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KATERYNA KUSTAROVA

MONTE CARLO APPROXIMATION FOR STOCHASTIC
DIFFERENTIAL EQUATIONS WITH INTERACTION

We study a Monte Carlo approximation scheme for stochastic differential equations
with interaction. The initial measure is replaced by its empirical approximation
constructed from independent samples, and the corresponding equation is discretized
in time by the Euler—-Maruyama scheme. For initial measures with finite moments of
order ¢ > 2, we derive a quantitative estimate for the empirical approximation in the
Wasserstein distance of order two. Combining this estimate with stability estimates
for stochastic flows with interaction, we obtain a convergence bound for the total
Euler-Maruyama—Monte Carlo approximation. We also compare the particle-based
approximation with the deterministic tensor-grid construction used in earlier work.

1. INTRODUCTION

Stochastic differential equations with interaction were introduced by A. A. Dorogovtsev;
see [1, 2]. We consider equations of the form

" dafu,t) = aloto 0. pu) dt+ [ b(olust)opnp) Widp. ),

x(u,0) = u, ueRY telo,1], pe = po o x(- 1)L

In such equations, the coefficients depend not only on the current position of an individual
particle, but also on the current distribution of the whole system. More precisely, if z(u, t)
denotes the trajectory of the particle starting from u € R?, then the measure argument is
given by the image measure
p = poox(-, )"

Thus, ps describes the mass distribution generated by the stochastic flow. The dependence
of the coefficients on u; reflects the interaction between particles and makes the equation
essentially infinite-dimensional.

The numerical approximation of such equations requires, in particular, an approxima-
tion of the measure argument. In previous work [4], a deterministic spatial discretization of
the initial measure was used. The idea of that approach was to replace the initial measure
by a discrete measure supported on a regular grid and then to construct an approximation
of the corresponding stochastic flow. Although this method gives convergence estimates,
its computational cost grows rapidly with the dimension. Indeed, if the spatial domain is
discretized by a regular grid with N nodes in each coordinate direction, then the total
number of grid points is of order N¢.
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34 KATERYNA KUSTAROVA

A natural alternative is to replace the deterministic spatial grid by a Monte Carlo
approximation. In this case the initial measure is approximated by the empirical measure

N
N _
(2) Ho = N Zl ous»
=
where Uy, ...,Uyn are independent random variables with common distribution pg. This

approximation uses only N support points and therefore avoids the direct construction of
an N%point grid.

The convergence of empirical measures in Wasserstein distances has been studied
extensively. Let

1
=1
be the empirical measure generated by independent random variables X, ..., Xy with

common law p. Fournier and Guillin [5] obtained explicit finite-sample estimates for

Erb (un, 1)

under moment assumptions. In particular, if the distribution p has a finite moment of
order ¢, for some g > p, then, outside the corresponding critical moment exponents, their
estimates imply bounds of the form

N=% 4 N~ p>4,
(4) Evp(un,p) SC{ N-2log(1+N)+ N~ "+, p=4,
N-% 4+ N~ p<d,

where the constant C' depends on p,d, ¢ and on the g-th moment of . Here the critical
values are ¢ = 2p when p > %, and ¢ = ddfpp when p < g. For the Wasserstein distance
of order two, corresponding to p = 2, this gives, outside the critical values specified in
Theorem 3.1,

D d < 4,
(5) Er3(un, 1) < C{ N=3log(1+ N)+ N~ 5, d=4,
N-i+ N d> 4.

Dereich, Scheutzow and Schottstedt [6] studied the approximation of a probability
measure by empirical measures interpreted as random quantizations. For the empirical
measure py defined by (3), they obtained asymptotic estimates for the averaged Wasser-
stein quantization error in the range 2p < d, under the moment condition ¢ > dp/(d — p).
In particular,

b
© B aso) < ([ laftutan) ) N,
For p = 2, this yields, in dimensions d > 4,

2

) B ) < € ([ lattutan)) v

Deterministic empirical approximations were studied by Bencheikh and Jourdain [7]
on the real line. For p > 1, they considered the minimal deterministic Wasserstein error

N
. 1
(8) eN(,u,p) = inf R’Y;D (N 216177/1“) .

Z1,..., LN E
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Their results characterize the order of convergence of ex(u, p) in terms of the quantile
function, the absolutely continuous part of the measure, and the tail behaviour of u. They
also show that for measures with heavier tails the order can be slower and is determined
by the tail behaviour of u.

The estimates described above concern the approximation of a probability measure
by an empirical or deterministic finitely supported measure. The problem considered in
the present paper is different. We use an empirical approximation of the initial measure
as part of a numerical scheme for a stochastic differential equation with interaction.
Therefore, it is not sufficient to estimate only the Wasserstein distance between pg and
ud’. One has to transfer this error through the stochastic flow and then combine it with
the time discretization error.

Motivated by these considerations, we propose an Euler-Maruyama—Monte Carlo
approximation scheme for stochastic differential equations with interaction. The initial
measure f is replaced by the empirical measure pj) defined in (2), and the corresponding
stochastic equation is discretized in time by the Euler—-Maruyama scheme.

The first step is to estimate the empirical approximation error of the initial measure.
Under the assumption

9) o € My(RY),  ¢>2,

and outside the critical values in (24), we use the non-asymptotic empirical Wasserstein
bounds of Fournier and Guillin to obtain

(10) B3 (1o, 119 ) < C Rag(N),
where
N-3 4+ N7, d < 4,
(11) Rag(N)={ N-%log(1+N)+ N~ "o, d=4,
N-3+ N7, d> 4.

The second step is to transfer the approximation error of the initial measure to the
corresponding stochastic flows. Using stability estimates with respect to the initial
measure, we obtain a bound for the difference between the solution z(u,t) of the original
equation and the solution (u,t) of the equation starting from the empirical measure
1’ -

The final step is to add the Euler-Maruyama time discretization. If 2% (u,t) denotes
the Euler-Maruyama-Monte Carlo approximation, then for every compact set K C R?,
every 6 € (0,1), and

0
“Twrd
we obtain the convergence estimate

(12) Esup sup |z(u,t) —z) (u,t)| < Ck (Rdﬂ(N)a + n_o‘),
u€K te[0,1]
where C'x > 0 is independent of N and n.

Thus, compared with the deterministic grid-based approximation, the proposed method
replaces the spatial grid by random sampling. The number of support points used for the
approximation of the initial measure is N, rather than N¢. Compared with the results of
Fournier—Guillin and Dereich—Scheutzow—Schottstedt, the novelty of the present work is
not the empirical approximation of the measure alone, but the propagation of this error
through an interacting stochastic flow and its combination with a time discretization
scheme. Compared with the deterministic empirical approximations studied by Bencheikh—
Jourdain, the present method is based on random sampling, works in a multi-dimensional
setting, and is designed for stochastic differential equations with interaction.
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The paper is organized as follows. Section 2 defines the equation and the numerical
scheme. Section 3 recalls the empirical Wasserstein bound. Section 4 proves the moment,
regularity, measure-stability and time-discretization estimates. Section 5 establishes the
full convergence theorem. Section 6 compares the Monte Carlo construction with the
deterministic grid approximation from [4].

2. EQUATION AND APPROXIMATION SCHEME

For p > 1, denote by M,,(R?) the set of all probability measures y on the Borel o-field
of R? such that

/ [v]P p(dv) < +oo.
Rd
For r > 1 and p € M, (R?), set
M) i= [ el ().
Rd
For p,v € M3(R9), we use the quadratic Wasserstein distance

(13) Blr)y= nt [ o=y,
»€(p,v) Jrd xRd

where TI(y, v) is the set of all couplings of p and v.
Let W be a Wiener sheet on R? x [0, 1]. We consider

dz(u,t) = a(z(u,t), pe) dt + /

R
x(u,O) =4u, Ht :N(lom('vt)

(14) [ b((ust), e, p) W(dp, dt),
—1

We assume that
a: R x My(R?) — R?
and
b:R% x My(R?Y) x R? — R?
are measurable, and that p — b(z, u, p) belongs to Lo(R?; R?) for every (z, u).

Assumption 2.1. There exists L > 0 such that, for all x,y € R? and p,v € Ma(R9),

(15) la(x, p) — ay,v)| < L(|lz =yl + 2, v)),

(16) /Rd b(z, 1, p) — by, v,p)|> dp < L*(|z — y|*> + 3 (1, v)),

Under Assumption 2.1, existence and pathwise uniqueness follow by the standard
fixed-point argument for stochastic equations with interaction; see [1, 2.

It follows from Assumption 2.1 that there exists a constant C' > 0 such that, for every
r € R? and p € My(R?),

(17) la(z, w)* + /Rd [b(x, 11, p)|* dp < C(1 + |zf* + Ma(p)).
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2.1. Monte Carlo approximation of the initial measure. Let Uy,...,Uy be ii.d.
with law pg, independent of W, and define

| XN
(18) o' = ~ ; ou
Conditionally on Uy, ...,Uy, let zVV solve
(19) de(u, t) = a(mN(u, t), ,uiv) dt + /Rd b(xN(u, t), ,uiv,p) W (dp, dt),
N(u,0) = u
where
(20) Niv = Mo o Z(S N(U; t)-

2.2. Euler-Maruyama discretization. Let n € N, h = %, tr = kh, and
Iin(s) = tg, CES [tk,tk+1).

The continuous-time FEuler-Maruyama approximation is

aN (u,t) —u+/ a(@) (u, kn(s)), () ds

(21)
/l/ 2 (uy (), 17 D)W (dp, d),
R '
where
1N
N7 —
(22) Ky Mo © 37 N Z N(U; t)-

At the grid points,
xﬁﬁW)—xg"()+ha@fm()uﬁﬂ

(23) / e / ), N p)W (dp, ds),

with =)™ (u) = u and

1 N
-N Z‘Sx,i“"w
=1

The continuous-time interpolation and the analytical structure of the Euler-Maruyama
scheme follow the framework developed in [4, Section 2]. The difference is that the
deterministic grid approximation of the initial measure is replaced here by the random
empirical measure (18).

3. EMPIRICAL APPROXIMATION OF THE INITIAL MEASURE

The following is the specialization of Theorem 1 in [5] to the quadratic transportation
cost.

Theorem 3.1 (Fournier—Guillin). Let ¢ > 2, let u € My(R%), and let

1
- NZ‘sX“ X1,..., XN ii.d. with law p.
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Assume
. 2d .
Then there exists C = C(d, q, My(p)) such that
(25) En3 () < CRaq(N),
where
N-% 4+ N7, d <4,
(26) Raq(N) = N-log(1+N)+ N~*5, d=4,
N-3 4 N7, d> 4.

Remark 3.2. The exceptional values in (24) are the values at which the two powers
in the bound coincide. If p € Mg for a critical exponent q, then p € Mgy for every
q € (2,q). Hence Theorem 3.1 may be applied with any noncritical ¢ < q, producing
a rate arbitrarily close to the critical one. The critical logarithmic refinements are not
needed for the arguments below.

Remark 3.3. In the deterministic construction of [4], if po is supported on a bounded
grid

set and ﬁév is the corresponding grid projection, then

72 (M()v Ho gnd) < CNgrlzd

The Monte Carlo construction replaces this deterministic error by (25) and uses exactly
N sampled support points.

4. A PRIORI, STABILITY, AND DISCRETIZATION ESTIMATES

Throughout this section, pointwise estimates are formulated for arbitrary initial points
in R?. A compact set K C R is introduced only when an estimate contains a supremum
over the initial spatial variable. No relation between K and supp po is assumed, in
particular, the initial measure may have unbounded support.

4.1. Second-moment estimates.

Lemma 4.1. Assume pg € My(R?). There exists C > 0, independent of N, n, and u,
such that, for every u € RY,

E sup |z(u,t)* + sup E sup |27 (u,t)|?
te(0,1] N>1 tef0,1]

+ sup E sup |z (u,t)]* < C(1+ |u* + Ma(po))-
Nn>1 te[0,1]

(27)

Consequently, for every compact set K C RY, the left-hand side of (27), with an additional
supremum over u € K, is bounded by Ck (1 + Ma(uo)).

Moreover,
(28)
1
sup E —Z sup |z (Us, )2 | + sup E Z sup |z (U;,1)|? SC(1+M2(;L0)).
N>1 i—1 t€[0,1] 1 t€[0,1]

Proof. The argument is analogous to the moment estimate in [4, Lemma 2.1]. We give
the details because the present setting involves a random empirical initial measure and
does not require compact support.
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We first consider the exact flow. By the integral equation, the Cauchy—Schwarz
inequality, the Burkholder-Davis—Gundy inequality, and (17), for ¢ < 1,

t
Esup [(u, )2 < Cluf? + c/ E[1+ |o(u, 8)|? + Ma(us)] ds

r<t
C(1+ |ul?) +C/ (Esupx u,)|* 4+ A(s )) ds,

where

A= [ Bsuploo,)P uoldo)

r<t

Since ps = pg 0 (-, 8) 71,

Mae) = [ a0, ) o).

Integrating the preceding estimate with respect to uo(du) gives

At) < C(1+ Ma(po)) + C/O A(s)ds.

Gronwall’s lemma yields
sup A(t) < C(1 4 Ma(po)).

t<1

Substitution into the estimate for a fixed u proves the first term in (27).

For 2%, condition on Gy := o(Uy, ..., Ux) and define
L
Nz:: [ng'x (Ui, )| ‘QN} .

The same argument gives
t
An(t) < C(1+ My(ud)) + c/ Ax(s)ds.
0

Thus
An(1) < C(1+ My(pd)).

Taking expectation and using

EM, (1) = Ma(po)

proves the first term of (28). The estimate for a fixed u € R? follows from the same
conditional inequality.

For xl¥, one applies the same calculation to (21). The coefficients are evaluated at
Kn($), but the right-hand side is bounded by the running supremum up to time s. The
resulting discrete-continuous Gronwall estimate is uniform in n. This proves the remaining

bounds. O

4.2. Spatial regularity.

Lemma 4.2. For every r > 2 there exists C,. > 0 such that, for all u,v € RY,

(29) E sup |z(u,t) — z(v,t)|" < Cplu—v|",
te0,1]
(30) sup B sup |2 (u, 1) — o (0,7 < Colu — o,
N>1 tef0,1]
(31) sup E sup |z (u,t) — 2 (v, 8)]" < Cplu —v|".

N;n>1 te[0,1]
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Proof. The estimate for the Euler—-Maruyama field follows by the same argument as in
[4, Lemma 2.2]. Indeed, for two trajectories belonging to the same flow, the measure
argument is identical and therefore cancels when the equations are subtracted. The
Lipschitz assumptions, the Burkholder-Davis—Gundy inequality, and Gronwall’s lemma
then yield the required estimate. The proofs for z and 2V are identical. (]

Corollary 4.3. Let 6 € (0,1). The fields
u— z(u,-), ur—>xN(u,'), ur—>x,]>7(u,)

admit C([0,1); R?)-valued modifications that are locally §-Hélder continuous on RY. More
precisely, for every compact set K C R, there exist nonnegative random variables Hy,
HEY, and HII}[’" such that

sup |3§‘(U,t) - .T(U,t)| < HKlU - U|0a

t<1
sup |z (u, t) — 2N (v, t)] < HY |u — vl|?,
t<1
sup |z (u, t) — 2N (v,t)| < Hljg”|u — vl
t<1

for all u,v € K, and, for every sufficiently large v > 2,

(32) EHY + sup E(HY)" + sup E(Hﬁ’n)T < Ckpor
N>1 N,n>1

Proof. Let
B = C([0,1;RY)

with the supremum norm. Choose

d
2 -
r>max{ ,10}7

d
0<1—-.
T

so that » > d and

By Lemma 4.2,
E|X(u) = X)|g < Crlu—v|", u,v € RY,
uniformly for the three families of random fields.

The Kolmogorov—Totoki continuity criterion, applied to the B-valued random fields,
yields a modification that is -Holder continuous on every compact subset of R, together
with the stated moment estimates for the corresponding Hélder seminorms. See [4,
Theorem 2.1 and the discussion following Lemma 2.2]; see also [3, Lemmas 1.8.1-1.8.2].
Applying the result on the increasing sequence of compact balls B(0,m), m € N, and
using modification argument gives locally §-Holder continuous modifications on R?. [

4.3. A compactification lemma.

Lemma 4.4. Let B be a separable Banach space and let X, Y : K — B be random fields.
Suppose that, for some 0 € (0,1),

X (w) = X(v)||5 < Hx|u— 0|, 1Y (u) = Y (v)[| < Hy|u—v|’,
where EHx + EHy < Cy. Assume also that
(33) sup E[[ X (u) =Y (u)||; < A
ueK

for some A € [0, Ag], where Ag > 0 is fixzed. Then

(34) E sup [X(u) =Y (u)ls < Cro,0n,4,A%  a=

ue

20 +d’
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Proof. For § € (0,1], choose a d-net {uy,...,un} of K with
m < CK57d.
For every u € K, choose u; with |u — u;| < J. Then
1X(w) =Y (u)llp < [ X (uy) = Y (uy) |5 + (Hx + Hy)d".
Consequently,
Esup [|X(u) = Y(u)||p <E max [[X(u;) =Y (u))]p + Crrd’
ueK 1<j<m

1/2

< DEIX () - V()% +Cpd’
=1

< Ord~42AY2 4 oyot.
If A =0, the conclusion follows by approximation, or directly from (33) and continuity.
Assume therefore that A > 0 and choose
0 = min{1, Al/(29+d)}.

For A < 1 this gives the power A%/(20+d) " Since A is bounded above by Ag, the case
A > 1 is absorbed into the constant. This proves (34). O

4.4. Stability with respect to the initial measure. A related stability estimate for
deterministic approximations of the initial measure was obtained in [4, Lemma 4.1]. We
give here a direct second-moment coupling proof adapted to the empirical initial measure.

Let pd, u3 € M2(R?) be deterministic, and let 21, 22 be the corresponding solutions
driven by the same Wiener sheet. Set

phi=pboxt(-, 1)1, i=1,2.
Lemma 4.5. There exists C > 0 such that, for every u € RY,

(35) E sup |z'(u,t) — 2% (u, t)|* < Cy3(up, pud).
te(0,1]

Proof. Fix a coupling s € II(ud, u2). For v,w € R?, set

Dau(t) = Esup 2 (v, ) — a2(w, 5) ?
s<t

Subtracting the two equations, applying the Cauchy—Schwarz and Burkholder—Davis—
Gundy inequalities, and using (15)—(16), we obtain

t
(36) Dyw(t) < Clv—wf* +C / (Do (s) +E3 (g, 13)) ds.
0

The image measure

Mg = x0 (xl(', 5),x2(-,s))_1

is a coupling of u! and p2. Therefore

(37) Bk 12) < / 2 (v, 8) — 2 (w, )P s<(dv, duw).
R2 xRd

Define
H(t) := / D, (t) 2¢(dv, dw).
R4 x R4

Integrating (36) and using (37) yields

Ht) < O/|v—w|2%(dv,dw)+0/0 H{(s)ds.
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Hence, by Gronwall’s lemma,

(38) sup H(t) < C/|v —w|? »(dv, dw).
t<1

For the two trajectories starting from the same point u, the initial difference vanishes.
Repeating the estimate leading to (36) gives

Esup |2} (u, 5) — 22(u, 5)[? <0/ (Esup|x (u,7) — 22(u, )2 + H(s )) ds.

s<t r<s

Using (38) and Gronwall’s lemma,

Esup |z (u,t) — 2% (u, t)|* < C/ lv — w|? »(dv, dw).
t<1

Taking the infimum over s € II(ud, u3) proves (35). O

Theorem 4.6. Let K C RY be compact and let @ € (0,1). Set

o 0
C20+d
Then
(39) Esup sup [a(u,t) — 2™ (u, )] < Cr (B (o, )"
ueK t€0,1]
Proof. Conditionally on Gy = o(Uy,...,Uy), the measure p) is deterministic and the

conditional law of W is unchanged. Lemma 4.5 therefore gives
B [suple(u,) - o (w0 G| < R0 ).
After taking expectation,

(40) sup Esup [a(u, t) — 2™ (u, )]* < CEA3 (10, 15 )-
ueK t<1

Corollary 4.3 provides spatial §-Holder constants with uniformly bounded first moments.
Apply Lemma 4.4 with

B:C([O7 1]3Rd)a X(’LL) :‘T(ua)7 Y(’LL) Zl‘N(U,),
and A = CE~3(uo, pd’). Moreover, using the independent coupling of o and p?,
B3 (1o, g ) < 2Ma(p10) + 2EM2 (') = 4Ma(po),

so the upper bound required in Lemma 4.4 is uniform in N. This proves (39). (I

4.5. Euler-Maruyama time discretization. The following argument is related to the
time-discretization part of [4, Corollary 4.2]. In the present setting the estimates must be
uniform in the number of empirical particles IV, so we include the details.

Lemma 4.7. There exists C > 0, independent of N, n, u, and s, such that, for all
N,n>1, allu € R, and all s € [0,1],

(41) Elz) (u,s) =z (u, 50 (8))[> < C(1 + |uf® + Ma(po))n ™"
Moreover,

LN
i Y Jan (Uiss) = 23 (Ui n(s))]? | < O(1+ Ma(po))n™

i=1

(42)
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Proof. Let s € [t,tx+1). From (21),
an (uys) =y (uyty) = (s — ty) (N"()Hk ")

/ / /’Lk 7p)W(dp7 dT)
t, JRA
By the It6 isometry and (17),

Bl (u, 5) — 2l (u, )]* < CH2Ela(e" (w), ")
+ChE/d bk (w), " )| dp
R

< CRE [1+ 20" (w) 2 + Ma (™)

Lemma 4.1 bounds the right-hand side by C(1 + |u|? + Ma(uo))h, proving (41). Condi-
tioning on Gy, averaging the same estimate over the deterministic values u = U;, and

then taking expectation, (28) proves (42). O
Lemma 4.8. There exists C > 0, independent of N, n, and u, such that, for every
u € R?,

(43) sup E sup |2V (u,t) — 2 (u, t)]? < C(1+ |ul® + Ma(po))n "

N>1 tef0,1]
Consequently, for every compact set K C R?,

sup sup E sup |2V (u,t) — 22 (u,t)|* < Cgxn™*
N>1uek t€[0,1]

Proof. Write

eu(t) = Estilt) |9cN(u, r) — x,ly(u,r)|2.
r_

Subtracting (21) from (19), applying the Cauchy—Schwarz and Burkholder-Davis—Gundy
inequalities, and using (15)—(16), we obtain

t) §C/0 eu(s)ds—l—C/O ElzY (u, s) — 2 (u, £, (s)) > ds

t
(44) +C / En (1), () ds.
0

The coupling which pairs particles having the same initial sample point gives

N
n 1
W (1l 1) < 5 DNV (Uss) = ) (Ui mn(s)) P
=1
2 N
SNZ| (U“S)—CC (UHS)|
i=1
9 N
(45) NZ | (Ui, 5) = 2 (Ui, in(5)) -

Set

En Zsup\x (Us,r) — 2 (U, 7) |2

i— 1r<t

Condition on Gy . Apply the inequality leading to (44) to the deterministic values u = U,
average over ¢, and then take expectation. Using (45) together with Lemma 4.7, we obtain

t
En(t) < C’/ En(s)ds+Cn~!
0
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Hence

(46) sup En(t) < Cn™t.
t<1

Returning to (44), using (45), (46), and (41), we find, for every u € R%,
t
eult) < c/ eu(s)ds + C(1 + [uf> + Ma(po))n ™.
0

Gronwall’s lemma proves (43); the compact-set estimate then follows by taking the
supremum over u € K. (]

Theorem 4.9. Let K C RY be compact, let 0 € (0,1), and let

Then

(47) sup Esup sup |2V (u,t) — 22 (u,t)| < Cxn=°.
N>1 €K te[0,1]

Proof. Apply Lemma 4.4 with

Corollary 4.3 gives spatial Holder constants with first moments bounded uniformly in
N, n, while Lemma 4.8 provides the pointwise hypothesis of Lemma 4.4 with A = Cgn~1.
Therefore

E sup sup |z (u,t) — 22 (u,t)] < Cx(n™1)".
ueK t<1

5. FuLL EULER-MARUYAMA—-MONTE CARLO APPROXIMATION

Theorem 5.1. Let K C R? be compact. Assume Assumption 2.1 and let pg € My(R?)
for some q > 2 satisfying (24). Fiz 0 € (0,1) and set

0
“Twrd
Then there exists C'ix > 0, independent of N and n, such that
(48) Esup sup |z(u,t) —zp (u,t)| < Ok (Raq(N)* +n~%),

u€K t€[0,1]
where Rg q is defined by (26).
Proof. By the triangle inequality,

E sup sup |z(u,t) — 2 (u,t)| < E sup sup |z(u, t) — 2™ (u,t)]
uweK t<1 uweK t<1

+ E sup sup |2V (u, t) — 2 (u,t)|.
ueK t<1

Theorem 4.6 and Theorem 3.1 imply

E sup sup |z(u, t) — 2™ (u, )] < Cx Raq(N)™.
ueK t<1

Theorem 4.9 gives

E sup sup |z (u, t) — 22 (u,t)] < Cxn™®.
ueK t<1

Combining the two estimates proves (48). O
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1
0, ——
be ( ’d+2)
there exists C g > 0 such that

E sup sup |z(u, t) — 2 (u, )| < Cr g (Ra,q(N)? +n 7).
ueK t<1

Corollary 5.2. For every

Proof. Given 8 € (0,1/(d + 2)), choose

0= pd .
1-283
Then 6 € (0,1) and
0
20+d p
The conclusion follows from Theorem 5.1. O

6. COMPARISON WITH THE DETERMINISTIC GRID APPROXIMATION

In this section, the Monte Carlo approximation is compared with the deterministic grid
construction considered in [4]. The comparison is first made only for the approximation
of the initial measure. A possible additional discretization of the initial spatial variable is
discussed separately.

Let K C R? be a fixed compact set on which the approximation error is measured, and
define

Kt:={ze RY : dist(x, K) < 1}.
The set K is not required to contain the support of the initial measure.

For the deterministic construction, assume additionally that pg has compact support.
Choose a bounded rectangle

d
D = H[aj7 bj]
j=1

such that
Kt Usupppo C D.
For Ngiq € N, divide each coordinate interval [a;, b;] into Ngiq subintervals of equal
length. This produces

M = Ngrid

grid cells. Let ﬁON &4 denote the grid projection of pg, obtained by assigning the mass of
each cell to a fixed representative point of that cell.

Since the diameter of every grid cell is bounded by Cp N, g_rild, the coupling induced by
the grid projection gives

~ Ngxg _
(49) 7 (uo,uo ¢ d) < CpNgiy-

Let 7 NVerid (u, ) be the stochastic flow corresponding to the initial measure ﬁév =4 Pix
6 € (0,1) and set
0
“Twrd
The measure-stability estimate and the compactification argument from Section 4
imply

(50) Esup sup |z(u,t) — 7 Neria (u,t)] < C’KNg_riQda.
ueK te0,1]
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Let 7, * denote the Euler-Maruyama approximation of 7 Neria. The proof of The-
orem 4.9 applies in the same way to a deterministic discrete measure with non-equal
weights. Consequently,

(51) E sup sup ‘ng“d (u,t) — = (u,t)‘ < Cgn™%,
uEK te0,1]
where the constant is independent of Ngiq and n.
Combining (50) and (51), we obtain

(52) Esup sup |2(u,t) — T = (u,t)‘ < Cgk (Ng;ida + n_o‘) .
u€K tefo,1]
Since
M = Ngia;  Naria = MY,
estimate (52) can be rewritten in terms of the total number M of grid cells as
(53) E sup sup ’x(u,t) - %rjlvg“d(u, t)‘ < Ck (M*%a + n’”‘) .
ueK t€[0,1]

For the Monte Carlo approximation, the number of sampled atoms is itself the approx-
imation parameter. Setting N = M in Theorem 5.1 gives

(54) Esup sup |z(u,t) — 2} (u,t)| < Ck (Raq(M)* +n"%),
ue K te(0,1]
where .,
M~z + M 7, d< 4,
Rag(M)={ M~ ¥log(1+ M)+ M™%, d=4,
M3 +M %, d> 4.

Under the compact-support assumption imposed for the deterministic construction, the
measure [y belongs to Mq(Rd) for every ¢ > 0. Therefore, ¢ may be chosen sufficiently
large so that the tail term M —(2=2)/4 does not determine the leading order.

More precisely, one may choose

q>4 when d < 4,

and
q> % when d > 4.
Hence, under assumptions for which both methods are applicable,
M-%, d <4,
(55) Ryq(M)* < C{ M~% (log(1+ M))®, d=4,
M~ d> 4.

Comparison of (53) and (55) gives the following conclusions for the derived upper
bounds.

If d < 4, the deterministic tensor-grid estimate has a faster polynomial rate in M. If
d = 4, the two estimates have the same polynomial exponent, while the Monte Carlo
estimate contains an additional logarithmic factor. If d > 4, both methods have the same
polynomial order

M72a/d'

Thus, under the common compact-support assumptions, the estimates obtained above
do not show an asymptotic rate advantage of the Monte Carlo approximation over the
deterministic tensor grid. The advantage of the Monte Carlo construction is instead
structural. It does not require the construction of a product grid, permits an arbitrary
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number of sampled atoms, and remains applicable to measures with unbounded support
under the finite-moment assumptions of Theorem 5.1. It is particularly convenient when
independent samples from p( are available, whereas the masses of individual grid cells
are difficult to compute.

If the initial spatial variable is also projected onto the grid, let 7y, ., (u) denote the
representative point of the cell containing w. For all sufficiently large Ngriq,

T Ngua (U) € KT, ‘u — ﬂNgrid(u)| < CDNg;ild, u € K.

The spatial Holder estimate from Corollary 4.3 then yields

(56)

~ N, Ti ~ N, Ti -
E sup sup ‘fn = (u,t) — Tn (ﬂ—Ngrid(u)7t>‘ = CKNgriod'
ueK t€[0,1]

Consequently, the fully spatially discretized grid approximation satisfies

(57)

E sup sup ‘x(u,t) — Ty, £ (WNgrid (u),t)‘
uweK tefo,1]

_2 —9 _
S CK ( gricix +Ngrid+n 04)

=Ck (M_Qo‘/d—i—M_g/d—i-n_o‘).

The additional term M ~%/% is caused by the discretization of the initial spatial variable
and is not part of the error associated with the approximation of the initial measure itself.
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