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NONPARAMETRIC ESTIMATION OF LINEAR MULTIPLIER FOR

PROCESSES DRIVEN BY A HERMITE PROCESS

We study the problem of nonparametric estimation of the linear multiplier function

θ(t) for processes satisfying stochastic differential equations of the type

dXt = θ(t)Xtdt+ ϵ dZq,H
t , X0 = x0, 0 ≤ t ≤ T

where {Zq,H
t , t ≥ 0} is a Hermite process with known order q and known self-

similarity parameter H ∈ ( 1
2
, 1). We study the asymptotic behaviour of the estimator

of the unknown function θ(t) as ϵ → 0.

1. Introduction

Statistical inference for fractional diffusion processes satisfying stochastic differential
equations driven by a fractional Brownian motion (fBm) has been studied earlier and a
comprehensive survey of various methods is given in Mishura (2008) and in Prakasa Rao
(2010). There has been a recent interest to study similar problems for stochastic processes
driven by mixed fractional Brownian motion, sub-fractional Brownian motion, α-stable
noises, fractional Levy processes and general Gaussian processes. Prakasa Rao (2024)
investigated nonparametric estimation of linear multiplier in SDEs driven by general
Gaussian processes.

In modeling processes with possible long range dependence, it is possible that no spe-
cial functional form is available for modeling the trend a priori and it is necessary to
estimate the trend function based on the observed process over an interval. This prob-
lem of estimation is known as nonparametric function estimation in classical statistical
inference (cf. Prakasa Rao (1983)).

Our aim in this paper is to study nonparametric estimation of the trend function,
which is a linear multiplier, when the process is governed by a stochastic differential
equation driven by a Hermite process following the ideas of density function estimation
and regression function estimation in classical statistical inference. Several methods are
present for nonparametric function estimation as described in Prakasa Rao (1983). The
method of kernels is widely used for the estimation of a density function or a regression
function and it is known that the properties of such an estimator do not depend on the
choice of the kernel in general but on the choice of the bandwidth. Properties of the
estimators of a density function and a regression function, using the method of kernels,
are described in Prakasa Rao (1983). Our aim is to propose a kernel type estimator for
the trend function and study its properties. We will show that the kernel type estimator is
uniformly consistent over a class of trend functions and obtain the asymptotic distribution
of the estimator in the presence of small noise. We will also obtain the optimum rate of
convergence of the kernel type estimators for the trend function. Results derived in this
paper will be useful when there is no information on the functional form of the trend
coefficient and the trend has to be estimated from the observed path of the underlying
process. For a comprehensive review of parametric and nonparametric inference for
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processes driven by fractional processes such as sub-fractional Brownian motion, mixed
fractional Brownian motion and fractional Levy process, see Prakasa Rao (2026).

Hermite processes is another class of non-Gaussian processes which have been proposed
as the driving forces for modeling stochastic phenomenon with long range dependence
in a non-Gaussian environment (cf. Taqqu (1978); Lawrance and Kottegoda (1977)).
Statistical inference for Vasicek-type model driven by Hermite process was studied in
Nourdin and Diu Tran (2017) (cf. Diu Tran (2018)). Coupek and Kriz (2025) discuss
parametric and nonparametric inference for nonlinear stochastic differential equations
driven by Hermite processes. Our aim in this paper is to study nonparametric estimation
of the linear multiplier in the trend function when the process is governed by a stochastic
differential equation driven by a Hermite process.

2. Hermite Processes

As the definition and properties of Hermite processes are not widely known, we now
give a short review of the properties of Hermite processes for completeness following Diu
Tran (2018) and Tudor (2013).

Let W = {W (h), h ∈ L2(R)} be a Brownian field defined on a probability space
(Ω,F , P ), that is, a centered Gaussian family of random variables satisfying

E[W (h)W (g)] =< h, g >L2(R)

for any h, g ∈ L2(R). For every q ≥ 1, the q-th Wiener chaos Hq is defined as the closed
linear subspace of L2(Ω) generated by the family of random variables {Hq(W (h)), h ∈
L2(R), ||h||L2(R) = 1}, where Hq is the q-th Hermite polynomial. Recall that H1(x) =

x,H2(x) = x2 − 1, H3(x) = x3 − 3x, . . . . The mapping IWq (h) = Hq(W (h)) can be

extended to a linear isometry between L2
s(R

q), the space of symmetric square integrable
functions on Rq equipped with the modified norm

√
q!||.||L2(Rq), and the q-th Wiener

chaos Hq. If f ∈ L2
s(R

q), , then the random variable IWq (f), defined below, is called the
multiple Wiener integral of the function f of order q and it is denoted by

IWq (f) =

∫
Rq

f(ψ1, . . . , ψq)dWψ1 . . . dWψq .

For the existence and the properties of such multiple Wiener integrals, see Nualart
(2006) and Major (2014).

We now define the Hermite process and discuss its properties following Diu Tran
(2018) and Tudor (2013).

Definition 2.1. The Hermite process {Zq,Ht , t ≥ 0} of order q ≥ 1 and the self-similarity
parameter H ∈ ( 12 , 1) is defined as

(2.1) Zq,Ht = c(q,H)

∫
Rq

(

∫ t

0

Πqj=1(s− ψj)
H0− 3

2
+ ds)dWψ1

. . . dWψq

where

(2.2) c(q,H) =

√
H(2H − 1)

q!(β(H0 − 1
2 , 2− 2H0))q

and

(2.3) H0 = 1 +
H − 1

q
.

Note thatH0 ∈ (1− 1
2q , 1). The integral in (2.1) is a multiple Wiener integral of order q.

Observe that Zq,H0 = 0 a.s.The constant c(q,H) is chosen in (2.1) so that E[(Zq,H1 )2] = 1.
Hermite process of order q = 1 is the fractional Brownian motion. It is the only Hermite
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process that is Gaussian. The Hermite process of order q = 2 is called the Rosenblatt
process.

For any two processes X = {Xt, t ≥ 0} and Y = {Yt, t ≥ 0}, we say that {Xt, t ≥
0} ∆

= {Yt, t ≥ 0} if the finite dimensional distributions of the process X are the same as
the finite dimensional distributions of the process Y.

The following properties are satisfied by the Hermite processes.

Theorem 2.1. Suppose Z = {Zq,Ht , t ≥ 0} is the Hermite process of order q ≥ 1 and
the parameter H ∈ ( 12 , 1). Then the process is centered and the following properties hold:

(i) the process Z is self-similar, that is, for all a > 0

{Zq,Hat , t ≥ 0} ∆
= {aHZq,Ht , t ≥ 0};

(ii) the process Z has stationary increments, that is, for any h > 0,

{Zq,Ht+h − Zq,Hh , t ≥ 0} ∆
= {Zq,Ht , t ≥ 0};

(iii) the covariance function of the process Z is given by

E[Zq,Ht Zq,Hs ] =
1

2
(t2H + s2H − |t− s|2H), t ≥ 0, s ≥ 0;

(iv) the process Z has long range dependence property, that is,

∞∑
n=0

E[Zq,H1 (Zq,Hn+1 − Zq,Hn )] = ∞;

(v) for any α ∈ (0, H) and any interval [0, T ] ⊂ R+, the process {Zq,Ht , 0 ≤ t ≤ T}
admits a version with Holder continuous sample paths of order α; and

(vi) for every p ≥ 1, there exists a positive constant Cp,q,H such that

E[|Zq,Ht |p] ≤ Cp,q,Ht
pH , t ≥ 0.

For proof of this theorem, see Tudor (2013).
Wiener integral with respect to the Hermite process:

The Wiener integral of a non-random function f, with respect to the Hermite process

Z = {Zq,Ht , t ≥ 0}, is studied in Maejima and Tudor (2007) and it is denoted by

E[

∫
R

f(u)dZq,Hu ]

whenever it exists. It is known that the Wiener integral of the function f with respect
to the Hermite process of order q and parameter H exists if

(2.4)

∫
R

∫
R

|f(u)f(v)||u− v|2H−2 dudv <∞.

Let |H| denote the class of functions f satisfying the inequality (2.4). It can be shown
that , for any f, g ∈ |H|,

(2.5) E[

∫
R

f(u)dZq,Hu

∫
R

g(u)dZq,Hu ] = H(2H − 1)

∫
R

∫
R

f(u)g(v)|u− v|2H−2dudv.

Furthermore, the Wiener integral of f with respect to the process Z admits the repre-
sentation

(2.6)

∫
R

f(u)dZq,Hu = c(q,H)

∫
Rq

(

∫
R

f(u)Πqj=1(u− ψj)
H0− 3

2
+ du)dWψ1 . . . dWψq

where c(q,H) and H0 are as defined by the equations (2.2) and (2.3) respectively.
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We now derive a maximal inequality for the Hermite process Z of order q and self-

similarity parameter H. Let Zq,H,∗t = sup0≤s≤t |Zq,Hs |.
Maximal inequalities for processes such as the fractional Brownian motion and sub-

fractional Brownian motion are known and are reviewed in Prakasa Rao (2014, 2017,
2020) following the property of self-similarity for such processes. Maximal inequalities
for general Gaussian processes are presented in Li and Shao (2001), Berman (1985),
Marcus and Rosen (2006) and Borovkov et al. (2017) among others. As far as we are
aware, there are no maximal inequalities available for Hermite processes in the literature.

For any process X = {Xt, t ≥ 0}, define
X∗
t = sup{|Xs|, 0 ≤ s ≤ t}.

Since the Hermite process {Zq,Ht , t ≥ 0} is a self-similar process with self-similarity
parameter H, it follows that

Zq,Hat
∆
= aHZq,Ht

for every t ≥ 0 and a > 0. This in turn implies that

Zq,H,∗at
∆
= aHZq,H,∗t

for every a > 0. Hence the following result holds.

Theorem 2.2. Let T > 0 and {Zq,Ht , t ≥ 0} be the Hermite process with self-similarity

parameter H. Suppose that E[|Zq,H,∗1 |p] <∞ for some p > 0.. Then

E[(Zq,H,∗T )p] = K(p, q,H)T pH

where K(p, q,H) = E[(Zq,H,∗1 )p].

Proof. The result is a consequence of the fact Zq,H,∗T
∆
= TH Zq,H,∗1 by self-similarity. □

3. Preliminaries

Let Z = {Zq,Ht , t ≥ 0} be a Hermite process with known parameters q,H such that
H ∈ ( 12 , 1). Consider the problem of estimating the unknown function θ(t), 0 ≤ t ≤
T (linear multiplier) from the observations {Xt, 0 ≤ t ≤ T} of process satisfying the
stochastic differential equation

(3.1) dXt = θ(t)Xtdt+ ϵ dZq,,Ht , X0 = x0, 0 ≤ t ≤ T

and study the properties of the estimator as ϵ→ 0. Consider the differential equation in
the limiting system of (3.1), that is, for ϵ = 0, given by

(3.2)
dxt
dt

= θ(t)xt, x0, 0 ≤ t ≤ T.

Observe that

xt = x0 exp{
∫ t

0

θ(s)ds).

We assume that the following condition holds:
(A1) The trend coefficient θ(t), over the interval [0, T ], is bounded by a constant L.

Lemma 3.1. Let the condition (A1) hold and {Xt, 0 ≤ t ≤ T} and {xt, 0 ≤ t ≤ T} be
the solutions of the equations (3.1) and (3.2) respectively. Then, with probability one,

(3.3) |Xt − xt| < eLtϵ sup
0≤s≤t

|Zq,Hs |

and

(3.4) sup
0≤t≤T

E(Xt − xt)
2 ≤ e2LT ϵ2T 2H .
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Proof. Proof of (a): Let ut = |Xt − xt|. Then by (A1); we have,

ut ≤
∫ t

0

|θ(v)(Xv − xv)|dv + ϵ|Zq,Ht |(3.5)

≤ L

∫ t

0

uvdv + ϵ sup
0≤s≤t

|Zq,Hs |.

Applying the Gronwall’s lemma (cf. Lemma 1.12, Kutoyants (1994), p. 26), it follows
that

(3.6) ut ≤ ϵ sup
0≤s≤t

|Zq,Hs |eLt.

Proof of (b): From the equation (3.3), we have

E(Xt − xt)
2 ≤ e2Ltϵ2E( sup

0≤s≤t
|Zq,Hs |)2(3.7)

= e2Ltϵ2t2H .

Hence

(3.8) sup
0≤t≤T

E(Xt − xt)
2 ≤ e2LT ϵ2T 2H .

□

4. Main Results

Let Θ0(L) denote the class of all functions θ(.) with the same bound L. Let Θk(L)
denote the class of all functions θ(.) which are uniformly bounded by the same constant
L and which are k-times differentiable with respect to t satisfying the condition

|θ(k)(x)− θ(k)(y)| ≤ L1|x− y|, x, y ∈ R

for some constant L1 > 0. Here g(k)(x) denotes the k-th derivative of g(.) at x for k ≥ 0.
If k = 0, we interpret the function g(0)(x) as g(x).

Let G(u) be a bounded function with compact support [A,B] with A < 0 < B
satisfying the condition∫ B

A

G(u)du = 1.(A2)

It is obvious that the following conditions are satisfied by the function G(.) :

: (i)
∫∞
−∞ |G(u)|2du <∞;

: (ii)
∫∞
−∞ |uk+1G(u)|2du <∞.

We define a kernel type estimator θ̂t of the function θ(t) by the relation

(4.1) θ̂tXt =
1

φϵ

∫ T

0

G

(
τ − t

φϵ

)
dXτ

where the normalizing function φϵ → 0 as ϵ→ 0. Let Eθ(.) denote the expectation when
the function θ(.) is the linear multiplier.

Theorem 4.1. Suppose that the linear multiplier θ(.) ∈ Θ0(L) and the function φϵ → 0
and ϵ2φ2H−2

ϵ → 0 as ϵ → 0. Suppose the conditions (A1) − (A2) hold.Then, for any

0 < a ≤ b < T, the estimator θ̂t is uniformly consistent, that is,

(4.2) lim
ϵ→0

sup
θ(.)∈Θ0(L)

sup
a≤t≤b

Eθ(|θ̂tXt − θ(t)xt|2) = 0.
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In addition to the conditions (A1) and (A2), suppose the following condition holds:
(A3)

∫∞
−∞ ujG(u)du = 0 for j = 1, 2, ...k.

Theorem 4.2. Suppose that the function θ(.) ∈ Θk+1(L) and the conditions (A1)− (A3)

hold. Further suppose that φϵ = ϵ
1

k−H+2 . Then,

(4.3) lim sup
ϵ→0

sup
θ(.)∈Θk+1(L)

sup
a≤t≤b

Eθ(|θ̂tXt − θ(t)xt|2)ϵ−min(2,
2(k+1)
k+2−H ) <∞.

Theorem 4.3. Suppose that the function θ(.) ∈ Θk+1(L) for some k > 1 and the

conditions (A1)− (A3) hold. Further suppose that φϵ = ϵ
1

k−H+2 . Let J(t) = θ(t)xt. Then,
as ϵ→ 0, the asymptotic distribution of

ϵ
−(k+1)

k−HK+2 (θ̂tXt − J(t)− J (k+1)(t)

(k + 1)!

∫ ∞

−∞
G(u)uk+1 du)

has mean zero and variance

σ2
H = H(2H − 1)

∫ ∞

−∞

∫ ∞

−∞
G(u)G(v)|u− v|2H−2dudv

where

∂2RH,K(t, s)

∂t∂s
= αH,K(t2H + s2H)K−2(ts)2H−1 + βH,K |t− s|2HK−2.

5. Proofs of Theorems

Proof of Theorem 4.1. From the inequality

(a+ b+ c)2 ≤ 3(a2 + b2 + c2), a, b, c ∈ R,

it follows that

Eθ[|θ̂(t)Xt − θ(t)xt|2] = Eθ[|
1

φϵ

∫ T

0

G

(
τ − t

φϵ

)
(θ(τ)Xτ − θ(τ)xτ ) dτ(5.1)

+
1

φϵ

∫ T

0

G

(
τ − t

φϵ

)
θ(τ)xτdτ − θ(t)xt

+
ϵ

φϵ

∫ T

0

G

(
τ − t

φϵ

)
dZq,Hτ |2]

≤ 3Eθ[|
1

φϵ

∫ T

0

G

(
τ − t

φϵ

)
(θ(τ)Xτ − θ(τ)xτ )dτ |2]

+3Eθ[|
1

φϵ

∫ T

0

G

(
τ − t

φϵ

)
θ(τ)xτdτ − θ(t)xt|2]

+3
ϵ2

φ2
ϵ

Eθ[|
∫ T

0

G

(
τ − t

φϵ

)
dZq,Hτ |2]

= I1 + I2 + I3 (say).

By the boundedness condition on the function θ(.), the inequality (3.3) in Lemma 3.1
and the condition (A2), and applying the Hölder inequality, it follows that

(5.2)

I1 = 3Eθ

∣∣∣∣∣ 1φϵ
∫ T

0

G

(
τ − t

φϵ

)
(θ(τ)Xτ − θ(τ)xτ )dτ

∣∣∣∣∣
2
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= 3Eθ

∣∣∣∣∫ ∞

−∞
G(u) (θ(t+ φϵu)Xt+φϵu − θ(t+ φϵu)xt+φϵu) du

∣∣∣∣2
≤ 3(B −A)

∫ ∞

−∞
|G(u)|2L2E |Xt+φϵu − xt+φϵu|

2
du (by using the condition (A1))

≤ 3(B −A)

∫ ∞

−∞
|G(u)|2 L2 sup

0≤t+φϵu≤T
Eθ |Xt+φϵu − xt+φϵu|

2
du

≤ 3(B −A)L2e2LT ϵ2T 2H

∫ ∞

−∞
|G(u)|2du (by using (3.4))

which tends to zero as ϵ → 0. For the term I2, by the boundedness condition on the
function θ(.), the condition (A2) and the Hölder inequality, it follows that

I2 = 3Eθ

∣∣∣∣∣ 1φϵ
∫ T

0

G

(
τ − t

φϵ

)
θ(τ)xτdτ − θ(t)xt

∣∣∣∣∣
2

(5.3)

= 3

∣∣∣∣∫ ∞

−∞
G(u) (θ(t+ φϵu)xt+φϵu − θ(t)xt) du

∣∣∣∣2
≤ 3(B −A)L2φ2

ϵ

∫ ∞

−∞
|uG(u)|2du (by (A2)).

The last term tends to zero as φϵ → 0. We will now get an upper bound on the term I3.
Note that

(5.4)

I3 = 3
ϵ2

φ2
ϵ

Eθ

∣∣∣∣∣
∫ T

0

G

(
τ − t

φϵ

)
dZq,Hτ

∣∣∣∣∣
2

= 3
ϵ2

φ2
ϵ

∫ T

0

∫ T

0

G

(
τ − t

φϵ

)
G

(
τ ′ − t

φϵ

)
|τ − τ ′|2H−2dτdτ ′

= C
ϵ2

φ2
ϵ

φ2H
ϵ H(2H − 1)

∫
R

∫
R

G(u)G(v)|u− v|2H−2dudv

≤ C1ϵ
2φ2H−2

ϵ

for some positive constant C1. The inequality in third line of the eqution (5.4) given
above follows by the change of variable technique using the transformation of the vector

( τ−tφϵ
, τ

′−t
φϵ

) to the vector (u, v) and invoking the computation of covariance of two wiener

integrals with respect to the Hermite process given in the equation (2.5). Theorem 4.1
is now proved by using the equations (5.1) to (5.4). □

Proof of Theorem 4.2. Let J(t) = θ(t)xt. By the Taylor’s formula, for any x ∈ R,

J(y) = J(x) +

k∑
j=1

J (j)(x)
(y − x)j

j!
+ [J (k)(z)− J (k)(x)]

(y − x)k

k!

for some z such that |z − x| ≤ |y − x|. Using this expansion, the equation (3.2) and the
condition (A3) in the expression for I2 defined in the proof of Theorem 4.1, it follows
that
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I2 = 3

[∫ ∞

−∞
G(u) (J(t+ φϵu)− J(t)) du

]2
= 3[

k∑
j=1

J (j)(t)(

∫ ∞

−∞
G(u)ujdu)φjϵ(j!)

−1

+(

∫ ∞

−∞
G(u)uk(J (k)(zu)− J (k)(t))du φkϵ (k!)

−1]2

for some zu such that |zu − t| ≤ C|φϵu|. Hence

I2 ≤ 3L2

[∫ ∞

−∞
|G(u)uk+1|φk+1

ϵ (k!)−1du

]2
(5.5)

≤ 3L2(B −A)(k!)−2φ2(k+1)
ϵ

∫ ∞

−∞
G2(u)u2(k+1) du

≤ C2φ
2(k+1)
ϵ

for some positive constant C2. Combining the equations (5.2)- (5.5), we get that there
exists a positive constant C3 such that

sup
a≤t≤b

Eθ|θ̂tXt − θ(t)xt|2 ≤ C3(ϵ
2 + φ2(k+1)

ϵ + ϵ2φ2H−2
ϵ ).

Choosing φϵ = ϵ
1

k+2−H , we get that

lim sup
ϵ→0

sup
θ(.)∈Θk+1(L)

sup
a≤t≤b

Eθ|θ(t)Xt − θ(t)xt|2ϵ−min(2,
2(k+1)
k+2−H ) <∞.

This completes the proof of Theorem 4.2. □

Proof of Theorem 4.3. Let α = k+1
k+H−2 . Note that 0 < α < 1 since 0 < H < 1. From

(3.1), we obtain that

ϵ−α(θ̂(t)Xt − θ(t)xt)(5.6)

= ϵ−α[
1

φϵ

∫ T

0

G

(
τ − t

φϵ

)
(θ(τ)Xτ − θ(τ)xτ ) dτ

+
1

φϵ

∫ T

0

G

(
τ − t

φϵ

)
θ(τ)xτdτ − θ(t)xt +

ϵ

φϵ

∫ T

0

G

(
τ − t

φϵ

)
dZq,Hτ ]

= ϵ−α[

∫ ∞

−∞
G(u)(θ(t+ φϵu)Xt+φϵu − θ(t+ φϵu)xt+φϵu) du

+

∫ ∞

−∞
G(u)(θ(t+ φϵu)xt+φϵu − θ(t)xt) du

+
ϵ

φϵ

∫ T

0

G

(
τ − t

φϵ

)
dZq,Hτ ].

= R1 +R2 +R3 (say).

By the boundedness condition on the function θ(.) and part (a) of Lemma 3.1, it follows
that

R1 ≤ ϵ−α|
∫ ∞

−∞
G(u)(θ(t+ φϵu)Xt+φϵu − θ(t+ φϵu)xt+φϵu)du|(5.7)
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≤ ϵ−αϵL

∫ ∞

−∞
|G(u)|Xt+φϵu − xt+φϵu|du

≤ LeLT ϵ1−α
∫ ∞

−∞
|G(u)| sup

0≤t+φϵu≤T
|Zq,Ht+φϵu|du.

Applying the Markov’s inequality, it follows that, for any η > 0,

P (|R1| > η) ≤ ϵ1−αη−1LeLT
∫ ∞

−∞
|G(u)|Eθ( sup

0≤t+φϵu≤T
|Zq,Ht+φϵu|)du(5.8)

≤ ϵ1−αη−1LeLT
∫ ∞

−∞
|G(u)||Eθ[( sup

0≤t+φϵu≤T
(Zq,Ht+φϵu)

2]|1/2du

≤ ϵ1−αη−1LeLTCTH
∫ ∞

−∞
|G(u)|du

from the maximal inequality for a Hermite process proved in Theorem 2.2 for some
constant C > 0, and the last term tends to zero as ϵ → 0. Let Jt = θ(t)xt. By the
Taylor’s formula, for any t ∈ [0, T ],

Jt = Jt0 +

k+1∑
j=1

J
(j)
t0

(t− t0)
j

j!
+ [J

(k+1)
t0+γ(t−t0) − J

(k+1)
t0 ]

(t− t0)
k+1

(k + 1)!

where 0 < γ < 1 and t0 ∈ (0, T ).Applying the Condition (A3) and the Taylor’s expansion,
it follows that

R2 = ϵ−α[

k+1∑
j=1

J
(j)
t (

∫ ∞

−∞
G(u)uj du)φjϵ(j!)

−1(5.9)

+
φk+1
ϵ

(k + 1)!

∫ ∞

−∞
G(u)uk+1(J

(k+1)
t+γφϵu − J

(k+1)
t ) du]

= ϵ−α
J
(k+1)
t

(k + 1)!

∫ ∞

−∞
G(u)uk+1 du

+φk+1
ϵ ϵ−α

1

(k + 1)!

∫ ∞

−∞
G(u)uk+1(J

(k+1)
t+γφϵu − J

(k+1)
t ) du.

.

Observing that θ(t) ∈ Θk+1(L), we obtain that

1

(k + 1)!

∫ ∞

−∞
G(u)uk+1(J

(k+1)
t+γφϵu − J

(k+1)
t )du(5.10)

≤ 1

(k + 1)!

∫ ∞

−∞
|G(u)uk+1(J

(k+1)
t+γφϵu − J

(k+1)
t )|du

≤ Lφϵ
(k + 1)!

∫ ∞

−∞
|G(u)uk+2|du.

Combining the equations given above, it follows that

ϵ−α(θ̂tXt − J(t)− J
(k+1)
t

(k + 1)!

∫ ∞

−∞
G(u)uk+1 du)(5.11)

= Op(ϵ
1−α) +Op(ϵ

−αφk+2
ϵ ) + ϵ1−αφ−1

ϵ

∫ T

0

G(
τ − t

φϵ
)dZq,Hτ .
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Let

(5.12) ηϵ(t) = ϵ
1−H

k−H+2φ−1
ϵ

∫ T

0

G(
τ − t

φϵ
)dZq,Hτ .

Note that E[ηϵ(t)] = 0, and

E([ηϵ(t)]
2) = (ϵ

1−H
k−H+2φ−1

ϵ )2E([

∫ T

0

G(
τ − t

φϵ
)dZq,Hτ ]2)

= (ϵ
1−H

k−H+2φ−1
ϵ )2[φ2H

ϵ H(2H − 1)

∫
R

∫
R

G(u)G(v)|u− v|2H−2dudv].

Choosing φϵ = ϵ
1

k−H+2 , we get that

E([ηϵ(t)]
2) = H(2H − 1)

∫
R

∫
R

G(u)G(v)|u− v|2H−2dudv.

From the choice of φϵ and α, it follows that

ϵ1−αφ−1
ϵ = φϵ

H ,

and,

(5.13)

V ar[φ−H
ϵ

∫ T

0

G

(
τ − t

φϵ

)
dZq,Hτ ]

= φ−2H
ϵ H(2H − 1)

∫ T

0

∫ T

0

G

(
τ − t

φϵ

)
G

(
τ ′ − t

φϵ

)
|τ − τ ′|2H−2dτdτ ′

and the last term tends to

H(2H − 1)

∫
R

∫
R

G(u)G(v)|u− v|2H−2dudv = σ2
H

as ϵ → 0. Applying the Slutsky’s theorem and the equations derived above, it can be
checked that the random variable

ϵ−α(θ̂tXt − Jt −
J
(k+1)
t

(k + 1)!

∫ ∞

−∞
G(u)uk+1 du)

has a limiting distribution as ϵ→ 0 as that of the family of random variables

φ−H
ϵ

∫ ∞

−∞
G

(
τ − t

φϵ

)
dZq,Hτ

as ϵ → 0 which has mean zero and variance σ2
H . This completes the proof of Theorem

4.3. □

6. Alternate Estimator for the Multiplier θ(.)

Let Θρ(Lγ) be a class of functions θ(t) uniformly bounded by a constant L and k-times
continuously differentiable for some integer k ≥ 1 with the k-th derivative satisfying the
Hölder condition of the order γ ∈ (0, 1),

|θ(k)(t)− θ(k)(s)| ≤ Lγ |t− s|γ , ρ = k + γ

and observe that ρ > H since ρ > 1 and H ∈ (12 , 1). Suppose the process {Xt, 0 ≤ t ≤ T}
satisfies the stochastic differential equation given by the equation (3.1) where the linear
multiplier is an unknown function in the class Θρ(Lγ) and further suppose that x0 > 0
and is known. From the Lemma 3.1, it follows that

|Xt − xt| ≤ ϵeLt sup
0≤s≤T

|Zq,Hs |.
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Let

At = {ω : inf
0≤s≤t

Xs(ω) ≥
1

2
x0e

−Lt}

and let A = AT . Following the technique suggested in Kutoyants (1994), p. 156, we
define another process Y with the differential

dYt = θ(t)I(At)dt+ ϵ2x−1
0 eLT I(At) dZ

q,H
t , 0 ≤ t ≤ T.

We will now construct an alternate estimator of the linear multiplier θ(.) based on the
process Y over the interval [0, T ]. Define the estimator

θ̃(t) = I(A)
1

φϵ

∫ T

0

G(
t− s

φϵ
)dYs

where the kernel function G(.) satisfies the conditions (A1)− (A3). Observe that

E|θ̃(t)− θ(t)|2 = Eθ|I(A)
1

φϵ

∫ T

0

G(
t− s

φϵ
)(θ(s)− θ(t))ds

+I(Ac)θ(t) + I(A)
ϵ

φϵ

∫ T

0

G(
t− s

φϵ
)2x−1

0 eLT dZq,Hs |2

≤ 3Eθ|I(A)
∫
R

G(u)[θ(t+ uφϵ)− θ(t)]du|2 + 3|θ(t)|2[P (Ac)]2

+3
ϵ2

φ2
ϵ

|E[I(A)

∫ T

0

G(
t− s

φϵ
)2x−1

0 eLT dZq,Hs ]|2

= D1 +D2 +D3. (say).

Applying the Taylor’s theorem and using the fact that the function θ(t) ∈ Θρ(Lγ), it
follows that

D1 ≤ C1
1

(k + 1)!
φ2ρ
ϵ

∫
R

|G2(u)u2ρ|du.

Note that, by Lemma 3.1,

P (Ac) = P ( inf
0≤t≤T

Xt <
1

2
x0e

−LT )

≤ P ( inf
0≤t≤T

|Xt − xt|+ inf
0≤t≤T

xt <
1

2
x0e

−LT )

≤ P ( inf
0≤t≤T

|Xt − xt| < −1

2
x0e

−LT )

≤ P ( sup
0≤t≤T

|Xt − xt| >
1

2
x0e

−LT )

≤ P (ϵeLT sup
0≤t≤T

|Zq,Ht | > 1

2
x0e

−LT )

= P ( sup
0≤t≤T

|Zq,Ht | > x0
2ϵ
e−2LT )

≤ (
x0
2ϵ
e−2LT )−2E[ sup

0≤t≤T
|Zq,Ht |2]

≤ (
x0
2ϵ
e−2LT )−2C2T

2H

by Theorem 2.2 for some positive constant C2. The upper bound obtained above and the
fact that |θ(s)| ≤ L, 0 ≤ s ≤ T leads an upper bound for the term D2. We have used the
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inequality

xt = x0 exp(

∫ t

0

θ(s)ds) ≥ x0e
−Lt

in the computations given above. Applying Theorem 2.1, it follows that

E[|I(A)
∫ T

0

G(
t− s

φϵ
)2x−1

0 eLT dZq,Hs |2]

≤ CE[|
∫ T

0

G(
t− s

φϵ
)dZq,Hs |2]

= C V ar[

∫ T

0

G(
t− s

φϵ
)dZq,Hs ]

= Cφ2H
ϵ H(2H − 1)

∫
R

∫
R

G(u)G(v)|u− v|2H−2dudv

for some positive constant C which leads to an upper bound on the term D3. Combining
the above estimates, it follows that

E|θ̃(t)− θ(t)|2 ≤ C1φ
2ρ
ϵ + C2ϵ

4 + C3ϵ
2φ2H

ϵ

for some positive constants Ci, i = 1, 2, 3. Choosing φϵ = ϵ
1

ρ−H , we obtain that

E|θ̃(t)− θ(t)|2 ≤ C4(ϵ
2ρ

ρ−H + ϵ4)

for some positive constants C4. Hence we obtain the following result implying the uniform
consistency of the estimator θ̃(t) as an estimator of θ(t) as ϵ→ 0.

Theorem 6.1. Let θ ∈ Θρ(L) where ρ > H. Let φϵ = ϵ1/(ρ−H). Suppose the conditions
(A1)− (A3) hold. Then, for any interval [a, b] ⊂ [0, T ],

lim sup
ϵ→0

sup
θ(.)∈Θρ(L)

sup
a≤t≤b

E|θ̃(t)− θ(t)|2ϵ−min(4, 2ρ
ρ−H ) <∞.
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