; + o\ =

n
1
(673 Qg
=1

L)yl <lforalli=1,....,n,j=1,...,n,i#j. O

i=1

et

2(

=1

Proof of Theorem 2. Note that for all x € R%, i =1,...,n we have
dlmlSp{LZ,lfl(l‘l), . ;Li,dfi(xi)} =m

due to our assumptions on L;; and f;. Therefore we can always choose k; and t; that
satisfies the first two statements in the condition for z € ©* by setting ky = ko = ... =
kn—1 =m and k, = 0 and selecting ¢; as the set of indices of the corresponding maximal
linear independent subset of {L; 1 fi(z;),..., Liafi(z;)} foralli=1,...,n—1.

Suppose that m = 1, then to satisfy the conditions for x € ©* it is enough to set
ki =ko=...=kp—1 =1, k, =0 and for each i = 1,...,n — 1 select ¢;(1) so that
pi(t:(1)) = 1, which is possible due to Theorem 3. So in this case ©* N NS(F) =
ANNS(F)=HNNS(F).
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If m =2 n=2weset ki = ko = 1, and ¢;(1) can be selected so that pi(¢t1(1)) =
p2(t2(1)) = 1 and Ly, (1) f1(21), Lot,1)f2(22) are linearly independent, due to Theo-
rem 3, fulfilling the conditions for ©* at every point x € NS(F) N H.

Suppose that m = 2, n > 3 and x € AN NS(F), so the condition (2) holds at x.
It means that there are s; : {1,2} — {1,...,d}, i = 1,...,n such that p; ;1) = 1,
i=1,...,n (such choice is possible by Theorem 3), and L; s, (1)fi(2i), L; s, (2) fi(z;) are
linearly independent for all i = 1,...,n, and moreover ¢; = p;(s;(2)), i = 1,...,n in
the condition (2) (since we can choose s; so that m;(f;, ;) = pi(si(1)) + pi(s:(2)) =
1+ pi(s:(2))). For any Iy # Iy we set ky, = ki, =1, k; = 2,0 # 1y, i # lo. Then we take
ti(4) = si(j) for j = 1,2 and i # Iy, i # la, and select ¢, (1), ¢;,(1), using Theorem 3,
so that py, (4, (1)) = pi,(t,(1)) = 1 and Ly, 4, 1) fu. (@1,), Liy 0, 1) fio (21,) are linearly
independent. Then the first two parts of the condition for ©* are satisfied and at the
same time:

n k}i n
doxi2=D piti(d) | =D (1 —a) + Ay, + A,
i=1 j=1 i=1
where g; = p;(s;(2)). So the third part of the condition for ©* can be rewritten as
Ay + i@, > Z )‘l(ql - 1)
i=1

or equivalently

5 qi 3 qi
A L+ N 2 >1

! QIl - ]- 2 o — ]-
where

i = Nilgi — 1)(2 Ai(gi—1))7!

Note that if ¢ = 1 then the index [ can be simply ignored, i.e. never selected as [y or
lo, Removing such index completely, while also lowering n by 1, does not change the
condition (2), and if we show the conditions for z € ©* in the new situation then these
conditions also hold in the initial form. Then, if after such operation we have n > 2, we
can apply Lemma 3 with \; = \; and «; = qiq—’_il, to prove that the conditions for x € ©*
can be satisfied using one of the above choices (note that the condition (2) in terms of
n
a; has the following form: > a% < 2). It remains to consider the case when ¢; > 1 for
— a
no more than one ¢. Suppoée [ is the only value of i with g; > 1. If such [ does not exist
or if \; = 0 then we select any [ with \; > 0. In any case we obtain that A;(¢; — 1) =0
for all 4 # . Then if we select k; = 0 (and choose the rest of k; and ¢; appropriately) the
third part of the conditions for x € ©* has the following form:

n ki n

SN =D ping) =D Nl —a) + M1+ ¢) =20 >0
i=1 j=1 i=1

so x € ©F.

Now suppose that m =2, n > 3and z € ©*NNS(F). Foralli = 1,...,n choose s;(1),
5i(2) so that p;(si(1)) + pi(s:(2)) has the smallest possible value with L;, s, (1)) fi(:),
L; 4,(s,(2)) fi(w;) being linearly independent. Then one of these values, say p;(s;(1)), is
equal to 1, due to Theorem 3. The second of these values, i.e. p;(s;(2)), we denote as g;.
It is enough to prove that these g; satisfy the condition (2) to show that x € A, since we
also have that ¢; = m;(f;, z;) — 1. Note that p;(¢;(1)) + pi(¢:(2)) = 1+ ¢; for any ¢; with
k; = 2 as in the conditions for z € ©*.
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Suppose that the condition (2) with g; defined as above does not hold. There are two
types of possible selections of k;, t; that may satisfy the conditions for x € ©* for given
Ai. The first type has k; = 2 for all ¢ except ¢ = [ and k; = 0. The second type has
ki = 2 for all ¢ except i = l1, i =l and k;, = k;, = 1. Select \; = 2%11» (the reason for
such selection can be found in the proof of Lemma 3). If the conditions for z € ©* with
such A can be satisfied using the first type of selection of k;, ¢;, then

0< Y LiaXi(2 = pilti(1)) — pi(ti(2))) + 20 < Z Lighi(l — i) + 2N =

=1

2¢; ST 2 2 2

_Z:lfqz 1+ql n72_n+1+ql_1—ql<0
=1

which is a contradiction. If the conditions for z € ©* with such A can be satisfied using
the second type of selection of k;, t;, then

0 > Liuy Lt (2= piti(1) = pi(t:(2)))+ (2= pr, (1, (D)), + (2= g (b1 (1) <
=1
n i — n—2 n
i i —q; A A, = : 1< ) 1=0
Zz; 75l1 7512 q ) + A+ A Zz:; 2(]1 T 2 2 +

which is also a contradiction. We conclude that the condition (2) has to hold with such
¢; and so = € A.

Suppose that m = 3, n = 2 and x € AN NS(F). Assume that the first set of
the conditions for x € A in such case holds. In this case we select ky = 2, ko = 1,
t1(1) = s1(1), t1(2) = 51(2), ta(1) = s2(1). Then all statements in the conditions for
x € O©F are satisfied, if Ay > 0. However if Ay = 0, then A\; > 0 and we may select
k(1) = 0, k(2) = 3, so the conditions for x € ©* are satisfied. The second set of
conditions for z € A in the case m = 3, n = 2 also provides that x € ©* in a similar
fashion.

Suppose that m = 3, n = 2 and x € ©* N NS(F). Select \; = 1,4 =1,...,n and
suppose that the conditions for x € ©* are satisfied with such \; and with k; = 2,
ko = 1. But then 4 — p1(¢1(1)) — p1(t1(2)) — p2(t2(1)) > 0 and therefore p1(t1(1)) =
p1(t1(2)) = pa(t2(1)) = 1, which means that the first set of conditions for z € A in the
case m = 3, n = 2 is satisfied (the linear independence also follows from the conditions
for x € ©*). Similarly if the conditions for x € ©* are satisfied with k1 = 1, ko = 2
then the second set of conditions for x € A in the case m = 3, n = 2 is satisfied. Now
suppose that the conditions for ©* are satisfied with k1 = 3, ko = 0 and some t1, to.
But then 4 — py(¢t1(1)) — p1(¢1(2)) — p1(¢1(3)) > 0 and therefore p1(t1(1)) = p1(¢1(2)) =
p1(t1(3)) = 1. According to Theorem 3 we may select s2(1) so that pa(s2(1)) = 1 and
Ly ,1)f2(x2) # 0, but then we also may choose 4, j among t1(1), t1(2), t1(3) to satisfy
the first set of conditions for z € A in the case m = 3, n = 2. The last remaining case is
when the conditions for ©* are satisfied with k1 = 0, ko = 3, but it is similar to one we
just considered, so we have that € A in all cases.

Finally suppose that m =3, n >3 orm >4 and x € ©*. Select \; =1,i=1,...,n
then the third part of the conditions for x € ©* with such \; provides the following
inequality:

O<Z)\ 2—Zp“(j) <2n—m(n—1)

orm < <. But if m =3, n > 3 or m > 4 then this inequality is false, so in fact the
ondltlons for x € ©* cannot hold in such case, and ©* = ) = A.
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4. THE ESTIMATE FOR THE SURFACE MEASURE OF A BALL IN CARNOT GROUP

In this section we consider a Carnot group G = (R™e) and suppose that f : R™ —
R™2 ig an infinitely differentiable function such that rank f'(x) = ms < my for all
x € R™ . Additionally instead of using standard homogeneous degrees of vector fields
in Carnot group (as it was done in [14] for a similar upper bound), we use arbitrary
positive numbers, under condition that the corresponding dilations are still preserved by
the group operation. In this way we are able to include into our consideration a special
case, when G is a product of Carnot groups, but the homogeneous degrees in different
groups have different “weights”. More precisely we fix v : {1,2,...,m1} — [0, +00) and
assume that

(3) Oxn(zoy) =0x(z) @ 0x(y),0n(z); =N Dz i=1,...,m

For example if all (¢) are equal to the corresponding homogeneous degree of the coordi-

nate 7 multiplied by the same non-negative constant, then this condition is satisfied by

the definition of Carnot group. Note that (i) = 0 is possible, but we assume that at
my

least one (i) is not zero, meaning > () > 0.

=1
We also fix a set of left-invariant vector fields L1, ..., L,,, on G, defined as in (1) and

denote

ma
my(z) = min{Z’y(iq)H i1 <o <y, <My
q=1

Li, f(x),..., Li,, f(z) are linearly independent}

A similar definition was used above for m;(g, x), but with homogeneous degrees used in
place of (i) (the definition of my(x) in [14] is the same as the definition of m;(g, z),
while the definition above is its generalization).

We define a family of measures u(u,dy) on the surfaces

Wy, ={z e R™|f(x) = u},u € R™

as it was done in the Proposition 1 in [14], where they were defined using a variant of
the standard construction for the integration on a manifold (for a general theory of such
integration see for example [17]). Additionally it was shown that for any @ € R™ we can
choose such § > 0 and an infinitely differentiable injective function ¢ : B(0,d) — R™?,
where B(0,d) is an open ball in R™2 x R™~"™2that ¢(0,0) = x, rank ¢'(0,0) = m; and
additionally for all v € R™2 and all a € R™~™2 with |(u,a)| < § we have f(¢(u,a)) =
u + f(x). Then, according to Corollary 1 in [14], for all continuous functions g with
support inside (B(0,6)) and for all u € R™2 with |u| < § the following equality holds:

(4) / o)nlu+ f(z),dy) = / 9((u,)) - | det (4 (u, a))|da
R™1 (u,a)E€B(0,5)

Theorem 4. Let x € R™ and suppose that my(y) = mys(x) for all y, such that f(x) =
f (), in some neighbourhood U of x. Then there exist constants C > 0 and § > 0 such
that for all e € (0,1) and all y € B(x,d) with f(y) = f(z) we have u(f(y), D(y,€)) >
CeQv=m5(®) ywhere

D(y7€) :{ZGG:Kyil.Z)i' <€’Y(i)’i: 17"'7m1}

and Q = ;ijl (k).
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To prepare the proof of this Theorem we first present several useful lemmas.

In the following lemma we take a standard argument, involving the Banach fixed point
theorem, often used to prove the inverse function theorem, and extend it, using additional
bounds on the second derivative, to show that the choice of the neighbourhoods in the
inverse function theorem can be made uniformly.

For any real-valued matrix A we denote as || A|| the norm of A as a linear operator
between Euclidean spaces. For any twice continuously differentiable function g : R? — R¢
we denote as ¢”(z)(u,v) = %%g(m) the second directional derivative at z of ¢ in the
directions of u € R? and v € R?. This allows us to write:

1
(6 (@) = g W) = g9(e) = 5-9ly) = [ ot + (1= D)z = )i
0
Additionally we denote ||g”(z)|| = sup |g”(z)(u,v)| and note that for all u € R% and
jul=lo|=1

v € R we have |g" (2)(u, v)| < [|g" (@)|[[ullv]-

Lemma 4. Suppose that a > 0, b > 0. For all twice continuously differentiable functions
g:RT— RY satisfying ||(¢'(0)) 7| < a and ||g" (z)|| < b, x € B(0, %), we have:

’ ab
e g is an injection on the set {x : x| < 55;};
o lg'(@) 1 < 2a for all 2] < 5
o the set {y: |y — g(0)| < gz} is in the image of {x : x| < 3} under g.

Proof. Consider

and note that, for z € B(0, &),

[Ey ()] < 1(9'(0) " (g(2)—9(0) ¢ (0)2)[+](¢'(0)) "  (y—9(0))| < %b|$|2+|(9'(0))71(y*9(0))|
and moreover if y = g(z¢), zo € B(0, &),

By ()] < Dl +1(6'(0) o) — g/(O)z0 — g(O))| + ol < L (laf? +laof?) + o

So if we set c(a,b) = 55 and y = g(zo) for some z¢ with |zo| < ¢(a,b), then for all z
such that |z| < 2¢(a,b):

|Fy(x)] < %b(4c(a, b)? + c(a,b)?) + c(a,b) < %c(a,b) + ¢(a,b) < 2¢(a, b)

which means that Fj, maps the ball B(0,2c(a,b)) into itself. Additionally, under the
same assumptions, we obtain

IFy (@)l = II1 = (¢'(0) "¢/ (@)I| < ablz| <

[SCRR )

Therefore by the Banach fixed point theorem the equation F,(x) = z has exactly one
solution inside B(0, 2¢(a, b)) and the same is true about the equation g(x) = g(x¢), which
means that ¢ is an injection on B(0, ¢(a, b)).
Now assume that there is a point y, such that |y — g(0)| < g5z, but g(z) # y for
|z| < 55 Note that the set g({z : 2| < 35 }) is open, since
1
1

1 1
’ S g _ 1 > - S = < -
/@)l > 19Ol - | [ o (s0)wds| > Jul(; = blal) > 5 ful.Jol < oo
0
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so that [|¢g'(z) 7| < 2a, |z| < 35 and we can apply inverse function theorem for g at
every point of this set. It means that the set

®N\g({z o] < 5D (w5 by~ 90)] < o}
is compact and nonempty Consequently, by standard arguments, there exists yg € R,
such that [yo — g(0)| < 52z and g(z) # yo for |z < 35, and for all y with |y — g(0)] <
lyo — g(0)| there exists = with g(z) = y and |z| < z&;. But then there is o such that
9(z0) = yo and |zo| = 51;, and we have a contradiction since

1
jz| _ blz® _ 5|z] 1
—9(0)] (1- d — = Z —, |z < 5
9(a) = 9O)| = Iy )2+ [(1 = 9)g"(se)(wwpds| > 5~ 205 > T2 o < oo
0
and therefore [yo — g(0)| = [g(z0) — 9(0)| > 15255 > 5omg- O
Lemma 5. Suppose that A is a dxd non-degenerate real matriz, m € {1,2,...,d—1} and
Uy by J1y - -5 Jd—m 15 a permutation of 1,2,...,d. Denote By = Ay, k=1,...,m,
l=1,....,m and Cy = A;l, k=1,....,d—m,l=m+1,...,d so that B and C are
m x m and (d —m) x (d — m) matrices correspondingly, where m € {1,...,d — 1}.

Then |det B| = |det A - det C| and therefore B is non-degenerate if and only if C is
non-degenerate.

Proof. This is well-known. O

Denote as L the matrix defined by Lj;(y) = (Li(y));, i = 1,...,mq, j =1,...,my
(note that L(0) = I).
Lemma 6. For all x € G and X > 0 the following equality holds:

L(ox(x)) = T\ L(2)T (A1),

where T(\) is my x my matriz defined as follows: (T(M\))i = NP, i = 1,...,my;
(T(N)ij =0, #j.
Proof. By the definition of L we have that for all x € G and A > 0, i = 1,...,mq,
j = ]., e,y

(Li(8r(2))); = a%wm o );lym0 = A-”“)a%wmx) 0 53(1));lymo =

—~(3 0 j)— (%
=\ )Td’\m ®y)ily—0 = AY@)=( )(Li(x))j
and the statement of the lemma follows. O
Proof of Theorem 4. Recall that we can choose such §; > 0 and an infinitely differentiable
function ¢ : B(0,01) — R™1, that ¢(0,0) = x, rank’'(0,0) = my and for all u € R™2
and all a € R™ ™2 with |(u,a)| < d; we have f(¢(u,a)) = v+ f(z). Note that the
matrix of derivatives ¢’ has the following property:

0,i# j
l,i=j

1=1,....mo;3=1,...,my;

)

(f'(@(u, ) - ', a))ij = ((F(P(u, a))) )i = {

so the first my rows of (¢')~(u,a) = (¥v~1) (¢ (u,a)) coincide with f’(¢)(u,a)). We
can choose § > 0 so that B(z, 6) c U, v YB(x, )) C B(0,61), ms(x) = my(y) for
y € B(z,0) with f(z) = f(y), and, due to (4), so that for any continuous g > 0 and
u € R™2:

/g<z>u<u+f<x>,dz>>c / 9((u, a))da

B(z,6) [¥(u,a)—2|<é
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where a positive constant C' depends only on the choice of 1 and §. Since D(z,¢)
is compact, we can represent 1p(,.) as a pointwise limit of a sequence of uniformly
bounded continuous functions, so that the integrals above, with these functions in place
of g, converge to the same integrals with 1p(, ) in place of g. Therefore to prove our
statement it is enough to estimate from below the following expression for all £ € (0, 1)
and all y in some neighbourhood of z, such that f(y) = f(z):

M{a:9(0,a) € B(w,8),|(y~" e (0,0))i| <7,i=1,2,...,m1})
For a moment let us fix y € B(z,0) and set v = f(y) — f(z). We have for all
t=1,2,...,m1 —mo,j =1,2,...,my

0

S e v a), =

gk
Q
<
e Eal
B
s

87%(2171 ® 2)jlz=¢(ua)s

Define a matrix R(y, z) as follows: R;(y, 2) = a%k(y_l e 2);. According to the definition

of L; (see (1)) we have that i Rik(y, 2)(Li(2))k = (Li(y~'e2));, and therefore R(y, z) =
k=1

L(y=tez)L71(2). Consider;(a) =y~ ! et)(u,a), then we can rewrite the above relation
as follows

) < , {
879](0/) = ZRjk(y7w(uva))(w/)k,i+MQ(u7 CL),Z = ]-7 27 ey, — M2, ] = ]-7 27 e,y
@i k=1

so that ¢'(a) is a submatrix of R(y, v (u,a))y’(u,a) that consists of the last my — mg
columns.

In the following we are only interested in the case v = 0, so that f(y) = f(z) and
consider all such values of a for which (0, a) is well-defined and inside B(z,d). The first
meo rows of

(R(y,(0,a)9'(0,a) ™" = (v71) (¥(0,a)) - L(¥(0,a)) - L™ (y~ " @ ¥(0,a))

coincide with f’(¢(0,a)) - L((0,a)) - L= (y~! @ 4(0,a)). Moreover each column i =
1,...,my of the matrix f'(¢(0,a))-L(1(0, a)) is in fact the vector L; f(1(0,a)). Therefore
by our assumptions (and after making ¢ smaller, if necessary), we can select the columns

J1s -5 Jms Of f'(y) - L(y), such that they are linear independent and my(y) = i v(Jk)
k=1

for all y € B(x,0) with f(y) = f(x).

Denote as D(a) the selection of the rows 41, . .., %m; —m, and the last m; —ms columns
from L=1(¢(0,a))vy’(0,a), where the set of indices i1, ..., 4m, —m, is such that its union
with j1,...,jm, is equal to {1,...,m1}. Then by Lemma 5 applied to

A= L7 (%(0,0)¥'(0,a),
we obtain that for all a, such that ¢(0,a) € B(z,0), D(a) is non-degenerate and also

mip—msa
>~ ~(ix) is maximal possible over all possible selections of non-degenerate (m; —ms) X
k=1
(m1 —mg) submatrices from L=1(2(0,a))®’(0,a) when always choosing the last mj —ms
columns and arbitrary mj — mso rows with row indices in place of 7.
Denote ¢(a) = (gi,(a), -, i, m,(a)) and denote as B(a) the matrix that contains

the last mo — my columns of L=1((0,a))’(0,a). Then
g'(a) = L(y~" 4(0,a))B(a)

and ¢'(a) can be obtained as a submatrix of ¢'(a) by selecting the rows 41, ..., %m; —m.,
just as D(a) can be obtained as a submatrix of B(a) by selecting the rows i1, . .., %m; —ms,-
Since the rows iy,...,%m,—m, of B are linearly independent we can write Bj(a) =
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Z )\jk( a)B;, 1(a) where \ji(a) are some real numbers. We claim that Ajz(a) = 0

if 7( i) > ~(ix). Indeed, otherwise we can replace i, with ¢ in the selection and make
mi1—ma

Z v(ix) larger, which contradicts the choice of i1, ..., %m,—m,. Note that A;;(a) are

in fact the elements of my x (m; — mg) matrix B(a)D~!(a).

Now suppose that y = 1(0,a9) € B(z,d) so all functions of a, defined above, may also
depend on ag. Take 6 > 0 and select d2 = d2(0) so that |[y~! e 1(0,a)| < 6 as long as
la — ag| < d2. Since L(0) = I there exists such constant C; that || — L(z)|| < C16 if
|z] < 6. Consider

g'(a) = B(a) = (L(y~" ¢ ¥(0,a)) — I)B(a)
and
¢'(a) = D(a) = C(a)B(a)

where C/(a) is a submatrix of L(y~! e1(0,a)) — I that contains the Tows i1, ..., %m, —m,-
But ||C(a)B(a)|| < C20, if |a — ag| < d2, so by choosing small enough 6 we can guarantee
that ¢’(a) is non-degenerate and moreover that ||(¢')~1(a)|| is bounded uniformly w.r.t.
a and ag as long as ¥(0,a0) € B(z,9), ¥(0,a) € B(x,0) and |a — ag| < J2. Additionally
it is easy to see that both ||¢'(a)|| and ||¢"(a)|| are also bounded uniformly w.r.t. a and
ao under the same conditions, since L, L~! and their first and second derivatives are
bounded on a bounded set.

Therefore we can introduce a new set of variables b = ¢(a) in some neighbourhood
of ag. More precisely, using the inverse function theorem and Lemma 4 we can choose
d3 > 0, that does not depend on ag, such that o='(B(¢(ag),d3)) C Blag,d2), ¢ is
injective on o~ (B(0,ds)) ((ao) = 0), and additionally [[(¢~1)'(5)], (=1 (b)) and
l¢” (¢~ 1(b))]| are all bounded if b € B(0, §3) uniformly w.r.t. ag with (0, ag) € B(x,§).
It means that the following inequality holds uniformly w.r.t. ag with ¢(0,a¢) € B(z, g)
(if we choose small enough 3 > 0):

A{(0,a) € B(z,0) : |gi(a)] <e"Di=1,...,m}) >
CsA({b € B(0,83) : |gi(e 2 (b)) <D i=1,...,m1})

To find the lower bound of the last expression we consider, for j = 1,...,my, k =
1,...,m1 — ma:
9 " ")

g O) = Y e )T ) = (66 0) - (¢ (e )
k = k
These functions are bounded if b € B(0, d3) uniformly w.r.t. ag with ¥(0,a¢) € B(x,J),
but we have to find a stronger estimate, also taking into account the conditions |b;, | <
)k =1,....,m; —ma.
Using Lemma 6 we can rewrite the corresponding matrix as follows:

g'(a) (¢'(a) ™" = Ly~ 4(0,0))B(a)(¢'(a) " =
= L(y~" 4(0,a))B(a)D~"(a)(¢'(a) D~ (a)) ™" =
= T(e)L(de)T(e~")B(a) D~ (a)(¢'(a) D (@) ™"

where d. = d-(a) = 01(y" @ ¢(0,a)). Note that the conditions |g;(a)| < e i =
1,...,mq can be rewritten as |(d5)1| < 1,4 = 1,...,m; and so they imply that d. is
bounded and therefore || L(d.)]|, ||L~(d )|| are bounded

Recall that the elements of B(a)D~!(a) with indices j, k, such that v(j) > ~(ir),
are equal to zero. This means that the elements of the matrix T(e~!)B(a)D~!(a)T(e)
and their derivatives by a are bounded uniformly w.r.t. a and € € (0,1) (and they do
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not depend on ag), where Tkk(£) =)k =1,...,m — ma, Tij(e) =0,i#j (T
is a (m1 —ma) X (M1 — mg) matrix). Denote as E(a) the submatrix that consists of
the TOWS 41, . . ., iy, —my Of L(do)T(e~")B(a)D~'(a)T(g). We can also check that F(a) =
T(e V)¢’ (a)D~(a)T(¢). We can choose 3 € (0,1) such that [|[E~"(a)| and ||E(a)| are
bounded uniformly w.r.t. a, agp and € € (0, 1) as long as |d.| < 8, since E(ag) = I and we
can make sure that elements of both L(d.) and T(~*)B(a)D~'(a)T (¢) are in some small
neighbourhood of their values at a = ag, uniformly w.r.t. ag. Moreover the following
functions are also uniformly bounded in the same way:
o ~

ST S gi (T 0) = (T (67 0) - (@) 7 (7 DT (D)

because
T(e™")g' (a)(¢(a)) ' T(e) =
(de)T (") B(a) D™ (a)(T(e™")¢'(a) D™ (a)) ™" =
= L(d.)T(e ) B(a)D™ (a)T () E~ (a).

|
h

We conclude that there exist § > 0 and Cs > 0 such that for all b € B(0,d3) and
e € (0,1), satisfying |d.(¢~1(b))| < B, the following inequality holds uniformly w.r.t. ao:

1957 (O))] = 1g; (071 (1) — g (9™ (w(a0)))] <

mip—mso a mi1—mz
< X:@aMWWMWHSQ(X:wammWH
k=1 k=1
mi—mso
+ D Hato<ane” T b))
k=1

Therefore if we assume that |(d-(¢~1(b)))i, | < B1, k = 1,...,m1 —mq or, equivalently,
lbr| < e70K)B), k=1,...,m; —mo, with small enough $; € (0, 1), that does not depend
on ag, then we can provide that |d.(¢~1(b))| < g Indeed if it is not true, then there

exists such b € B(0,d3) with |d5(g€’1(l~)))| < B, |br| < €00By k=1,...,m; —mgy and

such j € {1,...,m1} that g;(¢=1(b)) = 2\/17657(” (we can select such b on the segment

mi

between 0 and b using continuity). If j = i) for some k = 1,...,m; —ms then we obtain a

contradiction under the condition 8 < 5 \/ﬂm But otherwise, setting b = b in the above

inequality, we obtain [g; (¢~ 1(b))| < C481679)(my — my), which gives us a contradiction
under the condition §; < 5

2m12 Cy

We obtain

A{b e B(0,83) : |gi(et(0)| <eDi=1,...,m}) >
2 )\({b S B(0753) : |glk (Soil(b)” < /81€’Y(ik)7k = 17 cee, My — M2,

0 D] < D00 ik = 1,y —ma) =
7Ylli7n2 ( )
:A({bEB(OaCS?)): |bk-‘ </81€’Y(ik)7k:1".'7m17m2})2055 = Ytk _

_ 055(»% —my(x)

uniformly w.r.t. ag, which concludes the proof of the Theorem.
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5. THE JOINT POINTS OF TRAJECTORIES INSIDE A SET

The purpose of this section is to fill the gap left in [16] where in Theorem 1 the case
0 = 0 was omitted. The following Theorem allows us to fill that gap and consequently the
condition x € © becomes necessary and sufficient for M(H NV, (0,¢]™) to be nonempty
with positive probability for all open neighbourhoods V of z, as long as x € NS(F)NH.

Theorem 5. Suppose that d > 2. For allt > 0, all X;(0) € RY i =1,....,n and all
Borel sets V C G1 x ... x G,, we have

P(M(V,[0,t]"\{0}) is a nonempty finite set) = 0.

Proof. Denote as X" 1(T) = {(X1(t1), ..., Xn_1(tn_1))|(t1,.. ., tn_1) € T} the set of all
points on the joint trajectories of X1, ..., X,,_1 that correspond to the time parameters
in T C [0,+00)" 1. Due to our assumptions on X; the set X"~ 1([0,¢]""1) is compact
a.s. for all ¢t > 0.

Fix t > 0 and a Borel set V C G; X ... x GG,,. Consider a set

M=V [0, 1) = pa, (X"H([0,4"71) x Gu N V),
where pg,, is the canonical projection of Gy x...xG,, on G,,. Note that z € M™~1(V,[0,¢]"71)
if and only if X"71([0,4]"7!) x {z} NV # 0. It follows from the definition that
M1V, [0,¢]"71) is a B(RY)-analytic set a.s.
Then

MV (0t) = U XA < {Xa(t)} 1V =

— n—1 n—1

B tne(O,t]:Xn(tn)eL]JW"—l(V,[O,t]"—l)X ([0, 4"7) x {Xn(ta)} NV
We conclude from this equality that if M (V,[0,¢]"~1x (0, ]) is a finite set then the number
of points on the trajectory of X, (t,),t, € (0,t] that belong to the set M™~1(V,[0,¢]" 1)
has to be finite. Moreover if M(V,[0,t]"~! x (0,¢]) is nonempty then X, (t,),t, €
[0,¢] visits M™~1(V,[0,#]"~!). Consider the conditional probability with fixed X, ...,
X,_1. Since X; are independent, this does not change the distribution of X, and
M"=1(V,[0,#]""1) can be considered as a non-random 9B (R?)-analytic set (with proba-
bility 1 w.r.t. the distribution of X1, ..., X,_1).

Consider a subset 2; of the probability space that corresponds to the event that
X (tn), tn € (0,8] visits M™~1(V,[0,#"71). It is known that € is measurable, moreover
the moment of the first such visit 7 is a stopping time, and also the probability of the
event 7 = t is 0. It is also known that X,,(7) is a regular point for M"~1(V,[0,#]"~!) a.s.
All of this can be proved for Brownian motions on Carnot groups, in the same way as
it was proved for standard Brownian motion in [12] (some of these facts can be derived
from the potential theory of Markov processes developed in [2], but it is important that
our processes are essentially hypoelliptic diffusions, meaning that they have everywhere
positive infinitely differentiable density).

Since X,, satisfies strong Markov property we may consider a process with the same
distribution as X,,, but started at the moment 7 at X,,(7) and its trajectories will have
the same distribution as that of the process X,,. But since X, (7) is a regular point
for M™=1(V,[0,#]"!) a.s. then for any § > 0 a.s. on € there is a point y on the
trajectory of X,,(t),t € (1,7 + ) such that y € M"~1(V,[0,¢]"~!). Consequently a.s. on
5 there are infinite number of different times s1, sa, ..., on the interval (0,¢ — 7) such
that X,,(7 + sx) € M L(V,[0,¢]"71)).

So if the process X, (t,),tn € (0,t] visits M~ 1(V,[0,¢]"71), then X,,(t,),t, € (0,1]
visits this set infinite number of times with the exception of the event of probability
0. Since d > 2 the probability of returning to a fixed point for X,, is 0. Therefore
with probability 1 on §; the point X,,(7) is not visited by X, (s),7 < s < t. Consider
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T = inf{s > 7 + £|Xn(s) € M"71(V,[0,¢]"71)}, which is the first moment of hitting
M"Y (V,[0,4]"1) after T+ 4+ (we set 7, = +o0 if such moment does not exist). With
probability 1 on €27 there exists such k that 7, < ¢. It means that with probability
1 on Q there are at least 2 different points on the trajectory of X, (t,),t, € (0,t] in
M"YV, ]0,#]"~1). Repeating this argument, starting at each 7 instead of 7, we obtain
that one additional point of X,,(t,),t, € (0,t] are in M™~(V,[0,#]"~1) with probability
1 on Q4. But then we can claim that an infinite number of such points also exists with
probability 1 on ;.

So the event, that M (V,[0,¢]"~! x (0,t]) is a nonempty finite set, is a subset of the
set of probability 0. And since the probability space is complete then

P(M(V,[0,#]"~* x (0,t]) is a nonempty finite set) = 0.
Repeating this proof for each Xy instead of X,,, we obtain that
P(M(V,[0,t]"\{0}) is a nonempty finite set) = 0,

as claimed.

6. PROOF OF THEOREM 1

Proof of Theorem 1. Suppose that the set UyN'V NO is empty. It is enough to show that
M(UyNV,(0,t]™) is empty with probability 1 for arbitrary ¢ > 0. We are going to apply
the main result of [16], and to provide the lower bound (6) in [16], we will use Theorem 4
with G=Gy X ... x G, and f=F.

To start we check the conditions of Theorem 4. There are non-negative numbers
A1, ..., Ap, for which the condition for x € © fails at the fixed point z € Uy selected
in Theorem 4. Then we can choose 7 for Theorem 4 to be equal \;p;(j) for the corre-
sponding L;;. We can see that such choice of v obviously satisfies the required scaling
condition, and my(z) = ms(y) for all y in some neighbourhood of z with f(y) = f(z),
since x € NS(f) and the value of my(y) is uniquely determined by the ranks of the sets
of vector fields considered in the definition of NS(f). Therefore all the conditions of
Theorem 4 are satisfied.

But then we can claim the conclusion of Theorem 4 gives us the condition (6) in
Theorem 1 of [16] with measure 1(0,-) as measure v, ; = A; and § < 0 (note that the
notation for Carnot groups G; in [16] is similar, in particular () in [16] is the same as
Q;). To prove this statement we take an optimal choice of iy in the definition of my(z)
in Theorem 4 and the corresponding ¢;(j) defined as in the condition for z € © (the
correspondence is the same as the correspondence between L;, and L;,,;)). Note that
t;(j) satisfies the first condition in the definition for x € © and we can estimate

mo n n ki
§=(Qy— ZV(iq)) - Z)‘i<Qi —-2)= ZM(Q - Zpi(ti(j)> <0
q=1 i=1 i=1 j=1
where the last inequality has to hold because z ¢ O. It remains to note that D(y,¢) in
Theorem 4 is equivalent to B(y1,e™) X ... X B(yp,e™) in [16] in the following sense:
the latter set belong to D(y,a1€) and contains D(y, aze) for some positive a1, az. This
statement is a consequence of the known equivalence of homogeneous norms on G (see
Proposition 5.1.4 in [3]), since both sets are in fact the balls with radius ¢ w.r.t some
homogeneous norms.

We proved that for each x € Uy the condition (6) in Theorem 1 of [16] holds with
0 < 0 for all y € Uy in some neighbourhood V, of x. Therefore we can apply Theorem 1
of [16] with V = V,. If § < 0 then the set A = M(Up NV, (0,¢]™) is empty as claimed
by Theorem 1 in [16], and in the case § = 0 it can be seen from the proof of this
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Theorem that the set A is at most finite with probability 1. But due to Theorem 5 the
set M(Uy NV, (0,¢]™) is in fact always empty with probability 1 and since the choice
of x was arbitrary and Uy NV can be covered by a countable number of sets from the
family {V,,z € Uy NV}, the same statement is also true for arbitrary V.

Suppose that Uy NV N O is nonempty. To prove that M (Uy NV, (0,t]™) is infinite with
positive probability for any fixed ¢ > 0 we use Theorem 10 and Theorem 11 from [14]
in the case when the processes, that were considered in [14], are Brownian motions on
Carnot groups. We can select M in [14] to be a small neighbourhood of z € Uy NV N O,
such that M € ©NV and M N H C Uy. The set A in Theorem 10 from [14] can
be chosen as [s,t]"™ with any s € (0,t) and the function ¥ can be any continuous non-
negative function with support inside M, which is positive at some x € M N H. Such
choice eliminates the singularities related to starting points, so we may set Agj_; = 0
in the main condition of Theorem 11 from [14], because the corresponding multipliers
are not present in the integral (15) from [14]. Then the main condition of Theorem 11
from [14] is satisfied with k; = 2 — @, since it is essentially the same condition as the
condition for z € ©. To see this we need to link the selection of linear independent
rows in Theorem 11 from [14] with the linear independence of vectors L;7 F'(z). But the
matrix R, ,-T, considered in Theorem 11 from [14], taken without its odd numbered row
blocks of the size d x (2nd — 2m) (those correspond to Ay;_1 and therefore irrelevant in
our case), is the same, for the case of Brownian motions on Carnot groups, as the matrix
¢'(a) in the proof of Theorem 4 above. And as was shown there, Lemma 5 provides the
required connection.

The result that we obtained using Theorem 11 from [14] provides the main condition
in the Theorem 10 from [14], because of the upper bounds for ga,, using density estimates
for X;. And it is easy to check, using other known properties of the densities for X;,
that all other conditions in the Theorem 10 from [14] are also satisfied (for example it is
known that ¢a,, in Theorem 10 from [14] is always positive for our choice of processes).
Then the conclusion of Theorem 10 from [14] is that there exists a non-zero limit in Lo
as € — 0+ of the corresponding approximations:

Ve :/9/"'s/w(Xl(sl)v'-'7Xn(Sn))fm(n—l),s(F(Xl(51)7"~7Xn(5n)))d31"-dsn

where fp,(n—1),c is an approximation of §y defined in [14].

But if there are no points on the trajectory of (Xi(t1),..., Xn(tn)), t1 € [s,t],...,tn €
[s,t] that belong to M N H, then ~. is equal to zero for small enough . So if this
happens with probability 1 then the a.s. limit of 7. is equal to zero. This proves that
MUy NV, [s,t]™) has to be nonempty with positive probability. Then by Theorem 5 we
conclude that M(Uy NV, (0,t]™) is infinite with positive probability.

([l

7. SELF-INTERSECTIONS OF BROWNIAN MOTIONS ON CARNOT GROUPS

In this section we consider the case of multiple self-intersections for a single process
X, or more precisely the condition for the (X (¢1),...,X(t,)), t1 = 0,...,t, > 0 to visit
a given relatively open subset of the set H. The self-intersections of the process f(X(t)),
t > 0 with some infinitely differentiable function f is a special case of this construction.

Assume that there is only one d-dimensional Carnot group G, and we have a special
case of our definitions when G; = G. Then we may keep all the notation related to
group structure and function F (in particular H = {z € G"|F(z) = 0}) as well as the
definitions of NS(F) C G™ and of the set © C G™.
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Suppose that X (t), t > 0 is a Brownian motion on a Carnot group G, defined as
in [14, 16]. Denote Ms(V,T) = {(z1,...,xn) € V|3(t1,...,tn) € T,t1 <ty < ... <ty :
X(tl) :Zi,’i = 1,...,72}.

Theorem 6. Suppose that V. C G™ is an open set and denote Uy = NS(F)N H. Then
if UyN O NV is nonempty set then My(Uy NV, (0,t]™) is infinite with positive probability
for all t > 0. Otherwise, if UyN© NV is an empty set, then Ms(Uy NV, (0,400)™) is
empty with probability 1.

Proof. Suppose that Uy N© NV is nonempty set. We will show that M (Uy NV, [t, 2t] x
[3t,4t] x ...[(2n — 1)t,2nt]) is nonempty with positive probability for any ¢ > 0. To do
that we apply Theorem 1 and Theorem 2 from [14].

Note that we can take M from [14] to be a small neighbourhood of z € Uy NV N O,
such that M C ©NV and M NH C Uy. Moreover ¢ can be any continuous non-negative
function with support inside M, which is positive at some x € M N H (we do not need
additional multipliers for v, that were used in Theorem 3 from [14]). Then we can
use Theorem 1 and Theorem 2 from [14] in the same way as we used Theorem 10 and
Theorem 11 from [14] in the proof of Theorem 1 above. Because of our choice of the
set A = [t,2t] x ...[(2n — 1)t,2nt] there is no singularity in the integral (5) from [14]
related to the starting point x so we may set \; = 0. Also many of the permutations
o in Theorem 1 from [14] can be skipped, since the corresponding integral is zero. And
for those permutations that are left we can also set Aaj_1 = 0 since the corresponding
multipliers can be omitted in the integral (5) from [14]. The latter means that all the
conditions of Theorem 1 from [14] can be checked in the same way as it was done in the
proof of Theorem 1 for Theorem 10 from [14].

We obtain that

2t 4t 2nt

/ / WX (51), - X(50)) Fon(nor) e (F(X (1), -, X (8)))ds1 - .. dsy,

Ve =
t 3t (2n—1)t

converges in L to a non-zero limit as € — 0+. But that means that M (Uy NV, [t, 2t] x
[3t,4t] x ... [(2n—1)t, 2nt]) is nonempty with positive probability, because otherwise such
limit should be zero a.s.

To show that the number of points in M, (Up NV, [t, 2t] x [3t,4t] x ... [(2n — 1)t, 2nt])
is infinite with positive probability it is enough to repeat the argument from the proof
of Theorem 5. More precisely we can consider the distribution of X ([(2n — 1)t,2nt]) =
{X(s),s € [(2n — 1)t,2nt])}, under the condition that X ([0, (2n — 1)t]) = {X(s),s €
[0, (2n — 1)t]} is fixed, and prove that if X ([(2n — 1)¢,2nt]) intersects the set

M =p, a(X([t,2t]) x ... x X([(2n —3)t,(2n — 2)t]) x GNU;NV),

where p,, ¢ is the canonical projection of G™ on the last coordinate, then it does so
at the infinite number of different points with positive probability. We obtain that
Ms(Uo NV, (0,¢]™) is infinite with positive probability for all ¢ > 0.

Suppose that UyNONV is an empty set. It is enough to show that M, (UyNV, [s1,t1] X

. X [Sn,tn]) is empty with probability 1 for all 0 < s1 <t < $9 <ta < ... < 8y < tp,
because Ms(Up NV, (0,400)™) is the union of the countable number of such sets.

Let P(x) be the probability for the distribution of X, started at x = X (0). Denote
as X;(t),t > 0,4 =1,...,n the family of independent copies of X. We will denote the
corresponding probabilities as P;(x), ¢ = 1,...,n (they are the same as P but correspond
to different variables). Then M(Uy NV, [0,t1 — s1] X ... x [0,t, — $,]) is empty with
probability 1 if and only if

Pl(ml)Pg(ajg) . Pn(l‘n)l(Xl, ce ,Xn) =0
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for all z; = X;(0), where

I(X1, ., Xn) = Liar €041 —s1]mn €[0itn—50]: (X1 (71 )seres X (1)) €UV }

Note that it is known that I(-) and the result of any number of consequent integra-
tions with P;(z;) of I(Xy,...,X,) is a jointly measurable function of all free variables,
including z;. By Theorem 1 the statement above holds under our assumptions.

On the other hand, by the Markov property for X, M (Uy NV, [s1,t1] X ... X [$pn,tn])
is empty with probability 1 if and only if

P(x)Pl(X(Sl))PQ(Xl(SQ — 81)) . Pn(anl(sn — Snfl))I(Xh ey Xn) =0

for all z = X (0). If we denote as p(t, x, y) the transition density of X then this statement
can be rewritten as (also using Fubini theorem):

/P1(91)P2(y2) o Po(yn)p(s1, 2, y1)p(s2 — t1, X1 (ty — s1),92) - - -
Gﬂ,
. p(Sn — tnfl, anl(tnfl — Snfl)ayn)I<X17 . ,Xn)dyl - dyn = 0

But this equality holds under our assumptions, since all multipliers with p in the integral
above are bounded.
|

8. EXAMPLES

Let us discuss some examples that show applications of the results of this paper as
well as their limitations.
Let d > 3 and consider a Carnot group G such that the corresponding set of vector

d
fields is defined as follows: L; = 3% + > zi_lﬁ, L; = %, i = 2,...,d. Note that
i=3 ‘ o

[L;yL1] = Lit1,i=2,...,d — 1. It is known that such group exists (see [15] where the
explicit form of the group action on (G, @) was shown). Moreover p1 = ps =1, p; =i—1,

i=3,...,dand Q =1+ @. The corresponding Brownian motion on G can be
defined as follows
t t S2
X(t) = z o (Wi (1), Wat), / Wa(s) o dWi (s), / / Wa(s1) o dWy(s1) 0 dWi (55), ...)
0 0 0

for any t > 0, where W; and W5 are independent standard Brownian motions with
W1 (0) = W5(0) = 0. In the following we fix all G;, i = 1,...,n to be equal to such group
G and consequently each X; has the same distribution as X.

Let us first consider an example of a function F, which has non-trivial structure of
the set NS(F) of “non-singular” points.

Example 1. Take n =2, m = 1 and F : G?> — R defined as F(z) = g((71)2) — (z2)2,
x = (w1,72) € G?, where g : R — R is an arbitrary infinitely differentiable function.
Then NS(F) contains all points in G? except those for which (z1)2 € A = {t € R|¢/(t) =
0,3sp, — t,n — 400 : ¢'(s) # 0}.

The case m = 1 in Theorem 1 actually does not require us to consider NS(F'), but it
may be possible to find similar examples if m > 2.
Consider m =2, n > 3 and f;(z) = (x1,21,), k; 2 3,i=1,...,n. Take

F(,’E) = (fl(xl) - f2(x2)7 R fnfl(xnfl) - fn(mn))
It is not hard to check that G"\NS(F') = ‘;J‘{(xl, vy p) € G™ () k,—1 = (T5)k,—1} 5O
i#j

all the “singular” points inside a linear subspace H are those, which belong to one of the
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several linear subspaces of the dimension equal to the dimension of H minus 1, obtained
by adding an additional equality (x;)x,—1 = (), -1 for some i # j.

We could also investigate whether the process (X1(t1), Xa(t2), ..., Xn(tn)) visits the
set H\NS(F') using the same approach, by considering several linear functions F;, such
that H\NS(F) is a union of all the sets {z € G"|F;(z) = 0}. Each such function may
be obtained by adding an extra coordinate (x;)x, 1 — (), -1 for some fixed i # j. Note
that if the condition z € © holds for Fi, then it also holds for F, so if we knew that
HNNS(F)NO NV was empty then the corresponding set for Fy is guaranteed to be
empty as well. At the same time if H N NS(F)N O NV is not empty then there is no
need to consider the points in H\NS(F), because we already can prove that M (H, (0,¢]™)
is nonempty with positive probability. Unfortunately the structure of NS(F}) is more
complicated, since it depends on the choice of k; and we have @ functions Fj to
consider, so we are not going to describe it explicitly. And generally speaking we do not
know how to guarantee that this procedure can be continued for G*\NS(F}). Therefore
we cannot claim that (X (t1), Xa2(t2), ..., Xn(tn)) does not visit the set H\NS(F') with
probability 1 even when it is known that it does not visit the set H N NS(F) with
probability 1.

The condition that € A for the given f;, i = 1,...,n is the same in each point
and equivalent to the condition (2) with ¢; = px, = k; — 1. Since k; > 3 can be
selected arbitrarily then pi, can be any integer greater than 1, and consequently the
condition (2) can contain any possible integer values ¢; > 2. Note that it is also possible
to have ¢; = 1, for example if we set f;(z) = (x1,x2), but in this case is the structure of
NS(F) is different, so it has to be considered separately.

We can apply Theorem 1 and Theorem 2 to obtain the following example.

Example 2. Consider n independent two-dimensional processes Y;, ¢ = 1,...,n, such
that
t Sk;—2 s2
Yz(t) = (Wil(t),/ / e / Wig(sl)OdWﬂ(Sl)OdWﬂ(Sg) . .OdWﬂ(Ski_Q)),i = 1, ey Ny
0 0 0
where W1, Wis, i = 1,...,n are independent standard Brownian motions with W;;(0) =
Wi2(0) = 0. If
1
. -2
T — 1 + + - >n
then for any ¢ > 0 with positive probability there are t; € (0,t), ..., t, € (0,¢) such that
Yi(t1) =Ya(ta) =... =Y, (tn). If
! +...+ ! < 2
w1ttt <n

then with probability 1 there are no ¢1 € (0,t), ..., t, € (0,t) such that Y7 (¢1) = Ya(t2) =
...=Y,(t,) and at the same time Z;(t;) # Z;(t;) for all i # j, where

t Sk;—3 ED)
Zz(t) = / / PN / Wig(sl) o dWll(Sl) o dWZl(SQ) ...0 dWil(Ski,;),)
0 0 0

According to the Theorem 6 we have the same result if all Y; are replaced with one
process Y with the same distribution and we forbid equalities ¢; = ¢; for all 4 # j. In

this case it is interesting to see what happens if all f; are the same, or in other words if
ki = k’j = k for all Z,]
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Example 3. Consider the process

t Sk—2 S2

Y(t) = (Wl(t),/ / ~~/W2(81)0dW1(81)OdW1(52)...odW1(sk,2))
0 0 0

where W7, Wy are independent standard Brownian motions with Wy(0) = W»(0) = 0. If
k =3 and n < 3 then for any ¢ > 0 and any open set V' with positive probability there
are 0 <t; <...<t, <tsuchthat Y(t1) =Y (t2) =...=Y () € V. Ifk >4, n >3
or if k = 3, n > 4 then with probability 1 there are no 0 < t; < ... < t, < t such that
Y(t1) =Y(t2) =... =Y (¢t,) and at the same time Z(¢;) # Z(t;) for all ¢ # j, where

t Sk—3 So

Z(t):/ / .../Wz(sl)odwl(sl)odwl(sz)...odwl(sk,g)

0 0 0
if k>3 and Z(t) = Wa(t) it k = 3.

Consider m = 3, n = 2 and f;(z) = (z1,22,2k,), ¢ = 1,2 with k; > 3. By the
definition of A, we have x = (z1,z2) € A if and only if the dimension of the linear span
of Li1fi(x1), Liafi(x1), L11 fa(x2), L1afo(x2) is equal to 3. But in our case it means
that (z1)g,—1 # (22)k,—1- The only case when it is not possible for z € H is when
ki = ko = 3, since (z1)2 = (x2) for z € H. But the case k; = ko = 3 is the well-
known case of intersections of two independent 3-dimensional hypoelliptic processes with
the same distribution, and it was proved in [4] that such intersections do not exist with
probability 1. So in the following we assume that k; > 3 or ko > 3. Then it is also not
hard to check that G2\NS(F) = {z € G?|(21)k,—1 = (2)k,—1} and by Theorem 1 and
Theorem 2 we obtain the following.

Example 4. Consider 2 independent 3-dimensional processes Y;, i = 1,2, such that

t Sk;—2 S2

Y;(t) = (Wﬂ(t), Wﬂ(t),/ / N / Wig(sl)OdWil(Sl)OdWil(SQ) .. .OdWil(Ski,Q)),i = ]., 2,
0 0 0

where W;1, Wia, i = 1,2 are independent standard Brownian motions with W;;(0) =
Wi2(0) = 0. If ky > 3 or ky > 3 then for any ¢t > 0 and any open set V with positive
probability there are t1 € (0,t), t2 € (0,t) such that Y1(¢1) = Ya(t2) € V.

Additionally by Theorem 6 we obtain the same result for self-intersections.

Example 5. Consider the process

t Sk—2 S2

Y(t) = (Wl(t)7W2(t)7/ / .../Wg(sl)odWl(sl)odWl(SQ)...odwl(sk_Q))
0 0 0

where W7, Wy are independent standard Brownian motions with Wi (0) = W2(0) = 0.
If £ > 3 then for any ¢ > 0 and any open set V with positive probability there are
0 < t1 <ty < t such that Y(tl) = Y(tQ) evV.

If k = 3 then we again have the case of 3-dimensional hypoelliptic process considered
in [4] and it was proved there that the corresponding self-intersections do not exist with
probability 1.
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