Theory of Stochastic Processes
Vol. 30 (46), no. 1, 2026, pp. 1-14

LAHCEN KHAMMICH AND DRISS KIOUACH

STATIONARY DISTRIBUTION OF A STOCHASTIC HLZIV EPIDEMIC
MODEL WITH VIRAL PRODUCTION AND MEAN-REVERTING
INHOMOGENEOUS GEOMETRIC BROWNIAN MOTION

In this work, we investigate a stochastic HLZYV model incorporating viral dynam-
ics, in which the mean-reverting inhomogeneous geometric Brownian motion process
(IGBM for short) perturb the conversion rate from eclipse phase cells to infected
cells. We first establish the existence and uniqueness of a positive solution and show
that the model admits a unique global solution for any given initial condition. We
then employ stochastic Lyapunov functions together with Fatou’s lemma to derive
sufficient conditions for the existence of a stationary distribution of positive solu-
tion, thereby indicating strong persistence of the disease. Finally, we conclude by
summarizing the main results and implications of our study.

1. INTRODUCTION

In epidemiology, the period between a virus entering a host cell and the initiation of
active viral replication is known as the eclipse phase [2]. Understanding how within-
host viral dynamics influence virus transmission at the population level (between hosts)
has attracted significant interest [18]. Over recent decades, mathematical modeling has
emerged as a vital tool for exploring the complex nonlinear processes and intricate dy-
namics of infectious diseases. By analyzing mathematical models of within-host virus
behavior, valuable insights can be gained to inform immunization strategies, optimize
medical resource allocation, and improve efforts in disease control and eradication [13].
Numerous studies have investigated these dynamics, contributing to this growing field of
research. Some human viruses, such as the human immunodeficiency virus (HIV) [16],
Human 7-cell Leukemia/Lymphoma virus type I (HTLV-I) [8], hepatitis B virus (HBV)
[19], and hepatitis C virus (HCV) [1], have been extensively studied in this context.
In their seminal monograph, Nowak and May introduced a foundational viral infection
model that has played a crucial role in advancing research on viral dynamics. Since
then, numerous models have been proposed in the literature to explore the impact of the
eclipse phase on viral establishment dynamics and peak viral load [7]. Notably, Bai et al.
[2] developed an HLZV model incorporating viral production, which can be represented
by the following system:

AH(t) = (A — BVH — pH) dt,
, dL(E) = (BVH — 6L — pL)dt,
(1) dT(t) = (6L — T — oT) dt,

AV(t) = (bT — BVH — cV)dt.

Here, H denotes the density of uninfected target cells, £ represents the density of eclipse-
phase cells, Z denotes the density of infected cells, and V denotes the concentration of
virions.
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Parameters Description

A Recruitment rate of susceptible (target) cells into the system

I6] Effective contact rate governing virus—cell transmission
Jizy; Per capita mortality rate of healthy target cells

) Transition rate from the eclipse phase to productive infection

I Baseline death rate of eclipse-phase cells

Wy Baseline death rate of productively infected cells

« Additional mortality rate of infected cells due to viral pathogenicity
b Average rate of virion production per infected cell

Per capita viral clearance rate
TABLE 1. List of parameters.
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F1GURE 1. Schematic diagram for HLZYV model.

All parameters are assumed to be positive constants, and their descriptions are pro-
vided in Table 1. The basic reproduction number Rq associated with system (1) is given
by

0BHb
(v + pz)(c + BHo) (1 +6)’

Ro =

where
A
Ho = —.
Hr
For more detail about asymptotically analysis and disease equilibrium see [11, 9].
However, modeling infectious diseases plays a fundamental role in understanding their
transmission dynamics and enables decision-makers to design and implement effective
control strategies to mitigate disease spread. Consequently, stochastic epidemic models
have attracted considerable attention, particularly those incorporating random fluctu-
ations in the disease transmission rate through the Ornstein—Uhlenbeck (OU) process.
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The OU process captures stochastic perturbations while maintaining a bounded vari-
ance over finite time intervals [0, ¢], making it suitable for modeling persistent random
fluctuations.

The Ornstein—Uhlenbeck process is governed by the following stochastic differential
equation:

do(t) = p(6 — 6(t)) dt + o dB(t).

Here, § > 0 denotes the long-term mean of the process, p > 0 is the mean-reversion
rate, and o > 0 represents the volatility of the stochastic perturbations driven by a
standard Brownian motion {B(t)};>o defined on a complete probability space (€2, F,P)
equipped with the filtration {F;}:>o satisfying the usual conditions, namely, right conti-
nuity and completeness.

In epidemic models, the disease transmission rate § is inherently positive. Therefore,
preserving the positivity of § is an essential requirement when introducing stochastic
perturbations. Unfortunately, the Ornstein—Uhlenbeck process does not guarantee the
positivity of its sample paths. To overcome this limitation, we propose a perturbation
approach analogous to the Ornstein—Uhlenbeck process while ensuring the positivity
of the transmission rate. Specifically, we employ the mean-reverting inhomogeneous
geometric Brownian motion (IGBM) to perturb the transmission rate ¢ [3, 17, 4]. The
IGBM process is governed by the stochastic differential equation

dd(t) = p(d — 6(t)) dt + od(t) dB(2).
According to [3, 15, 12], the IGBM process admits a unique ergodic stationary distri-
bution characterized by an inverse-gamma density with shape parameter

o2+ 2p
2

o
and scalar parameter ~
2pd
o2
Furthermore, for any m-integrable function ¥, the following ergodic property holds:
t

lim E T(d(s))ds = /000 U(x)m(dx).

t—oo ¢ g
In the light of what precedes, the system 1 can be rewriting as follow:
dH(t) = (A — BVH — uyH) dt,
dL(t) = (BVH — 6L — pL)dt,
(2) dZ(t) = (6L — uzZ — o) dt,
dV(t) = (b — BYVH — cV)dt,
dd(t) = p(6 — 6(¢))dt + od(t)dB(2).

The remainder of this paper is structured as follows: Section 2 focuses on demonstrating
the well-posedness (see A.3) of model 2: showing that it has a unique, global-in-time, and
positive solution. In Sections 3 , we present the necessary conditions for the existence
of a stationary distribution , Finally, the main conclusions of the paper are discussed in
Section 4.

2. EXISTENCE AND UNIQUENESS OF THE GLOBAL POSITIVE SOLUTION
Theorem 1. For any initial value
Xo = (6(0),(0), £(0),Z(0), V(0)) € &,
where

A bA
== {(5,H,£,I,V) ERL|H+L+I< 7 V< Cﬂ}
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and
= min{ﬂﬂ? My MI}7
system (2) admits a unique global positive solution
(0(t), H(t), £(£),Z(t), V(1))
for allt > 0.

Proof. A detailed proof of this theorem is provided in Appendix B. O

3. STATIONARY DISTRIBUTION

This section investigates the existence of a stationary distribution for the stochastic
model, which serves as a fundamental indicator of the long-term persistence of the disease.

Lemma 2 ([6, 5]). Let L C RY be a bounded closed domain with a regular boundary Lg.
Assume that, for any initial value X (0) € RY,

1 t

liminff/ P(s, X(0),L)ds >0 a.s.,
t—+4oo t 0

where P(s, X(0),L) denotes the transition probability of the process X (t) entering the set

L at time s. Then the process possesses the Feller property, and consequently, system (2)

admits at least one stationary distribution n(-) on RY.

Define
_ bBAS D
O pn(pr+a)(BHo+0)(6+p) S+

where
4

1 —+oo _ R oo
D:f/ | — o] 7(x) de, 0= (/ x1/47r(:c)d:£> ,
2 Jo 0
and 7 denotes the inverse-gamma invariant density with shape parameter

o2+ 2p
2

o
and scalar parameter

2p6

o2’
Theorem 3. If R§ > 1, then system (2) admits at least one ergodic stationary distribu-
tion n(-) in the domain E.

Proof. Define the following C? real-valued functions:

Wy :—lnﬁ—allnH—aglnI—agan+7;—57-[—##]/,
H

Wo=—InH—Inl—InV,
o (2o eoz) (22 ),
fi it

Wy =6 —1Iné,
Ws = N\Wy + Wo + W3 + NoWjy.
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Applying It6’s formula to the above functions, we obtain

VH A 5L A
$W1:(—ﬂﬁ _a;{ _a2£ —adv >+M+a1/~m+a2(/~bz+a)

2 b 2
+as(BHo+¢c)+d+a1pV — a;ﬁ VH + alf 7-— alcﬁ VH — a1 8V,
H
< —4+/a1a2a3bBAS + 6 + (8(t) — 0) + p + a1 py + ax(pz + @)

+ ag(ﬁrHo + C) +

< —4\/arazasbBAS + 6 + (5(t) — 8)F + pu+ arpp + az(pz + @)
bZ of
+ CLg(B,Ho + C) + al/B + (4 alagagbﬁAé 4y arasazbBAS )

alﬁbI
c )

Let X
bBAS
12, (uz + ) (BHo + )’

bBAS
pa(pz +a)?(BHo +¢)’

a

bBAS
i (pz + a)(BHo + )

1o . R !
D= f/ |0 — |7 (x) dx, 0= (/ ximw(x) d:z:) .
2 Jo 0

Then, we have

az =

and

bBAS ~ , o
ngSiMH(MI—FOK)(ﬂIHO‘F )+5+p+D+4\/a1a2a3bﬁA(\67\/g)
+(0) ~9)* - D) + 221,
(4) bBAS D\, mbb,
pag(pz +a)(BHo + )6 +p) 0+ p c
+ f1(0) + f2(5

f<5+m<ns—1)+ D14 1)+ 00).
For W5, we have

A BYVH bI

Wy =—= = O BH BV 40+ + it
(5) X 5@{ é L BB+
+e -
<o _pvit o Palbto 5—38)+8.
S-g 7 V = +up+p+ce+( )+

For W3, we have

A—puyH—pl—psZl —aoZ bL—pVH—cV

LWy =
° 8 _H-L-1I By
(6) ol BVH

< — +pn+c.
SEy-c-1 By M

cit
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For Wy, we have

- 5 o?
(7) LWi=0(-08)—05+0+ .

For W5, we have

wpb, A FVH WL BA(D+c)

< — 5 s _ e
LWy < N1(6+M)(RO 1)+N1 p A ey 7 v o
ol BYVH _ <
+u7{+,u+cf%_/H_E_If%_v+u+c+(576)
_ 5 2 . _
+ N, 0(65)06+9+02}+N1f1(5)+N1f2(5)+5,
awpBb_ A BVH T BA(D+c) oI
< _BN, 4+ N8P 2PV D _
S BN AN o vt g S n-r-1

VH . 5 2
_%+(5—5)(1—N20)—0N25+N2 <9+02>+2c+u+;m+ﬁ
cp

+ N1 f1(0) + N1 f2(6) + 0,
a1 5b A BVH T ol

<—BN; + N - - - = =

ZWs < BRI H LV 2y-r-1
VH 5 5

G N (1= Na)d — Mo+ N fi(6) + Na o).

cii
where

B=(0+p)(R§—1),
- 2
N=5N29+N2(9+%)+%’;ﬁ”+zc+u+u+ﬂ,

Furthermore, define

alﬁbz_é_ﬁVH_bz_ ol

T LT, V,0)=— BN+ N —_——
(H7 9 7V7) 1+ 1 c H L: V %77‘[7,671
(9) <
BYVH )
s + N+ (1= Nof)d — 0N 5.

Then, we have
LWs < Y(H,L,1,V,6) + Nif1(8) + N1 fa(6).
Now, let I denote the following set:

L={(H.L,I,V.0) €E|e<H,e* <L, & <T, <V,

Let
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Then,
HL,TV,0) €| He (0,9)],

H,L,I,V,6)€E|Te (0,9},

HL,T,V,6) €|V e (0,62, T€[e,00)

H,L,T,V,0) |H+E+I€<ﬁ—€ ), e},

M,L,I,V,0) €_|V€[% oo) He{aoo)ﬁﬂ&?oo)},

HLIV,0)€E|5€(00)},

=
5=
5= {(
{(szva €2 |Le(0,eh, He[g,oo),vqg%oo)},
= {(
5= {(
:={(
) rg={(

H,L,I,V,6)€E|5e (éoo)}
Let

Choose € = N2 and No = Nf’, where N; is sufficiently large so that the following

inequalities hold
—BN; + N < -2,
-2+ Ny 2lbe < 1,
__ min(A,b,B8,0,N366) + K< -1,
(1- N29)6 + K < —1.
1%t case : Whenever (H, L, Z,V,§) € LS, we have

Y(H, L,T,V, 5)<_%_2 Nl‘“ﬁbz
(1) <2k
€

min(A, b, 3, o, No66) LK< 1

€
2" case : Whenever (H,L,Z,V,0) € LS, we have

T(H,L,Z,V,0) < 2+N1a1ﬂb

(12) < 2+N1 alﬁb
< -1.
35! case : Whenever (H,L,Z,V,6) € L§, we have
T(H,L,1,V,0) < ,% o4 N B
c
19) = . + K,
€

_min(A,b,B,a,Ngeg)

€

+ K < -1
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4" case: Whenever (H,L,Z,V,6) € L§, we have

BV’H alﬂb

T(HaEaI7V75)§_T_2+N1 Iv
(14) < —é + K,
€
< _mln(A,b,ﬂ,a,Ng%) LK< 1.
€
5th case : Whenever (H, £,Z,V,d) € LE, we have
ol a18b
YH, LIV, —F————2+N—1I,
( ) A_H-L-1I e
(15) <-24K
€
< _mln(A,b,ﬂ,a,Ngﬁé) LK< -1
€
6'" case : Whenever (H,£,Z,V,d) € LE, we have
BVH a1 8b
T(HLIYV,0) < 55— 2+ M 1c z,
cht
€
< 7m1n(A,b,5,a,N296) LK< 1
€
7th case : Whenever (H,L,Z,V,§) € LE, we have
Qlﬂb
T(H,L,Z,V,0) < (1= Na)d — 24 N =T,
(17) < (1 — N26)€ + K,
< -—1.

Summarizing the seven cases presented above, we can deduce that
YT(H,L,T,V,6)<—-1 V(H,LTIV,0)elL"

Alternatively, since W tends to oo as |(H, £,Z,V, )| — oo or approaches the boundary

of E, we can ensure the existence of a point (#,£,Z,V,6) in the interior of = at which

w ((7%&,1]),5)) attains its minimum. Therefore, we can construct a non-negative

C?-function
W =Ws — Wy (”Ft,é,i,fi,s) .
Then, applying It6’s formula to this function, we obtain

LW <Y (H,L,T,V,6) + N1f1() + N1f2(9).
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By taking expectations and integrating, we obtain:
E W (M), L), T(1), V(1) 5(0) _
P >

+N1E(1/(Jt(§(7)—6)+dT—D>
(18) +N14¢/W1E(/Omxiw(z) d:cl/ot 5(7) dT).

t

Al

Using the strong law of large numbers [10] we have:

t
lim E <1/ (5(r) = &) "dr — D) =0 as,
t——4o00 t 0

+oo 1 1 t 1
t_l}ElOOIE (/0 zim(z)de — ;/0 (6(7’))4d7> =0 as.

On the other hand let

and

Ag = sup Y(H,L,Z,V,0)
(H,L£,I,V,6)€=

and A = max (Ag, —1) + 1 then
T (H, LIV, 0)<A V(HLIV ) EE
t

iminf - [ EB(T(H(r), £(r),V(r), Z(r),6(r))) dr

t—+oo t 0

e
thlnf*/o E(T(H(T),ﬁ(T),V(T),I(T),(5(7’))) 1{(H(T),£(T),V(T),I(T),&(T))E]L} dr

t—+oo t

RS B
+hm1nf7/0 E(Y(H(7), L(7), V(1) Z(7),8(7))) L{(3u(r),£0r). V(1) Z(r),5(r))eLe} AT

t—+oo t

NS o
< Aliminf - / L)L)V (1), 2(r),3(r))elLy AT
0

t—+o00

1 t
—lim inf = /0 L), £(r) V(1) Z(7),8(r))eLe} AT

t——+oo

—+o00 t

RS e
(19) < —1+(A+1)liminf - /0 L{u(r).(r)v(0).Z(r).8(r)eLy dT-

Therefore, we have

NS A 1
lim inf - A Houn.covmzmsmendr 2 777 >0, as.

Let P(t,H (t),L(t),V (t),Z(T),d(t),) as the transition probability of
(H(8), L), V(1), Z(t),6(t))
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belongs to the set w. Making the use of Fatou’s lemma, we have

1/t 1
im inf — > — .S.
nglﬁgt/o P(LH(T),£(r),V (1), T(), 8, Lydr 2 1= >0, as

According to Lemma 2, system 2 admits at least one stationary distribution 7(-) on
that possesses the Feller and ergodic properties. Hence, the proof is complete.

O m

4. CONCLUSION

In this study, a stochastic HLIV model is considered, where the transition rate from
eclipse-phase cells to infected cells is perturbed by the mean-reverting inhomogeneous
geometric Brownian motion process. The system is shown to be well posed, admitting a
unique, positive, and global-in-time solution. In addition, the existence of a stationary
distribution is established to analyze the persistence of the disease.
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APPENDIX A. PRELIMINARIES

In this appendix, we recall some basic results and notations from stochastic differential
equations that will be used throughout the paper.

A.1. Stochastic Differential Equations. Consider the k-dimensional stochastic dif-
ferential equation

(20) dX(t) = f(X(t),t)dt + g(X(t), ) dB(t),  t=to,
with initial condition
X(to) =Xy € Rk,
where B(t) is a k-dimensional standard Brownian motion defined on the underlying

complete probability space. The differential operator associated with (20) is defined by

k k
Q) L= oY AX@ g 4y D [T (X@.09(X(0).0)

ij=1

82
U 0X,;0X;'
Let
Ve 02’1(Rk x [tg,0); R4).
Then the action of .Z on V is given by

(22)  LV(X, 1) = Vi(X, 1) + Ve (X, D) F(X, 1) + %tr[gT(X, DVxx (X, )g(X,1)]

oV oV oV
%_57 VX_(axlyaaxk>7

0%V
Vo = (3%‘ 350j>kxk '

A.2. Tt6’s Formula. For the stochastic process X (t) € R* satisfying (20), It6’s formula
yields

(23) AV (X (1),8) = LV(X(£),t) dt + Vx (X (t),1) g(X (£),t) dB(2).

where

and
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A.3. Well-Posedness.

Definition 1 (Well-posedness in the sense of Hadamard). A mathematical problem is
said to be well-posed if the following three conditions are satisfied:

(1) Existence: there exists at least one solution;

(2) Uniqueness: the solution is unique;

(3) Stability: the solution depends continuously on the initial data, i.e., small per-
turbations in the initial conditions produce only small changes in the solution.

APPENDIX B. PROOF OF THEOREM 1

Proof. Since the coefficients of system (2) satisfy the local Lipschitz condition [14], for
any initial value

Xo = (6(0)77'[(0)’ E(O),I(O), V(O)) € Ria
there exists a unique local solution
X(t) = (5(t)7 H(ﬂ? £(t)a I(t), V(t))
on [0,7.), where 7. is the explosion time [14]. To show that this solution is global, we
need to prove that 7. = oo almost surely. To this end, let ng > 0 be sufficiently large
such that every component of Xy is lying within the interval [nl—o, no]. For each integer

n > ng, define the stopping time as follows:

3=

= inf{t € [0,7.) : min{d(t), H(t), £(t),Z(t), V(t)} <

max{3(t), H(t), L(t), Z(t), V(t)} > n}

Where throughout this paper, we set inf ) = co (as usual, () denotes the empty set). It is
easy to see that 7, is increasing as n — 00. Let 7o, = lim, o0 75, it holds that 7o, < 7,
a.s. In what follows, we need to verify that 7., = oo a.s.

If this assertion is violated, there exist a constant 7 > 0 and an ¢ € (0,1) such that
P{roc < T} >e. As a result, there exists an integer n; > ng such that

P{r, <T}>e, n>n.
Define a C?-function ¥ : RS — R4 by
Y(H, LIV, )= (H-1-InH)+(L-1-InL)+(ZT-1-InZ)+(V-1-1nV)
+(p)" (6 —1—1n¢).
Using [t6’s formula, we have
dU(H,L,I,V,0) = LY(H,L,T,V,8)dt +op (6 — 1)dB(t),

where

LU = <1—;) (A — BHY — pyH] +(1 )m{v 5L — puL]

+(1—;>[5c—mz aI+(1 )bI BVH — ¢V

+pt (1—(15) [p(6 = 6(1)] + %
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Therefore,
B 2
.,%\If§A+MH+u+uz+a+c+5+1+g—p+ﬁv+bz+ﬂ%
Furthermore, we have

dH+L+T)=[A — upH — pl — pzZ — o] dt
<[A-p(H+L+TI)dt.

This implies that

b

H(0) + L£(0) +Z(0), if H(0) + L£(0) +Z(0) >

= | D=

HO)+LO+ZIM) < A
= if 7(0) + £(0) + Z(0) < =,
where
(24) fi = min (g, 1, piz)
(25) Ay = max (ﬁ H(0) + £(0) + I(O)) .

From the fourth equation of system (2), we obtain
dV = (b — BVH — V) dt

(26) < (VI — ¢V) dt.
Hence,
bA
V(0), if V(0)> a,
b2 vy < 22
cii cii

where

As = max <V(O), bA) .
cji

Substituting these bounds into the previous inequality yields

_ 2
X\I/SA+/17.¢+ﬂ+u1+a+c+5+1+g—p+ﬁA2+(b+ﬂ)A1.

=:C
Hence, for all n > ng and ¢ € [0, 7,),
dU(H,L,T,V,0) < Cdt+op ' (6 —1)dB(t).
Integrating the above inequality over the interval [0, 7,, A T and taking expectations

yield
E[U(X(T A7,))] < ¥(X(0)) + CE[r, AT]
() < ¥(X(0)) +CT.
Since ¥(x) > 0 for all z > 0, we have
E[U(X(T A7))] = E[W(X(T A7) s, <13
(28) + E[U(X(T A7)z, 51}
> E[W(X (7)) 1r, <1} ]

Here, 1 4 denotes the indicator function of the measurable set A € F.
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Observe that, for every w satisfying 7,,(w) < T, at least one component of X (7,)
equals either n or ;1L Consequently,

V(X (7a)) = (n =1 —Inn) A (i ! ‘IHD

1 1
Aptn—1—Inn)Ap! <—1—ln>.
n n

Therefore,

(29)

E[W(X (7)) 1(r,<1y] > P(ma < T)[(n —1—1Inn)A (711 —1-In i)

1 1
Apt(n—1—Inn)Ap! <—1—ln)}.
n n

Combining (27), (28), and (29), we obtain

‘II(X(O))‘FCTZS[(n—l—lnn)/\ (:L—l—ln:J

1 1
Aptn—1—Inn)Ap! <—1—1n>}.
n n

Letting n — oo yields a contradiction. Therefore,

Too = OQ, a.s.

This completes the proof.

10.
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