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AYMEN LESLOUS AND ABBES BENCHAABANE

RELAXED CONDITIONS FOR CONTROLLABILITY OF
STOCHASTIC SYSTEMS WITH CONTROL-DEPENDENT TERMS

This research investigated the approximate controllability of a class of second-order
stochastic differential equations driven by Q-Wiener processes in a real separable
Hilbert space. By employing techniques from stochastic analysis and functional
analysis, we established the existence and uniqueness of mild solutions under relaxed
conditions that are less stringent than the standard Lipschitz criterion. Furthermore,
we proved the approximate controllability of the system using stopping time theory.
Our findings contributed to the advancement of control theory for stochastic systems,
particularly for second-order equations driven by Q-Wiener processes.

1. INTRODUCTION

The primary objective of this study was to investigate the approximate controllability
of a second-order stochastic differential equation in a real separable Hilbert space Ss.
The equation under consideration is

dX'(r)—H(r,X(r),U(r))) =[AX(r) + BU(r) + F(r, X (r),U(r))]dr
(1) +G(r, X (r), U(r))dW (r),
X(0) =&, X'(0)=mno, re€]0,b]

In this equation, W represents a Wiener process taking values in S; with a posi-
tive, nuclear covariance operator @) on a complete probability space (2, F,{Fs}s>0,P),
characterized by Trace(Q) < oo, and a natural filtration {F;}s>¢ generated by W.

The operator A : D(A) C So — S5 is a closed, densely defined linear operator that
generates a strongly continuous cosine family on So. The operator B : S3 — S, is a
bounded linear operator, while G and F' are measurable mappings from [0,b] x Sy x S3
to Sy and £2(So,S»), respectively. Here, S; represents a real separable Hilbert space,
and L£2(Sg,S,) denotes the space of all bounded, linear, Q-Hilbert-Schmidt operators
from Sy to Sp. Additionally, & and 7y are Fy-measurable S-valued random variables
independent of W, with finite p > 2 moments. The function U : Q x [0,b] — S3 serves
as a control.

The theory is developed in infinite dimensions for several reasons. Foremost among
these is its logical extension from functional analysis. First and foremost, it is a logical
progression from functional analysis. In addition, parabolic equations in Hilbert spaces,
as in finite dimensions, are used to characterize systems with an infinite number of degrees
of freedom, including spin configurations in statistical mechanics and crystal structures
in solid-state physics. In disciplines such as mathematical finance, fluid dynamics, and
population biology, diffusion processes are described by infinite-dimensional parabolic
equations. There is an alternative paradigm to nonlinear differential equations: second-
order differential equations. Over the past two decades, there has been a substantial
increase in interest in second-order differential equations (e.g., [1, 2, 3]), resulting in
significant theoretical and applied progress.
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In recent years, several researchers have reported on the existence of mild solutions and
the approximate controllability of second-order semilinear evolution systems in Banach
spaces (see e.g., [4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14] ). Building on Da Prato’s research
on stochastic processes [15] and earlier works, this paper introduces a novel approach to
the study of approximate controllability.

We are able to adapt our methodology to more complex systems under typical con-
ditions by expanding and enhancing the results of prior research (e.g., [4, 6]). However,
there are still a multitude of significant challenges that must be surmounted.

e Firstly, the unique characteristics of the semigroup allow us to utilize Banach’s
fixed point theorem across limited domains. By combining the solutions from
each domain, we may deduce the existence of a solution throughout the entire
domain. By resolving the cosine problem, we demonstrate that this catego-
rization is both practicable and achievable, hence confirming the efficacy of our
methodology.

e The second critical aspect is the guarantee of the uniqueness of the solutions,
which is accomplished through the application of Gronwall’s inequality. How-
ever, this approach frequently disregards the significance of finite factors, despite
its robustness. Gronwall’s inequality is a fundamental component of numerous
authoritative works, which presents a significant challenge. The solution’s conti-
nuity is contingent upon its unboundedness, which is a significant limitation.

The proposed equations are systematically examined in this paper, which is organized as
follows:

(1) Section 2: Families of Sine and Cosine Operators: This section gives
definitions, properties, and crucial results that are pertinent to these operators.

(2) Section 3: Definitions and Preliminaries: Various norms and essential
concepts, including approximate controllability, are defined in this section.

(3) Section 4: Existence, Uniqueness, and Approximate Controllability:
Here, we examine the proposed equations, verify the existence and uniqueness of
mild solutions, and examine their approximate controllability.

(4) Section 5: Existence and Uniqueness under Non-Lipschitz Conditions:
We extend the results to the case of non-Lipschitz coefficients.

(5) Section 6: Illustrative Example: To illustrate the applicability of our results,
we present a concrete example of a second-order stochastic differential equation
within a real separable Hilbert space.

2. FAMILIES OF SINE AND COSINE OPERATORS

Cosine functions have a similar relationship to the second-order Cauchy problem u” =
Au as Cy-semigroups do to the first-order Cauchy problem v’ = Awu. In this section,
we revisit the fundamental elements of cosine families. For a deeper understanding of
continuous cosine and sine families, refer to [16, 17, 18, 19].

Definition 2.1 ([16]). A family indexed by a single parameter, denoted {C(s) : s € R} C
L(Ss), is called a strongly continuous cosine family on Sy if it satisfies the following
conditions:

(1) % = C(s)C(r), for all s,r € R.

(2) C(0) = I, where I is the identity operator.

(3) C(s)y is a strongly continuous function of s on R for all y € Ss.

e The associated strongly continuous sine family, denoted as

{5(5) - /O Cr)dr: s e R} C L(Ss),



90 AYMEN LESLOUS AND ABBES BENCHAABANE

satisfies S(0) = 0.
e The generator of a strongly continuous cosine family {C(s) : s € R} is the linear
operator A: D(A) C Sy — Sy defined as

Ay = lim 22 2(C(a) —I), for all y € D(A),
a— 0t

where

D(A) = {y €Sy | aEr}ﬁ 2072(C(a) — @) exists} )

The existence of a strongly continuous cosine family generated by an operator (A4, D(A))
is characterized by a necessary and sufficient condition, akin to the Hille-Yosida generator
theorem in operator semigroup theory.

Theorem 2.1 ([16]). An operator A € L(D(A) C Ss), closed and densely defined on
S, acts as the infinitesimal generator of a strongly continuous cosine family (C(s))ser
with ||C(s)|| < MePlsl if and only if the resolvent R(A,k?) = (kI — A)~! exists for any
Kk € C, and is strongly infinitely differentiable. Moreover

‘ d™mk

drk™
Properties of Cosine Families. Now, we present the fundamental properties of cosine
families.

R(A, K?) < Mgm!(k —B)"™",  for Re(k) > 3, Mg >1, andm € N.

L(S2)

Lemma 2.1 ([16]). Let (A, D(A)) be the infinitesimal generator of a cosine family {C(s) :
s € R} with corresponding sine family {S(s) : s € R}.

o There exist constants Mg > 1 and 3 > 0 such that
IC(s)]l£(ss) < M,geﬁls‘, 1S(8) Il 2(s0) < Mg |5 ePlsl for all s € R.

o Foranyy €Sy andr,s € R

/S S(r)ydr € D(A), and A/S S(r)ydr =C(s)y — C(v)y.

o There exists M > 1 such that
S
/ ePlrldr
v

e Ify € D(A), then S(s)y € D(A) and LC(s)y = AS(s)y with limy_,o+ AS(s)y =
0.
Additionally

1S(s) = S()llzes,) <M for all0 <v < s < oo,

%C(s)y = AC(s)y = C(s)Ay.

Lemma 2.2 ([16]). Let {C(s) : s € R} be a strongly continuous cosine family in Sy
satisfying [|C(s)| c(s,) < M,gems‘ for s € R, where Mg and 3 are positive constants, and
(A, D(A)) is its infinitesimal generator. For k € C with Re(k) > 3, if k2 € p(A) (where
p(A) is the spectral radius), then

KR(A k) = / e TC(r)ydr = k(kI — A)71,
0

R(A k) = / e S(r)ydr = (kI — A)™,  fory € Ss.
0
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3. PRELIMINARIES AND NOTATIONS

Let’s introduce a framework with three separable Hilbert spaces, S1, Sg, and S3. Build-
ing upon key concepts from [15], consider a complete probability space (€2, F,P), where
an Sg-valued stochastic process (X (r))r>0 is Gaussian if, for any n € N and arbitrary
positive numbers r1,72, . .., 7y, the S§-valued random variable (X (r1),..., X (ry,)) follows
a Gaussian distribution.

Now, let’s consider a nonnegative trace class operator (Q on S;. A stochastic pro-
cess W(r) in S; is a Q-Wiener process if it has continuous trajectories, independent
increments, and (W (r) — W(r)) follows the Gaussian measure N(0, (r — 7)Q).

This setup leads to the existence of a complete orthonormal system {e;} in S; and a
bounded sequence of nonnegative real numbers such that Qe, = A e,. Assuming W (r)
is a Q -Wiener process, several properties emerge, W is Gaussian with E(W(r)) = 0 and
Cov(W(r)) =rQ.

Now, let’s introduce the subspace Sy = Ql/Q(Sl) of Sy, forming a Hilbert space. We
also consider the space of all Hilbert-Schmidt operators £2 := L2(Sy,S,) from Sy into
Sa, equipped with the norm ”'”252(80,82) := Trace [(1)Q(-)*].

Now, we consider three separable Hilbert spaces, denoted

(Si7 <'7 >S1 ’ ||||S1)

for i = 1,2,3. To streamline, we use L(S;,S;) to denote the space of linear operators
from S; to S;. When S; equals S;, we simplify it as L(S;).
In this context, let’s define

® (2, F,(Fs)sepo,p),P) a complete probability space equipped with a normal filtra-
tion generated by W and F = Fy.

e Bg, : Borel sigma-algebra on the space Ss.

e Ppog : Progressively measurable o-fields on € x [0, b].

° L§2 (Q, Fs,P): the Banach space of all stochastic processes X : Q x [0,b] — So
such that, for arbitrary s € [0,b], the random variable X(s) is Fs-measurable
and E || X (s)[[g, < +oo.

e S 10,b]: the Banach space of Prog—measurable and continuous stochastic pro-

cesses X : Q2 x [0,b] — Sy such that E (SUPse[o,b] ||X(3)||§2> < +o0.
o H".,[0,b]: the Banach space of Pyo;—measurable processes X : Q2 x [0,b] — L2 =

/2
£2(S0,55) such that B (Jy X (5)]1% ds)p < +00.

4. PRIMARY FINDINGS

Let’s begin by defining the stochastic notion of mild solutions to (1).

Definition 4.1. Consider a stochastic process X € 852 [bo, b, by = 0. We say X consti-
tutes a mild solution of (1) if, for any U € Uaa := SZ, [bo, D], it adheres to the following
stochastic integral equation, almost surely with respect to P, for any s € [bg, ],

X(s) = C(s —bo) X (bo) + S(s — bo)(X'(bo) — H(bo, X (bo),U(bo)))
Jr/ C(s—r)H(r,X(r),U(r))dr Jr/ S(s—r)[F(r,X(r),U(r)) + BU(r)|dr
bo bo

+ ; S(s=r)G(r, X (r),U(r))dW (r).

After that, we establish the following property of the solution.
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Lemma 4.1. Let 0 = by < by < by = b. Suppose X € ng [bo, b] is a mild solution of (1).
Consider the following system:

AX'(r)—H(r,X(r),U(r)) =[AX(r) + BU(r) + F(r, X (r),U(r))]dr
(2) +G(r, X (r),U(r))dW (r),
X(0) =&, X'(0)=mno, 7€ bo,bi],
and
X' (r)—H(r,X(r),U(r))) =[AX(r) + BU(r) + F(r, X (r),U(r))]dr
3) +G(r, X(r),U(r))dW (r),
X(b1) =&, X'(b1)=m, r€lby,bo,
where (£1,m) are the final conditions of (2). Then the solution of the system (2)—(3),
for s € [bg, ba], is given by

X(s) = C(s — bo) X (bo) + S(s — bo) (X'(bo) — H (bo, X (bo), U (bo)))

Jr/bOC(ST)H( rJr/bOSsr X(r),U(r)) + BU(r)] dr

(4) + S(s —=r)G(r, X (r),U(r))dW (r).

bo
This means that the solution of the system (2)—(3) is indeed the mild solution of (1).

Proof. In order to demonstrate this, it is necessary to establish that the solution to
equation (3) on the interval [b1, bo] may be expressed as shown in equation (4) for s €
[b1,bs]. Clearly, the solution of (3) can be expressed as

X(S) = C(S - bl)X(bl) + S(S - bl)Xl(bl) - H(bl,X(b1)7 U(bl)))

+ /S C(s—r)H(r,X(r),U(r))dr + /S S(s—r)[F(r,X(r),U(r)) + BU(r)|dr
by by

(5) + S(s—=r)G(r, X (r),U(r))dW (r).

by
Similarly, for s € [bg, b1], the solution of (2) can be written as

X (s) =C(s—bg)X(bo) +S(s — bo) (X'(bo) — H(bo, X (bo),U(by)))
b‘ C(s — r)H(r, X (r), U(r))dr + b‘ S(s — ) [F(r, X(r),U(r)) + BU(r)] dr

(6) + i S(s —r)G(r, X (r),U(r))dW (r).

According to (6), we can express the initial conditions for (3) as

&1 =X (b1) = C(by — bo) X (bo) + S(b1 — bo) (X' (bo) — H (bo, X (bo), U (bo)))
by by

+ i C(by —r)H(r, X(r),U(r))dr + i Sy —r)[F(r,X(r),U(r)) + BU(r)]dr
by
(7) + ; Sy —r)G(r, X (r), U(r))dW (r).
And
m = X'(b1) = AS(b1 — bo) X (bo) + C(b1 — bo) (X' (bo) — H(bo, X (bo), U(bo)))
b1 by

+ ; AS(by —r)H (r, X (r),U(r))dr + A C(by —r)[F(r,X(r),U(r)) + BU(r)]dr



CONTROLLABILITY OF SECOND-ORDER STOCHASTIC SYSTEMS 93

b1
(8) + C(by — )G (r, X (r),U(r))dW (r) + C(0)H (by, X (b1),U(by)).

bo
Next, let’s combine the expressions (7)—(8) for s € [by, bo]
C(s—b1)X(b1)+S(s —b1)X'(b1)
= [C(s — b1)C(by — by) + AS(s — b1)S(b1 — bo)] X (bo)
+[C(s = b1)S(b1 — bo) + S(s — b1)C(b1 — bo)] (X' (bo) — H (bo, X (bo), U(bo)))

_|_

b1
/b Cls — b1)C(b1 — )+ AS(s — b1)S(b1 — )] H(r, X (1), U(r))dr
+ / C[C(s — b)S(by — 1) + S(s — b)Cby — )] [F(r, X(r), U(r)) + BU()] dr

+ /b [C(s=b1)S(by — 1)+ S(s —b1))C(by — r)] G(r, X (r), U(r))dW (r)

(9 +8(s—b1)H(by, X(b1),U(b1)).
We can rewrite the left-hand side using the identities (see [17, 19]) S(s+71) = C(r)S(s) +
S(r)C(s) and C(s + 1) = C(r)C(s) + AS(r)S(s), which gives
Cs = b1) X (b1) + S(s — b1) (X' (b1) = H (b1, X (1), U(b1)))
= C(s — o)X (bo) + S(s — bo) (X' (bo) — H(bo, X (bo), U(bo)))

by by
+/b Cls—r)H(r,X(r),U(r))d+ i S(s—r)[F(r,X(r),U(r)) + BU(r)] dr
by
(10) + S(s—r)G(r, X (r),U(r)dW(r).

bo

Therefore, by substituting equation (10) into equation (5), we obtain

X(s) =C(s = b1)X(b1) + S(s — b1) (X' (b1) — H(by, X (b1),U(b1)))
-|-/ C(s—r)H(r,X(r),U(r))dT—F/ S(s—r)[F(r,X(r),U(r)) + BU(r)|dr
by by

S

S(s—r)G(r, X (r),U(r))dW (r)

by

=C(s —bo)X (bo) + S(s — bo) (X' (bo) — H (bo, X (bo), U (bo)))

SC(s—r)H dr + S (s—r) r),U(r)) + BU(r)]dr
bo bo

+/b08<sr>c< X(r), U(r) AW (r).

Thus, the solution of (2)—(3) over the whole interval [by, bs] matches the mild solution of
(1). This completes the proof. O

Next, we delve into the stochastic counterparts of approximate controllability concepts.

(1) The controllability (stochastic) Gramian operator
7)17 : ng (Q,fb,P) — LZS)2 (Q,]:b,P)
is defined by

Po(0,b)h /5 — BB S*(b— r)E (hy|F,) dr
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(2) The operator Gp(7,s) € L (Sq,S3)
Go(T,s)y = /S S(s —r)BB*S*(b—r)ydr.
The controllability (determi:listic) Gramian operator Gy(7,b) € L (S2,S3)
Gy(T,b)y = /b Sb—r)BB*S*(b—r)ydr, 0<7<b.

The lemma below gives the relationship between P, and G,
Ry = ROL=P5(0,0)) = (AT +Py(0,0) ™", and R, = (M +Gy(0,0) .

Lemma 4.2. Consider a random variable hy, € L§2 (Q, Fp,P) where hy, is independent of
Fo. Then, there exists a process Z in 7—[’22 [0,b] such that: For every hy, we have

(11) E (hy|Fp) = hy = Ehp + /Ob Z(r)ydW(r).

Furthermore

(12) Py(0,b)hy = Gp(0,b)Ehy + /Ob Gy(1,0)Z(T)dW (7).

Finally

(13) Ry ahe = R 4y \Eho + /0 b RY )\ Z(r)dW (7).

Proof. The proof for (11) is referenced in [20]. Let hy € L§ (2, Fp,P). By a previous

result, we ascertain the existence of Z € H.,[0,b] such that
S
E (hy|Fs) = Ehy +/ Z(r)dW (r).
0

We then utilize the definition of the operator P, and invoke the stochastic Fubini’s
theorem [15, Theorem 4.33] to derive the desired expression:

Py(0,b)hy = /bS(b —r)BB*S*(b —r)E (hy| F) dr
0
b r
:/0 S(b—r)BB*S*(b—r) (]Ehb+/() Z(T)dW(T)) dr
b b r
:/0 S(b—r)BB*S*(b—r)Ehb—i-/O (/0 S(b—T)CC’*S*(b—r)Z(T)dW(T)> dr
b b b
:/ S(b—r)BB*S*(b—T)Ehb—i—/ (/ S(b—?“)CC'*S*(b—r)dr> Z(T)dW (1)
0 0 T

b
= Gy(0,0)Ehy +/O Gy(1,0)Z (T)dW (7).

It then follows, from (11)-(12) and another prior result, that for any hy, hj, € L (Q, F, P),
there exist Z, Z' € H!.,[0,b] such that

b b
hy = Ehy, Jr/ Z(t)dW(T), hy, =Eh, +/ Z'"(T)dW (1),
0 0
and

b
Po(0,b)hy = Go (0, b)Ehy + /O Go(7, D) Z(7)dW (7).
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Now, let hy = R[ﬁ’b])khg. Consequently
b b
hy, = Ahy + Py(0,b)hy = AEhy + /\/ Z(T)W (1) + Gu(0,b)Eh,, Jr/ Go(7,0)Z(1)dW (7)
0 0

b
— (M + Go(0,b)) Ehy + / (AT + Go(7, b)) Z(r)dW (7).
0

One can easily see that

Ehj, — (M + Gy(0,b)) Ehy = 0,
and by the Burkholder-Davis-Gundy inequalities [21, Theorem 3.49] and Doob’s Inequal-
ity, we obtain

Z(r) = (M + Gy(r,b)) " Z'(7).

Hence
b
Ryl = ho = by + [ Z()W(7)
b
= (A 4 G(0, b))_1 Ehy, + / (A + Gy(, b))_1 Z'(T)dW (7).
0
Thus, the lemma is demonstrated. ([l

Definition 4.2. The system described by Equation (1) is termed approximately control-
lable over the interval [0, b] if the range space R(b) coincides with LE (0, Fop). If R(D)
equals ng (Q, Fp, P), the system is termed exactly controllable. Here, R(b) is defined as
the set

{X (b, X(0), X'(0),U) : U € 8, [0,0]},
where

X (b, X(0),X'(0),U) =C(b)X(0) + S(b)(X'(0) — H(0,X(0),U(0)))

b b
+/ S(b—r)H(r,X(r),U(r))dr+/ S(b— 1) [F(r, X(r),U(r)) + BU()] dr
0 0

b
+/ S —r)G(r, X (r), U(r))dW (r).
0

The linear regulator problem is defined as follows.

Definition 4.3 (Minimum Energy Principle [22, 23]). Minimize

J(U) =E|IX(b) — hyllg, + AE ( s IIU(5)||§3> :
sg|0,

Over all U € S, [0,b], where X (b) is a state process, hy € Lg (€, Fp,P), A > 0, and
E(hy|Fp) = hy = Ehy + fob Z(r)dW(r) is as defined in Lemma 4.2.
Assumptions. To formulate and prove our main results, we require the following assump-
tions.
(A0)  C(r),S(r) : S — Sg are strongly continuous cosine families generated by the
operator A, where C and S are the cosine and sine families, respectively.
(Al) F,H Q) x [O,b] X SQ X S3 — SQ, and G : Q x [O,b] X SQ X S3 — ,CQ(S(),SQ) are
differentiable, and
(i) The functions
F:QX[O,b]XSgXSg%SQ, HZQX[O,Z)]XSQXS:;*)SQ,
(W, s,y,u) = F(w,s,y,u), (w,s,y,u) = H(w,s,y,u)

are measurably mapped from (Prog X Bs, x Bs,) into (Sg, Bs,).
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(ii) The function
G:Qx [O,b] X Sg X Sg — £2(SQ,SQ),
(w,s,y,u) = G(w, s,y,u)

is measurable from (Pyog X Bs, X Bs,) into (£2(Sp, Sa), Br2sys.))-
(A2) There exists a constant C,, > 0 such that for all (y1,u1), (y2,u2) € S2 X S3
and (w,s) € Q x [0,b]:

||H(W7S’yau>||§2 + HF(Wa S7y?u)||§2 + ||G(wvs7y7u)||122(§0752) S CP (1 + ||y||IS]2 + ||u||§3> :

(A3)  There exists a constant L, > 0 such that for all (y1,u1), (y2,u2) € Sz x S3
and (w,s) € Q x [0,b]:

[ F(w, s, y1,u1) — F(w, S,yz,uQ)\|§2 +[|H(w, s,y1,u1) — H(w, 8,2, U2)||Zs)2
< Ly (lyr — w2llg, + [lur — uzllE,)
and
HG(W7Say17ul> - G(wvsayQau2)||IZ:2(So7§2) S LP (Hyl - y2HIS)2 + HUl - U’2||§3) .

(A4)  X(0) and X’(0) are Fp-measurable, Sy-valued random variables independent
of W with finite p > 2 moments.
(A5)  There exists a constant My (b) > 0 such that for all 0 <r < b:

0 < JARE yll2(ss82) < Ma(b).
(A6) XR[QT b T 0 (converges to the zero operator as A — 0T in strong operator
’ —

topology), and there exists a constant C),, > 0 such that for all (y1,u1), (y2, uz) €
S x Sz and (w,s) € Q x [0,b]:

||H(w,s,y,u)||§2 + ||F(w737yvu)”§2 + ||G(0J7S,yyu)”122(§0752) S CP'

Let ||B]| = || Bl| £(ss,5,), and define

Mc(b) = sup [C(s)ll sz Ms(0) = sup [[S(s)llees,), Ma(d) = sup [R{ , \lleessn-
0<s<b 0<s<b [ b

re|0,

The following lemma is derived by analogy to [24, Lemma 4] and [23, Lemma 2.4].

Lemma 4.3. Under assumptions (A0) — (A5), for any arbitrary hy € LP (Q, Fp,S2), the
following control

(14) U(s) = -B*S*(b—s)R] , | [C(b)X(0) + S(b)(X'(0) — H(0,X(0),U(0)) — Ehs]

[0,b], X

S** —r g r r) — S** — S g
+/033(b )RS Z(r)dW (r) /BS(b R

”,b], 7b],A
[ 0 [rb]

Cb—r)H(r,X(r),U(r))dr
_ /0 B (b— )RS, S(b—r)F(r, X(r), U(r))dr
- /0 B*S*(b— )RS, S(b—r)G(r, X(r),U(r)AW (1),

leads the system from

(15)  X(s) =C(5)X(0) + S(s) [X'(0) — H(0, X(0),U(0))]

+ /S C(s—r)H(r,X(r),U(r))ds + /SS(s —7)[F(r,X(r),U(r)) + BU(r)] ds
0 0

+ /S S(s—r)G(r, X (r),U(r))dW (r),
0

to
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(16) X(s) = C()X(0) + S(s)X"(0)
—Gy(0,9)RY , | [C(D)X(0) + S(b)(X'(0) — H(0, X(0),U(0)) — Ehy]

. /O (cls =) = Golr )RS, Cb = 1)) H(r, X (1), U(r)dr
. /0 (S(S — )~ Gy(r,s)RY, S(b— r)) F(r, X (r),U(r))dr
+ /0 (S(s — 1) — Gy(r, S)Rg Sb-— r)) G(r, X(r),U(r))dW (r)

[r,b],A
+ / Gp(r, s)R{gmM Z(r)dW(r).
0

(17) X (b) = hy = AR{ | (C(b)X(0) + S(b)(X'(0) — H(0,X(0),U(0)) — Ehy)

[0,5],A

If s = b, we obtain

+ /b )‘Ri.b].xab —r)H(r, X (r),U(r))dr + / )\Rg TS —=r)F(r, X(r),U(r))dr
0 S 0
/ ARE | (S(b—r)G(r, X(r),U(r) ~ Z(r))dW (r),

where E(hp|Fp) = hy = Ehpy + fo (r)dW (r) (see Lemma 4.2).

To avoid confusion, let’s prove it.

Proof. Substituting (14) into (15) and applying the stochastic Fubini theorem [15, The-
orem 4.33], it becomes apparent that

(18) X(s)=-— /OSS(S —r)BB*S*(b— r)R[gMM [C(b)X(0)
—S(b)(X'(0) — H(0,X(0),U(0)) — Ehp) dr
[ ) s—r *S*(b—r)dr | RY —71)H(1, X (T T))dr
/O (/T S(s — 1) BB*S*(b—r)d )Rhwcw VH (7, X (7), U(7))d
[ ’ (s—r *S*(b — r)dr | RY —7)F (1, X (1 7))dr
/O (/ S(s —r)BB*S*(b—1)d )R[ﬂb]yAS(b VF(r, X (1), U(7))d
/ (/ S(s —r)BB*S*(b —r)dr) Rg LSO =T7)G(r, X(1),U(7)) = Z(1))dW(7)
/CS—T (1, X(1),U(1) dT+/88—T)F(TX()U( ))dr
/ S(s —71)G(r, X (1), U(7))dW (7).

This completes the proof of equation (16). Rewriting equation (18) at s = b, we have

X (b) = C(b)X(0) + S(b)(X'(0) — H(0, X(0),U(0)))
= Go(0,0)R7 | (C(0)X(0) + S(b)(X'(0) — H(0, X(0),U(0)) — Ehy)

[0,b],A

b
+ / (I = Gy(r )RS | )C(b— ) H(r, X (r), U(r))dr
0

b
4 / (I = Golr. )RS, )S(b—1)F(r, X (r), U(r))dr
0
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b
+ [ = Gur RS, S =G X (). U)W ()
b
+/ Gy (r, b)R[gr,bMZ(r)dr.
0

By utilizing )\R[r A T Gy (r, b)R[gT p,x = 1, we can simplify
X(b) = C(b)X(0) + S(b)(X'(0) — H(0, X(0),U(0)))
+OARY, = 1) (C(0)X(0) +S(b)(X'(0) — H(0, X(0),U(0)) — Ehy)

[0,5],

/)\Rg - H (r,X(r),U(r))dr+/b)\Rg S(b—r)F(r, X (r),U(r))dr

r,b], A
0 [r:0],

(19) +/O /\R[gr,b],AS(b—r)G(r,X(r),U(r))dW(r)—1—/0 (I =ARY, )Z(r)dr.

Using the martingale representation 4.2, we can express E(hy|Fp) as

b
hy = Bhy + / Z(rdw ()
0
as shown in (19). This expression leads to the conclusion mentioned in (17). O

Approximate controllability. Now we announce the main result of the article.
Let A > 0. We first need to establish that there exists a unique mild solution to

X(s)=C(s ) (O )+5( )(X7(0) — H(0, X(0),U(0)))
—l—fo s—r)H(r,X(r),U(r))dr,
+ fo (s—r) (r,X(r), U(r)) + BU(r)]dr
—|—f0 (s =r)G(r, X (r),U(r))dW (r),

U(s) = —B*S*(b— )R[go 2 C(0)X(0)

(20) SBS (b s)RE, | (SH)(X'(0) — H(0, X(0),U(0)) — Ey)

_fo B*S*(b _S)Rg AC(b rVH (r, X (r),U(r))dr
— s B*S*(b— s) S —=7r)F(r,X(r),U(r))dr
B b RS S(b— )G, X(r), U)W (r)
+ [y B*S*(b— s) Z(r)dW (r).

Theorem 4.1. Under the assumptions that conditions (A0) — (A5) hold, there exists a
unique mild solution (Xi, Ui) € S§2X§3 [0,0] to the system (20). Moreover, it possesses
a continuous modification, and we have

0 B s XU, ) < (0) + i) + pa0) expla ()0
Whereas constants are involved in the Lemma 4.6.

An a priori estimate. Without loss of generality, we prove the following estimates. As-
sume (X*,U") € 8 s, [0,b] are two solutions to the system (20) with A > 0.

Lemma 4.4. Under the assumptions (AQ) — (Ab), there exist positive constants k;, for
t=1,---,4, such that, for every s € [0,b],

B ( s 01,

0<u<s

@) <h®+hO) k6 [ B s (X000, ) o

0<v<r
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and

B ( s 070 - v,

0<u<s

@ <k B ( sup [|(X2(0), U (1)) — (X2(v), U2<v>>|§zxs3) dr.

0<v<r
Proof. Throughout the proof, we frequently use the inequality: z1,--- , 2., € S;,1 = 2,3,
a >0,
(24) 1 + -+ @mlls, < max(m®™H V(|2 lg, + - + [@mlls,)-

For the proof of the first inequality in (22), we have, for every s € [0, b],

B ( s 0 WIE,)

0<u<s

B*S*(b— RS [Bhy, — C(b)& — S(b)(no — H(0,&, U (0))]||"

[0,0], Ss

< 5P7'E sup
0<u<s

p

+5P71E sup
0<u<s

/ B*S*(b—wR{, C(b—r)H(r,X"(r),U'(r))dr
0 o Ss
p
+5P7'E sup

0<u<s

u
/ B*s*(b_u)R[C:b]/\S(b—T)F(T,XI(T),Ul(T)>dT
0 o Ss
p
+5P71E sup

0<u<s

/Ou B*S*(b— u)R[gT,bMS(b — )G (r, X (r), U (r))dW (1) .

P

+5P71E sup
0<u<s

/u B*S*(b—w)RY  Z(r)dW(r)

0 [r,b]

(25) =511 + I+ 13+ 1y +15).

S3

For I, we can observe that

L=E ( sup || B*S*(b— )RS | [Ehy — C(b)E — S(B) (10 — H(0, 0, U (0))]

0<u<s

p
)
< 4P7H{MI(b) 1B ME(b)}
(26)  xE [[|[Ehy[[8, + ME®)[Il[8, + MED) (IInol 1§, + Co (1 + [1€0llE, + [T (0)]IE,))] -

Now, by Holder’s inequality, for Iy + I3, we have

u p
I +I3=FE sup / B*S*(b—w)RY = C(b—r)H(r, X' (r),U(r))dr
o<u<s ||Jo bl A S5
u p
+E sup / B*S*(b—u)RY ~ S(b—7r)F(r, X (r),U'(r))dr
0<u<s ||Jo b1 A Ss

< {131 sz Mg e [ B (1H G X0, U )], dr
{1 ez ow} [ B (F (X (.U ()], dr
< { ML) | BI ME®) (ME(b) + ME®) ¥~} C,

(27) X /OE( sup (1+|(Xl(v),Ul(v))lléxss)) dr.

0<v<r
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By applying the L?(p > 2) inequalities for stochastic integrals ([15, Theorem 4.37]), and
then employing Holder’s inequality, we find
P

Iy = sup
O<u<9

<g,,{/0 (BIB*S* (0~ 9)RY, (b~ n)G(r, X' (), U ()], ) " d

/ BS*(b—w)RS,  S(b— )G, X (r), U (r))aW (r)

)
< (M) 1B M2 B)e, ) { JAE (s 60X 0.0 0, ) }i dr}g

< 1B ME O G, { J{E (s 0410000000 )} dr}2
< {ag) 1BIP MZ @5} G,

(28) < [T (1410000 @I, )

0<v<r

9 \N
[N

By applying the LP inequalities for stochastic integrals, we have, respectively, by Holder’s
inequality
P

Is =E sup
0<u<s

/ B*S*(b—wRS , Z(r)dW (r)
0 o Ss

<[ (©18°50 - 9RE, 200 ) dr}
(29) < {20 1B M @65} [ EIZO s

Therefore, combining inequalities (25)—(29) yields inequality (22). For the proof of the
second estimates (23), we have, for every s € [0, b],

(30) E( sup ||U1(u)—U2(u)|§3>

0<u<s
< 3P7'E sup /“ B*S*(b— u)R[gnb]’AC(b — ) (H(r, X (r),U(r))
0<u<s|lJO
— H(r, X?(r),U?(r)))dr .
+ 3P 'E sup /“ B*S*(b— u)Rg ; AS(bf r)(F(r,Xl(T),Ul(T))
0<u<s 0 T
— F(r, X2(r),U%(r)))dr .
+3P7'E sup /u B*S*(b— u)Rg S =) (G(r, X (r), U (r))
0<u<s 0 T
— G(r, X2(r),U%(r)))dW (r) )

= 3p_1(J1+J2+J3).

For J14+1J3, employing a similar method as in (27), we obtain
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31) J1+J2=E sup

0<u<s

/0 B8 (b - wRY, | S(b—r)(H(r, X(), U (1))

p

— H(r, X2(r),U%(r)))dr

S3

+E sup /O" B*S*(b— u)R[gr,b],AC(b —r)(F(r, X' (r),U(r))

0<u<s

p

— F(r, X2(r),U%(r)))dr

Sz
< {ML(b) | B||P ME(b) (ME(b) + ME(b)) P~} L,

x/jE( sup [[(X'(v),U'(v)) — (X?(v),U*(v ))|52sz>

0<v<r

For J3, employing a similar method as in (28), we obtain

(32) J3=E sup

0<u<s

/Ou B*S*(b — u)R[gMMS(b — ) (G(r, X (r), U (1))

p

— G(r, X2(r),U%(r)))dW (r)

S3
< {ag) 1BIP MZ )5} L,

< [TB (s 100,07 0) - (00, )
The constants k;(b) are given by
ki (b) = 5P~ {4P= 1 {M(b) || BII” ME(b)} }
B [MEO)]&lE, + MED) (lmollE, + Co(1 + [160llg, + [T (O)IIE,))]
+507 1 {4rm L {MR (b )||B||pMp(b)}||Ehb\| .}
ka(b) = 5771 4 (§) b2P MR (b )||BH” TO L EHZ 250,694

k3(b) = 5771 (5) 027 || BI” M ()ME(b) ; 1637 (ME(b) + ME(b) +M§(b)€p Cp,
ka(b) = 3771 L (5) 027 | BI” MR ()ME(b) ; 1037 (ME(b) + ME(D)) + ME(D)Ey | Ly,
Hence, plugging (31)—(32) inequalities into (30), we find (23). O

Lemma 4.5. Under the conditions (AO) — (A6) there exist 5;(b) > 0,i =1,--- ,4, such
that for any s € [0, b],

B ( s X,

0<u<s

(33) Sﬂl(b)+ﬁz(b)+ﬂs(b)/osE<sup (14X (), U <>>||s2xs3))

0<v<r
and

B ( s X' - X1,

0<u<s

By <A /E(p (X ()0 () — (X2(0),U <>>|Szxg3)

0<ov<r
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Proof. Using Lemma 4.3, we can express the inequality as

B (s X, )

0<u<s

< 5-1g [ sup [|C(u)& + S(u)(no — H(0, &, U(0)))

0<u<s

+ Gy(0,w)RY | [Ehy, — C(0)& — S(b)(no — H(0, &0, U*(0))] g }
u p
+5P7'E sup / (C(u—71)—Gy(r,u)RY . C(b—r)H(r,X(r),U*(r))dr
o<u<s ||Jo e S
u p
+5P71E sup / (S(uw—7) = Gp(r,u)RY  S(b—r))F(r,X'(r),U"(r))dr
0<u<s 0 bl Sa
u p
1+5"71E sup / (S(u—71) — Gy(r, u)R[% aa S —=1)G(r, X(r), UL (r))dW (r)
0<u<s ||Jo o Sa
+5P7'E sup / Go(r,uw)R b] Z(r)dr
0<u<s So

(35) = 5P~ 111+12+13+14+15)

Regarding Iy, it is evident that

L—F [ sup [[C(u)éo + S(u) (o — H(0, &, U(0)))

0<u<s

+ Gp(0,u)RY

9 s [Bly —C(b)& — S(b) (0 — H(0,&,U*(0))] :}
< 771E [MEWG) 16l + ME®) (ol 2, + Cp (1+ [0l 2, + 1T O)]1,))]
+ = {M3(0) 1 BIP ME (o)}
(36) xE [[[ERs|l” + ME®)Igol[8, + ME®) (Ilmollg, + Cp (1 + 11618, + 1T O)][2,))] -

By applying Holder’s inequality, we get

u p
Ib +I3=E sup / (Clu—r) —Qb(r,u)R[gM]AC(b—r))H(nXl(r),Ul(r))dr
0<u<s ||J0O o So
u p
+E sup / (S(u—1) — Gy(r, u)Rgv S(b—r))F(r,Xl(r),Ul(r))dr
0<u<s [|Jo el Ss

< = MBI + ML) 1B MEO)MEDR )G,

< [TE (s 01X @E, T IR ) dr

+ 20 ME) + M) B M )} G,

< [TB (s 0+ X @IE, 10 @R ) 0

= 2p= 11, (MP(b) + ME(b)) {b” 1B M3P(b) M (b) + 1}
61 [ (10T )

0<v<r
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Using both the L? inequalities for stochastic integrals and Holder’s inequality, we have

P
I, =E sup

0<u<s
<2 {ag o) | BI MZ 0w + 1} {MEm)esith o,
@) x [ B a0+ 10000 W) ) o

0<v<r

[r,b], A

/OM(S(“—T) Go(r,wRY | S(b—r)G(r, X" (r), U (r))dW (r)

S2

By the LP inequalities for stochastic integrals, and Holder’s inequality, we have

P
Is =E sup / QbruRg W2 (r)dr
0<u<s Sa
(39) < {30 1B M @603} [ EIZ0) s

By aggregating inequalities (35) to (39), we derive inequality (33). Now, let’s examine
the subsequent inequalities

(40) E( sup ||X1<u>—X2<u>||§2)

0<u<s

<3 'E sup

/ou (S(U —7) = Gp(r, “)R[gr,b],AC(b _ T)>

x (H(r, X' (r),U*(r)) — H(r, X%(r), U(r)))dr .
§3p*1E021};S /0 (S(ufr)fgb(r,u)R[gT,b]’)\S(bfr))

x (F(r, X*(r),U(r)) — F(r, X2(r),U?(r)))dr .
+3p—1E0228 /O (S(ufr)fgb(r,u)R[rb] S(bfr))

x (G(r, X (r),U(r)) — G(r, X?(r),U?(r)))dW (r)

Sa
=377 (I + 2 + J3).

Then, employing a similar method as in equation (37), we can proceed

Bt D =B s /0 *(Stu=1)—Gru)RE ) 1))

x (H(r, X' (r),U*(r)) — H(r, X*(r),U(r drHS

/Ou (St =) = G, w)RE ) SO ~1))

x (F(r, X' (r),U'(r)) = F(r, X*(r),U?(r)))dr||c,
<227 {{W IBIPP ME(B)ME(b) + 1} (MEB) + ME®) b} L,

(41) x /OE( sup [[(X* (v), U (v)) — (XQ(U)’UQ(U))H&X%) dr.

0<v<r

+ E sup
0<u<s




104 AYMEN LESLOUS AND ABBES BENCHAABANE
Similarly, in equation (38), we can employ a comparable method
J3=E sup / (S(u—r) —Qb(nu)R[ DA S(b—r))
0<u<s 0
X (G, X' (r), U (r)) = G(r, X?(r),U%(r)))dW (r)

< or-t {Mf(b) IB||? M + 1} {Mg(b)epb%pfl} L,

(42) X /OSE ( sup [[(X'(v), U (v)) = (X*(v), Uz(”))H]s;ng) dr.

0<v<r

s,

Here, $3;(b) for i = 1,2, 3,4 are defined as follows:

si) == {7 7 ) B Mépw}}
<E [MEOlE, + MEE) (mlE, + G (1+ 1ol + 110" O)112))]
+5p—1 {72’71 {Mf(b) ||BH2p Mgp( )b }} \|Ehy| [P

fab) = 5 {(%)b%”Mi’(b)MﬁpHBII”%(IIBHpb”H}EfoHZ 17 3 )
Ba(b) = 1001 { (3) b3» {o | BIP? M2 (0)ME(b) + 1]
x{bzP(Mp(b)—i—Mp )) + £, ME(b )}}

Ba(v) = 61 { (3) b3» {07 | BIP ME(B)ME (D) +1 }

{bzP(M” (b) + ME(b)) + £, ME(b )}}

Combining (40)—(42), we obtain (34). O
Now let us demonstrate the following straightforward lemma.

Lemma 4.6. Under the conditions (AQ) — (A5), there exist positive constants p;(b) > 0,

fori=1,2,3,4, such that for arbitrary u € [0, s], s € [0,b]:

(s 1000, U @)1,

0<u<s

(43) <u1(b)+uz(b)+u3(b)/OsE<Sup (14 (X (),U <>>||S2Xg3))

0<v<r

and

E (up (X (), U (w)) — (X2(u), U () ||§2X53)
) <) /E(p 1 (X (0), U (0) — (X2(w).U >)|Szxs3)

0<v<s
Proof. Using (22) from Lemma 4.4 and (33) from Lemma 4.5, we obtain, for arbitrary
s €10,b]:
E( sup |(X1(U)»U1(u))||§2xgs>
0<u<s
< k1(b) + Br(b) + ka(b) + Ba(b)

+ (ka®) + 520) [ E( sup (14 [[(X" (o), U o >>|M3>)

0<v<r

< 0) + pa(0) + al0) | E( sup (1+ |<X1<v>,Ul<v>>||§2xs3>) dr.

0<v<r



CONTROLLABILITY OF SECOND-ORDER STOCHASTIC SYSTEMS 105

For the estimates (44), we directly use k4(b) + B4(b) = u4(b). With

i (v) = 5= {7t L 0) | BIP M () |+ 47~ (MR () | BI” ME(b)} |
<E [ME(O)][€0l12, + ME®) (Ilmol B, + Cp(1 + [l , + 1T (0)][2,))]
o=t =t {ag o) 1B M (b))
+4P=1 {ME(0) (| BIP ME(D)}} [P

a(8) = 5 {BAr 1, M ML) [ BI” b+ b + 1)} fy 1Z(0)] oo, 5,7

a(b) = 57~ {or=1C, (2071 4 ME() | BIP ME(b) (14207107 || B” ME(1))) |
x {037 (ME(®) + ME®) + £,M5(0)}

ua(®) = 3771 {bAr 1L, (2071 4 ME(D) B ME) (14 207107 | BP ME())) }
x {03 (M) + ME®)) + £,ME(b) |

This completes the proof. (I

Proof of Theorem 4.1. In order to prove the theorem, we need several steps.
Step 1: Establishing Uniqueness.
Let R > 0. Define the increasing sequence of stopping times as follows:

Tr=inf {s <b: ||(X'(s),U'(s)) = (X*(s), U(5))l[saxse > R},

which represents the exit time from the open ball of radius R. If |[(X(s),Ul(s)) —
(X2(5),U?(5))]|s,xs5 < R for every s € [0,b], then 75 = b.
Let (X5 (s), Ug(s)) = Ijo,7p1(s)(X%(s),U’(s)). Then we have

Xi(8) = Tj0,mn) (5)C(8) X R (0) + Ijo,7) (5)S () (X5 (0) — H (0, X5(0), UR(0)))

ey " Cls — )y (P L, X (), U (1)l
g (5) / Lo (N)S(s — 1) [F(r, Xiy(r), U(r)) + Uh(r)] dr

+ Ij0,75)(5) /O ) Tjo,7) ()8 (s — )G (r, X (r), U (r))dW (r).
And
Up(s) = Ijg,rp) (5)B*S* (b — s)RY  (Ehy — S(b)X§(0)

[0,b], X

— S(b)(X5(0) — H(0, X3(0), Ug(0)))
—L[0,r5)(5) /O B*S*(b = $)Lj0,r) (r)RY,  C(b—1)H(r, X (r), Ug(r))dr
T (s) /0 B S (b= $)j g (VRS S(b— 1) F(r, Xi(r), Uh(r)dr

o (s) [ CB*S* (b= )0 (RS, (S(b— 1)G(r, Xi(r), Uh(r))
— Z(r))dW (r).

Utilizing a method similar to Lemma 4.6, we find

E( sup ||(Xg(u), Ug(u)) — (X%(U)7U§(U))II§2X.<53>

u€(0,s]

< pa(b) /OS B ( s I(XR(v), Uk (v)) — (X?z(v%Uﬁ(v))lé)ﬂsg) dr.
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Define h(s) as

h(s) =E < sup ||(Xg(w), Ug(u)) — (Xé(U),Uﬁ(U))II§2x53> :

u€|0,s]

Then, from the previous inequality, we have

5) < ua(b) /0 " h(r)dr

Since h(s) < RP, both the right-hand side and left-hand side are bounded functions.
Consequently, by Gronwall’s Lemma,

0<h(b)=E ( sup [|(Xg(s), Ug(s)) — (X&(s), Uﬁ(S))l|§2Xg3> <0.

s€0,b]

For all s € [0,b], it’s certain that (X4(s),Uk(s)) = (X#(s),Uz(s)) with probability 1.
Consequently, the processes

(XE(s),Uk(s)) = (Xi(s),Uz(s)), P—almost surely for w € Q,

and for almost every s € [0, b].

Since ¢ sup |[(X1(u), U (u)) — (X2(u),U2(u))|§2X§3} = RP on the event {7 < b}, it
u€(0,s]
follows that

0= E( sup |[(X1(s),UY(s)) — (XQ(S),U2(5))|§2X§3> > RPP(1R < b).

s€[0,7Rr]
Hence

P(rp < ) < ;E( sp [(X!(5), U'(5)) - <X2<s>,02<s>>||§2xg3> < =

s€[0,7r]

which implies P(7p < b) = 0 for any R > 0. Note that 7 increases with R, and as R
tends to infinity, 7g almost surely converges to b for all s € [0,b]. Then

{ sup (Xp(s),Ug(s)) — (X?a(S)»U?a(S))} —>{ sup (X'(s),U"(s)) - (X2(8),U2(8))}

5€[0,b] s€[0,b]
a.s.
By Beppo Levi’s theorem (or Fatou’s lemma), it follows that

B ( sup [[(X7(s), U'(s)) - (X2(8)7U2(S))||ZS)2><S3> =0.

s€0,b]
Consequently
(X1(s),UY(s)) = (X2(5),U%(s)) P—a.s. for w € Q, and for a.e. s € [0,b].

Considering that (X'(s),U'(s)) are solutions of Equation (20), it’s straightforward to
conclude that for any s € [0, b]:
(s

(X1(s5),U(5)) = (X*(5), U%(s)), P-as.
Step 2: Establishing the Boundary Estimate.
Let’s assume R > 0. Then, we define an increasing sequence of stopping times as
follows:
Tr =inf{s <b:[|(X'(s), U (s))lls.xss = R}-
Here, T represents the exit time from the open ball of radius R. If

(X7 (), U (5)llsaxss < R



CONTROLLABILITY OF SECOND-ORDER STOCHASTIC SYSTEMS 107

for every s € [0, b], then we understand 7 = b. Applying a modified version of Lemma
4.6, we derive

E( sup |(X113(U)7U113(U))|§2x83>

u€(0,s]

< 1 (b) + p2(b) + ps(b) /0 E ( sup ([[(Xg(v), Ug(0))IE, xs, + 1)) dr.

ve(0,r]
Define
h(s) =E < sup II(XE(ULU}%(U))lIgQng) :
ve|0,s

Using the preceding inequality, we obtain

) < 1) + alb) + a0+ pa(t) [ " h(r)dr.

Consequently, the left-hand side is bounded as well, leading to an application of Gron-
wall’s inequality.

h(b) =E ( s (X E(s), U}z<s>>||§zxs3> < (pa(b) + 2 (b) + pa(b)b)es ()

The right-hand side remains invariant to variations in R. Let’s now explore the scenario as
R tends towards infinity. It’s crucial to note that due to the continuity of (X!(s),U'(s)),
we have {supse[O’TR] [[(X1(s), Ul(s))HSngS} = RP on {7r < b}. Consequently

E ( up ]|(X1(8)=U1(8))|szxsg> > R'P(Tr < ).
s€(0,7r

As a result:

1 1

P(rr <b) < - E | sup [[(X'(s),U"(8)lsaxss | < 55 (11(b) + pa(b) + pa (b))’ ).
Rp s€[0,7Rr] Rp

Upon taking the limit as R tends to infinity, we observe that P(7g < b) tends to zero.

Notably, 7 increases with R, converging almost surely to b as R approaches infinity for

all s € [0,b]. Consequently, we have the convergence:

{ sup ((XE(S%UE(S)))} — { sup (Xl(S),Ul(S))} a.s.

s€[0,b] s€[0,b]

Furthermore, applying either Beppo Levi’s theorem or Fatou’s lemma yields

E ( sup 1(X7(s), Ul(s))l|§2X53> < (1 (b) + pa(b) + ps(b)b)etr=®).
ue|0,s
Step 3: Establishing Existence.
The proof of existence is based on the classical fixed point theorem for contractions.
Thanks to uniqueness, the existence of a solution on S§2xs3 [0,0] will follow from the

existence of a solution on an arbitrary interval [0, b].
Let 6 e N*, and 0 =by < by < by <--- < bs =0, with b, = kb/d,k=1,---,6. Let

pa(b/0) =3{<§) (2 M0 B M)



108 AYMEN LESLOUS AND ABBES BENCHAABANE

X <1 +2¢71 (g)p | B|I” M§(b/5)>> }

s { (f;) " ME(/5) + ML) + éng(b/a)} |

Then p4(b/d) — 0 as § — oo, for any p > 2.
With § large enough we shall prove that is a strict contraction on the complete metric
space S bo, b1]. The solution of the system (20) on [0,b;] is a fixed point of the

mapping

2><Sg [

Ay 88 s, [bosb1] = SE, s, [bo, b1
defined as follows:

(45)  AX(X,U)(s)

= (C(S)X(bo) + S(s)(X (bo) — H (bo, X (bo), U(bo))) + :C(S —r)H(r, X(r),U(r))dr

i S(s=r)[F(r,X(r),U(r))+ U(r)]dr + i S(s—=r)G(r, X (r),U(r)dW (r),

— B*S*(b; — s)RY [b ol L (b1) (C(b1) X (bo) + S(b1) (X (bo) — H (bo, X (bo),U(bo))) — Ehy, )

B*S*(b - S)Rg (bl)c(bl - T)H(T, X(T)’ U(T))dr

b [r,b1],A
/b B*8*(bi — )R, (b1)S(br — r)F(r, X (r),U(r))dr
bs B*S*(by — s)R[g bl],A(bl)(S(bl —r)G(r,X(r),U(r) — Z(r))dW(r)) .

Utilizing Lemma 4.6, we deduce

E( sup |AA(X(5),U(5))|§2ng)

bo<s<by
<pn) 4 a0) + s (s (1 (KGR, +106)12)))-
055501
Hence, if (X,U) € 8 g, [bo, b1], then A\(U, X) € 8¢ g, [bo, b1]. Then the mapping Ay
is well-defined, meaning if (X,U) € S 5. [bo, b1], then Ax(U, X) € SE ¢ [bo, b1]-
Referring to 4.6, we can infer

B( sup 10X (60,07 (6)) — (LU, )

0<s<by

b1
§M4(b1)/ E( sup [|(X*(v), U (v)) — (X3(v), U*(v ))||52xs3)

b \0<v<r
b1
SM4(b/5)/ E( sup ||(X'(v),U'(v)) — (X3(v),U?(v ))|szxsg>
bo 0<v<r
Let 09 € N*, be such that p4(b/dp)(b1 — by) < 1. Then A, is a strict contraction in

SE, s, [bo, b1] and consequently the system (20) has a unique solution 8¢ s [bo, b1].

Now we consider the interval [bg, bs]. The mapping
Ay SSQ XS [bo’ b2] - ng xSa [bO’ b2]
is defined by A\(X,U)(s) = Eq(45) if s € [bo, b1], and if s €]bq, ba]:
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(46) AN(X,U)(s) = (c<s S B)X (b)) + S(s — 1) (X (by) — H(br, X (b1), U (b))

S

+ C(s—r)H(r,X(r),U(r))dr

by
+ /bsS(s —r)[F(r,X(r),U(r)) + U(r)]dr + /b‘ S(s—=r)G(r, X (r),U(r)dW (r),
— B*S*(by — s)RY (C(by — b1) X (by)

[b1:b2],x

+8(ba — b1)(X'(b1) — H(by, X(b1),U(b1)) — Ehy,)

- /bs B*S* (b — S)R[GMZ],AC([)2 —7)H(r, X (r),U(r))dr

1

- / B*S*(by — s)RY  S(by —r)F(r, X (r),U(r))dr

bl [r,ba], A

_ /bs B*S*(by — S)R[gr,bz],xs(lh —r)(G(r,X(r),U(r) — Z(r))dW(r)) .

Using lemma 4.1 and repeating the same arguments, we cover the whole interval [0,b]. O
Theorem 4.2. Under the assumptions (A0) — (A6), the stochastic differential equation
(1) is approzimately controllable (21).

Proof. Let (X,U) be a fixed point of Ay in S g [0,b]. By Lemma 4.3, X satisfies the

following equality:

X(b) — hy = ARY

[0,b], X

(C(0)X(0) = S(b)(no — H(0,X(0),U(0)) — Ehy)

b b
+/ )\R[gmMC(b—r)H(r,X(r)7U(r))dr+/ ARY  S(b—1r)F (r,X(r),U(r))dr
0 0

[r,b], A

[r,b], A

b
+/O ARY  (S(b—7)G (r, X(r),U(r)) — Z(r)dW (r).

Then
E|IX () = hll < 4°7'E|]ARS, | (C(0)X(0) = S(B)(m0 — H(0, X(0),U(0)) — Ehy) |

b p

+ IR /ARgb]AS(b—r)H(r,X(r),U(r))dr
0 S,
b p

+477'E /)\R[gr_b]_AS(b—r)F(r,X(r),U(r))dr
0 o S5
b P

+ 4B / RS | (S(b—1)(G (r, X (1), U(r) — Z()dW (r)
0 Ss

Since the functions F,G and H are uniformly bounded, 0 < [|ARY | ||P < MZ(b) and

[r,b], A

)\R[gr 0] /\—0>+ 0, A\ = 0% for all 0 < r < b. Therefore, by the Lebesgue dominated
’ —

convergence theorem, we infer that the expectation of E||X (b) — hp||? — 0 as A — 07.
This result establishes approximate controllability. [l
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5. EXISTENCE, UNIQUENESS AND APPROXIMATE CONTROLLABILITY RESULT WITH
NoN-LipscHITZ CONTINUITY

This section addresses the existence and uniqueness of mild solutions to equation (20)
with some relaxed conditions. Along with assumptions (A0) — (A1), we introduce the
following conditions (see [25, 26, 27, 28]):

(A7)  There exists a function N : [0,b] x [0,4+00) — [0, +00), defined as (s,v) —
N(s,v), such that:

E[[H (s, X (5), U(s))lg, + Ell[F(s, X(5), U(s))lg, + ElG(s, X(5), U(s
(47) <N (s, E[X(s)[IE,) + N (s.E|U(s)]§,)

Mz2 0,60

for all s € [0,6] and all (X,U), (X,0) € LP (Q, Fs,S2 x S3).
(A8) The function N(s,v) is locally integrable with respect to s for each fixed
v € [0, +00) and is continuous and non-decreasing in v for each fixed s € [0, b].

06 = ) + 1a(8) + a®) [ NG o)

has a global bounded solution £(s) on [0, b].
(A9)  There is a function K : [0,b] x [0, +00) — [0, +00) such that, for all s € [0, b]
and all (X,U),(X,U) € L? (2, Fs, S x S3)

E||H(s, X(s),U(s)) — H(s, X(s), U(s))[§, + EIlF (s, X(5),U(s)) = F(s, X(5), U(s))II5,
+E[|G(s,X(s), U(s)) — G(5,X(5), U(s)) (s, 5,

< K (s,E|X(s) — X(s)|8,) + K (s,E|[U(s) = U(s)|)

(A10) The function K(s,v) is locally integrable in s for each fixed v € [0, +00)
and continuous and non-decreasing in v for each fixed s € [0,b]. Additionally
K(s,0) = 0. If a non-negative, continuous, bounded function z(s) for s € [0, b]
satisfies

) < is(d) [y K dr, s€]0,b]
(0) =0
for some fi3(b) > 0, then z(s) = 0 for all s € [0, b].

Interpretation of Non-Lipschitz Conditions. Conditions (A7) — (A10) generalize the clas-
sical Lipschitz and linear growth conditions, allowing for a broader class of nonlinearities.
Such conditions are particularly relevant in systems with

e Saturation or threshold effects: In control systems where actuators satu-
rate, the nonlinearity may grow linearly up to a point and then level off, violat-
ing global Lipschitz continuity but satisfying a condition like (A7) with N(s,v)
growing sublinearly.

e Stochastic volatility in finance: In models of asset prices, volatility may de-
pend on the state in a non-Lipschitz manner (e.g., square-root diffusion models),
where the diffusion coefficient is Hélder continuous but not Lipschitz.

e Polynomial or exponential growth: Systems with polynomial nonlinearities
|z|* for @ > 1 do not satisfy global Lipschitz conditions but can be accommodated
by appropriate N and K functions.

e Local Lipschitz with blow-up: Many physical systems (e.g., reaction-diffusion
equations) have locally Lipschitz nonlinearities that may blow up in finite time;
conditions (A8) and (A10) ensure global existence by controlling growth via
integral inequalities.
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Mathematically, these conditions replace the linear bounds L|z — y| with more general
comparison functions K (s, |z — y|) that may grow slower than linearly (e.g., K(s,v) =
vlog(1 + v)) or satisfy Osgood-type conditions fol dv/K(v) = oo that guarantee unique-
ness despite non-Lipschitz behavior. This framework significantly expands the class of
admissible systems while maintaining rigorous controllability results.

Remark 5.1.

o If K(s,v) = Lv for v > 0 and a constant L > 0, then condition (A10) guarantees
the global Lipschitz condition.

e If K is concave with respect to the second variable for each fixed s > 0, and
satisfies

||F(S,l‘,u) - F(Saja ﬂ)”p + ||H(5,x,u) - H(Sa f71])”1) + HG(S,Z‘,U) - G(S,ZE, Q)H;Z%SO,SM
<K (s, llz = 2[7) + K (s, [lu —ul”)
for all (x,u), (Z,u) € So x S3 and s > 0, then, by Jensen’s inequality, condition
(A10) is satisfied.
o Let K(s,v) = n(s)d(v) for s > 0 and v > 0, where n(s) > 0 is locally inte-

grable, and ¥ : [0,+00) — [0,+00) is a continuous, monotone non-decreasing,
and concave function with J(0) = 0 and ¥(v) > 0 for v > 0. Moreover, it holds

that
S1
—— dv = oo.
| e

It can be readily shown that 9 meets the requirements of assumption (A10) (see
[27, Lemma 2.2]) and [28].
e It is essential to note that the Lipschitz condition is a specific instance of these
broader conditions.
Example 5.1 ([29, 30]).

o Consider specific functions J(-), with € € (0, 1) being sufficiently small. We define
) 0<v<e,
+Ye)(v—eg), v>e,

log log(v™1), 0<wv<e,

e Here, ¢ and 9’ represent the left derivatives of ¢ and U at e_. These functions
are concave and non-decreasing, and they satisfy

B _ [ W e
0+ O(v) 04 é(v) '
Theorem 5.1. Under the assumptions that conditions (A0) — (A1), and (A7) — (A10)

hold, there exists a unique mild solution (X*,U") € 8 g [0,0] to the system (48). More-
over, it possesses a continuous modification, and we have

(48) E( sup ||X<s>,U<s>§2Xs3) < &),

0<s<b

where E(b) is a global solution of v(b) on [0,b] such that

b
W(B) = ir (b) + in(b) + fis () /O N, v(r))dr,
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with
i) = 5o~ {7t 7 MR ) | BIPPME ()b |+ 477 (MR ()| BIPME®)} |
XE [ME(b) 6|2, + M) (o2, + N (0, |0, UODIE, xs,))]
vt {mrt L) BIP M () |
+4r L (MR 0| BIPME )} BRI,
a(v) = 5 {bAr L, MEPMEW)BIP (b + b7 + D)} [ 120 s, 5,
is(b) = 5771 0271 (2071 ME)I|BIPME(D) (1 + 207107 B[P ME(D)))
x {037 (ME(®) + ME®) + £,M5(0)}
a(®) = 3071 {p1L, (201 ME(0) |[BIP MB() (1+ 200 | BIP ME(®))) |
x Lo (MEb) + ME®)) + 6,ME®) |

Proof. Step 1: Establishing Uniqueness.
Assume R > 0. We will define an increasing sequence of stopping times as follows:

= inf {s < b1 [ (X1 (5),U"(5) = (X2(),U%(5)) |5, 5, = R}
Using a method similar to that in Theorem 4.1, and by employing hypothesis (A9), we

dr,

can show,

E( sup H Xp(u),Ug(u) — (X7 (w), Un(u ’|§2ng>

u€[0,s]

Sﬂs(b)/o K <TE< . | X&() X?e(f)ngxss)) dr

+ fis(b) / K (TE< sup || Ur(7) me))
0 T€[0,r]

Because K is non-decreasing in v, we can simplify further:

E (uzl[lopq [ (X g (u), Ug(u) — (X7(w), U (u )HS2><S3>

</j3(b)/OSK<T,E< sup H(XR UR( )) ( ( )s UR )Hsszg,))dr‘

w€l(0,r]

Let
4@:E<prXR Uh(w) ~ (%WH%WMQWJ'

u€|0,s]
Then, from the previous inequality, we have

@sm@AZWwMMr

Since z(s) < RP. Consequently, by hypothesis (A10), for all s € [0, b],
(X'(s),U'(s)) = (X%(s),U%(s)), P-as.
(The rest of the proof follows similar steps as in Theorem 4.1).

Step 2: Boundary Estimate.
Let’s suppose R > 0. Then, we introduce an increasing sequence of stopping times

defined as
TR:inf{sgb:H( L(s), U (s) )HSQ><S3ZR}'
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Utilizing a modified version of Theorem 4.1, and considering hypothesis (A7), we derive

E( sup ||(Xg(u), Ug(u HSQXS%)

u€[0,s]
<)+ fa(b) + alt) [ N (E( sup (| (Xk(r). Un(r )ng)» o
0 T€[0,r]
Now, let’s define
v(s)=E ( sup H(XR )HSzXS[;)
T€[0,s]
Using the previous inequality, we can conclude

0(8) < 1 (0) + 7a(t) + ia®) [ " N(rso(r)dr.

Let £(s), s € [0,b], be a global solution of the equation

o(s) = 1 (0) + 7a(t) + ia®) [ "N o(r))dr.

Consequently, the left-hand side is bounded as well, leading to an application of (A8):

v(b) =E ( sup ||(X%(s), Ug(s)) |]§2X§3> < &(b),
s€[0,b]
with the right-hand side remains invariant to variations in R. By analogy with Theorem
4.1, we obtain the estimate (48).
Step 3: Establishing Existence.
In this Step, we introduce Picard-type approximations to (20): Let Ay : S¥
S&, xs, [0, 6], is defined as

Ay (Xm Un) (S) = (XnJrl(S)a Un+1(3)) )

[0,6] =

2 XS3

with

Xnt1(s) = C(s)X(0) + S(s)(X'(0) — H(0,X(0),U(0)))
+ Jo C(s = r)H(r, X (r), Up(r))dr,
+ Jo S(s = 1) [F(r, Xn(r), Un(r)) + BUpn (r)] dr
+fos S(s —=7)G(r, Xn(r), Un(r))dW (r),

)d
Unia(s) = —B*8*(b— )RS | C(b)X(0)
X

—B*§*(b—s)RY | (S(b)(X'(0) = H(0,X(0),U(0)) - Ehy)

— JS B*S*(b - S)Rg AC(b =) H (r, Xn(r), Un(r))dr

— [ B*S* (b~ s)Rg WSO =) F(r, Xy (r), Un(r))dr

— I B*S*( —s)Rg S(b=7r)G(r, Xn(r), Un(r))dW (r)
Z(r

S % Q%
+Jy B*S*(b— 5)RY )AW ().
Our objective in proving existence is to demonstrate that the processes (X,,Un),,~q
converge uniformly on the time interval [0,b] to a process, which we will establish as a

solution.

Claim 1. Under conditions (A0) — (A1), and (A7) — (A10) the operator
Ax 0 88, ks, [0,b] = SE, 5,10, D],

2 XS3

is defined as

AX(X,U)(s) = (X(5),U(s))
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= (C(S)X(O) + S(s)(X(0) — H(0,X(0),U(0))) + /085(5 —r)BU (r)dr
+ /0 C(s—r)H(r,X(r),U(r))dr, —|—/O S(s—=r)F(r,X(r),U(r))dr

+ /OS S(s—r)G(r,X(r),U(r)dW(r)
— B*S*(b— S)R[gmb],/\(b) (C(b)X(0) + S(b)(X(0) — H(0,X(0),U(0))) — Ehy)

/SB S*(b— S)R[g B LW(0)C(b—7r)H (r, X (r),U(r))dr
/ B*S*(b— $)RE., (S — r)F(r, X(1), U(r))dr

—/ B*S*(b— s)R[gT’bL/\(b)(S(b —r)G(r,X(r),U(r) — Z(r))dW(r))) .

0
It is well-defined and continuous for s € [0,b]. By Step 2, we have

E(zﬁﬁmmXW%WW)&wJSﬂﬂ@+m@%HMMAZWn&wMT<w~

The continuity of Ay follows easily.

Claim 2. Under the conditions (A0) — (A1), and (A7) — (A8) the sequence
(Xn,Un), >0 is bounded in the space S%, . 5. [0,b].

For n > 0 we have, by the same argument as in Step 1,

E(S@IMMX() (»gﬂ&>= (sm>WX“4 ), U (u >mﬂ&>

u€l0,s] u€l0,r]

uw€(0,r]

< f1(b) + fi2(b) +ﬂ3(b)/ N (ﬁE ( sup II(X"(U)aU"(U))Hé)stg)) dr.
0
Let £(s), s € [0,b], be a global solution of the equation

(49) v(s) = 11 (b) + fi2(b) + f13(b) /0S N(r,v(r))dr, s€][0,b].

with an initial condition ug = fi1(b) + fi2(b). We shall prove by mathematical induction
that

(50) EﬁgﬁwXWwﬂWwW&@><ﬂﬁ for s € [0,b].

The inequality (50) holds for n = 0 due to the definition of u. Let’s assume that
EQg%mxwwﬂ%mm§@)<sw>fmsemm

Hence, from (49), we deduce that

5(8) —-E ( sup || (XnJrl(u)a Un+1(u)) HIS)2><S3>

u€l0,s]

> fi3(b) /0 (N(S,U(S)) -N <8E< s (X" (w), U™ (u ))”ngSg))) dr

= 0.

These inequalities stem from our induction assumption and condition (A9).
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Claim 3. Under the conditions (A0) — (A1), and (A7) — (A10), the sequence { X}, <,
forms a Cauchy sequence in SS”2 xS [0,0], and its limit represents a mild solution for equa-
tion (48).

Define

An(s) = sgp E ( Sl[lop] |(Xm(u),U"(u))|§2X§3> ,5 €[0,b],n > 0.
m2zn ue|0,s

These functions A,,, for n > 0, are well-defined, uniformly bounded (as per Claim 2), and
exhibit monotone nondecreasing behavior. As {A,(s)},~, is a monotone nonincreasing
sequence for each s € [0, b], there exists a monotone nondecreasing function A such that

(51) lim A, (s) = A(s).

n— oo

Employing an analogous reasoning to that in Claim 2, we deduce that

E( sup [ (X™(u), U™ (u)) = (X" (), U" (u)) §2ng>

u€[0,s]

u€(0,r]

<u3(b) /OSK (SvE < sup [|(X™(w), U™ H(u)) — (X"_l(U),U"_l(u))\]gzxg3>) dr,
implying
(52) A(s) < An(s) < pa(b) /0 "N (r, A1 (1) dr-

Consequently, according to (A10), A is identically zero. The case of a nonnegative,
monotone nondecreasing function A satisfying (52) is discussed in [27, Lemma 2.2]. As
such, we have

E ( sup, (X7 (w), U™ () = (X"(U)vU"(U))II§2X33> < An(b),

and A, (b) — A(b) = 0. Hence

lim E ( sup [[(X™(u), U™ (u)) — (Xn'(u),Un'(u))|§2xs3> =0.

n,m—oo uE[O,b]

Finally, the continuity of the operator A, ensures the last part of the lemma. The
completeness of Sg g [0,0] guarantees the existence of a process (X,U) € Sg, s, [0,0]
such that

nIEEOE< . [(X™(w), U™ (u)) — (X(u)vU(u))|§2><Sg> =0.

Taking the limit
(X,U0) = lim (X;41,Uns1) = li_>m Ay (X, Un) = AN(X,U),

n—oo

we conclude that (X, U) represents a fixed point of Ay. This completes the proof. |

Theorem 5.2. Under the assumptions (A0) — (Al), (A7), and (A8) — (A10), the sto-
chastic differential equation (1) exhibits approzimate controllability.

Proof. The proof is similar to that of Theorem 4.2. O
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6. ILLUSTRATIVE EXAMPLE

In our next example, we explore a problem inspired by [6, 17], which involves an initial
boundary value problem defined as

9 (Za(s,2) — h(s,x(s, 2),u(s,2))) 0s = 525 x(s, ) + u(s, z)0s
+f(s,2(s,2),u(s,z))0s
(53) +g(s,z(s, 2),u(s, z)))dw(s), a.e. on (0,b) x [0, 7],
2(0,2) = £(z), az(o 2 —p(z), ae. on 0,7,
x(s,z) =0, %x(s,z) =0, ae. on (0,b)x9[0,7],

where z € [0,7),&(-) and n(-) € L?(Q, Fo,S2), and w is a Q—Wiener Process. Let
Sl = SQ = Sg = L2[077T:|.

To further analyze this problem, we define functions
f,g 1 X (O,b) X (O,ﬂ') X So X S3 —>SQ, h:Q x (O,b) X (O,ﬂ') X Sy X Sz — £2(SQ,SQ>.
Additionally, we identify this system with an abstract form:

V(w,s,2) € Qx(0,b) x (0,7) :  H(w,s,z(s),u(s))(z) = h(w, s, z,2(s, 2), u(s, 2)),
V(w,s,2) € 2 x(0,0) x (0,7) : Flw,s,2(s),u(s))(2) = flw, s, 2,2(s, 2), u(s, 2)),
V(w,s,2) € @ x(0,0) x (0,m) = Glw,s,2(s),u(s))(2) = fs(w,s,2(s,2), uls, 2)),
V(w,s,2) € 2x(0,0) x (0,7) :  X(0)(2) =&(2), X'(0)(2) = n(2).

With these identifications, observe that (53) can be written in the abstract form:
d(X'(r) = H(r, X (r),U(r))) = [AX(r) + BU(r) + F(r, X (r), U(r))]dr
(54) +G(r, X (r), U(r))dW (r),
X(O) = &o, X/(O) =N, TE [071)]’

where A : Sg — S5 is defined by Ay = 3‘3—;;1/, with domain

d
D(A) = {y €Sy :y and (y) are absolutely continuous,

dz
d2
also (ds:;/> € So,y(0) = y(m) = O} .

- Z 77'2(?47 en)en(2)
n=1

where e, (z) = \/2/msinnz,i =1,2,... z € [0, 7] forms an orthogonal set of eigenvalues
of A. Given that (—A) is positive and self-adjoint in Sg, we can derive from [17, Example
3.3] that A serves as an infinitesimal generator of a strongly continuous cosine family
{C(s):s€]0,b]} in Sg, and its expression is

This operator A can be expressed as

[C(s)y] () = [C7(s)y] (2) = [cos(A™y)] (z) = Y cos(ns)(y, en)en(z), y € S,

n=1

with the associated sine family {S(s) fo r)dr: s € [0,b]} given by

[S(s)yl (z) = [S7(s)y] (2) = [sin(Ay)] (2) = Z —sin(ns)(y, en)en(2), y € Sa.
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The controllability operator G,(7,b) € L (S, S3) is expressed as
>~ 4 b
Gu(ro)l(:) = Y =5 [ sin? (b~ e en)en(z) 07 <.
n=1 o

Hence, Gp(7, s) will be greater than zero for some 7 € [0,b]. Moreover, G, C, and S are
uniformly bounded. It’s not difficult to verify that there exists My (b) = 1 such that for
all0<r<bh 0< H)\Rﬁ,b]HL(&,&) <1, and )\R[gr’b] — 0, converging to zero operator as
A — 07 in the strong operator topology. This is due to the positivity of G,, which implies
the controllability of the deterministic linear system associated with (53) (see [0, 11] ).
Thus, with suitable choices of h, f, and g such that all the conditions of Theorem 4.1 are
satisfied, the system (53) admits a unique solution. Because )\R[gr)b] — 0T, by Theorem

4.2, the system (53) is approximately controllable.

7. CONCLUSIONS

This research examined the approximate controllability of second-order stochastic dif-
ferential equations driven by Q-Wiener processes within a real separable Hilbert space.
We identified conditions for the existence and uniqueness of mild solutions that are less
stringent than the traditional Lipschitz criterion.

Our main findings include:

(1) The existence and uniqueness of mild solutions for the system under relaxed
conditions.

(2) The establishment of approximate controllability using fixed point theory, Picard
approximation, and stopping time theory.

These results advance control theory for stochastic systems, particularly those influ-
enced by Q-Wiener processes, while the relaxed conditions enhance the applicability of
our findings. The incorporation of stopping time theory offers a solid framework for
demonstrating approximate controllability.
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