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AYMEN LESLOUS AND ABBES BENCHAABANE

RELAXED CONDITIONS FOR CONTROLLABILITY OF

STOCHASTIC SYSTEMS WITH CONTROL-DEPENDENT TERMS

This research investigated the approximate controllability of a class of second-order
stochastic differential equations driven by Q-Wiener processes in a real separable

Hilbert space. By employing techniques from stochastic analysis and functional

analysis, we established the existence and uniqueness of mild solutions under relaxed
conditions that are less stringent than the standard Lipschitz criterion. Furthermore,

we proved the approximate controllability of the system using stopping time theory.
Our findings contributed to the advancement of control theory for stochastic systems,

particularly for second-order equations driven by Q-Wiener processes.

1. Introduction

The primary objective of this study was to investigate the approximate controllability
of a second-order stochastic differential equation in a real separable Hilbert space S2.
The equation under consideration is

d(X ′(r)−H(r,X(r), U(r))) = [AX(r) +BU(r) + F (r,X(r), U(r))]dr

+G(r,X(r), U(r))dW (r),

X(0) = ξ0, X ′(0) = η0, r ∈ [0, b].

(1)

In this equation, W represents a Wiener process taking values in S1 with a posi-
tive, nuclear covariance operator Q on a complete probability space (Ω,F , {Fs}s≥0,P),
characterized by Trace(Q) < ∞, and a natural filtration {Fs}s≥0 generated by W .

The operator A : D(A) ⊂ S2 → S2 is a closed, densely defined linear operator that
generates a strongly continuous cosine family on S2. The operator B : S3 → S2 is a
bounded linear operator, while G and F are measurable mappings from [0, b] × S2 × S3
to S2 and L2(S0, S2), respectively. Here, Si represents a real separable Hilbert space,
and L2(S0, S2) denotes the space of all bounded, linear, Q-Hilbert-Schmidt operators
from S0 to S2. Additionally, ξ0 and η0 are F0-measurable S2-valued random variables
independent of W , with finite p ≥ 2 moments. The function U : Ω × [0, b] → S3 serves
as a control.

The theory is developed in infinite dimensions for several reasons. Foremost among
these is its logical extension from functional analysis. First and foremost, it is a logical
progression from functional analysis. In addition, parabolic equations in Hilbert spaces,
as in finite dimensions, are used to characterize systems with an infinite number of degrees
of freedom, including spin configurations in statistical mechanics and crystal structures
in solid-state physics. In disciplines such as mathematical finance, fluid dynamics, and
population biology, diffusion processes are described by infinite-dimensional parabolic
equations. There is an alternative paradigm to nonlinear differential equations: second-
order differential equations. Over the past two decades, there has been a substantial
increase in interest in second-order differential equations (e.g., [1, 2, 3]), resulting in
significant theoretical and applied progress.
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In recent years, several researchers have reported on the existence of mild solutions and
the approximate controllability of second-order semilinear evolution systems in Banach
spaces (see e.g., [4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14] ). Building on Da Prato’s research
on stochastic processes [15] and earlier works, this paper introduces a novel approach to
the study of approximate controllability.

We are able to adapt our methodology to more complex systems under typical con-
ditions by expanding and enhancing the results of prior research (e.g., [4, 6]). However,
there are still a multitude of significant challenges that must be surmounted.

• Firstly, the unique characteristics of the semigroup allow us to utilize Banach’s
fixed point theorem across limited domains. By combining the solutions from
each domain, we may deduce the existence of a solution throughout the entire
domain. By resolving the cosine problem, we demonstrate that this catego-
rization is both practicable and achievable, hence confirming the efficacy of our
methodology.

• The second critical aspect is the guarantee of the uniqueness of the solutions,
which is accomplished through the application of Gronwall’s inequality. How-
ever, this approach frequently disregards the significance of finite factors, despite
its robustness. Gronwall’s inequality is a fundamental component of numerous
authoritative works, which presents a significant challenge. The solution’s conti-
nuity is contingent upon its unboundedness, which is a significant limitation.

The proposed equations are systematically examined in this paper, which is organized as
follows:

(1) Section 2: Families of Sine and Cosine Operators: This section gives
definitions, properties, and crucial results that are pertinent to these operators.

(2) Section 3: Definitions and Preliminaries: Various norms and essential
concepts, including approximate controllability, are defined in this section.

(3) Section 4: Existence, Uniqueness, and Approximate Controllability:
Here, we examine the proposed equations, verify the existence and uniqueness of
mild solutions, and examine their approximate controllability.

(4) Section 5: Existence and Uniqueness under Non-Lipschitz Conditions:
We extend the results to the case of non-Lipschitz coefficients.

(5) Section 6: Illustrative Example: To illustrate the applicability of our results,
we present a concrete example of a second-order stochastic differential equation
within a real separable Hilbert space.

2. Families of Sine and Cosine Operators

Cosine functions have a similar relationship to the second-order Cauchy problem u′′ =
Au as C0-semigroups do to the first-order Cauchy problem u′ = Au. In this section,
we revisit the fundamental elements of cosine families. For a deeper understanding of
continuous cosine and sine families, refer to [16, 17, 18, 19].

Definition 2.1 ([16]). A family indexed by a single parameter, denoted {C(s) : s ∈ R} ⊂
L(S2), is called a strongly continuous cosine family on S2 if it satisfies the following
conditions:

(1) C(s+r)+C(s−r)
2 = C(s)C(r), for all s, r ∈ R.

(2) C(0) = I, where I is the identity operator.
(3) C(s)y is a strongly continuous function of s on R for all y ∈ S2.

• The associated strongly continuous sine family, denoted as{
S(s) =

∫ s

0

C(r)dr : s ∈ R
}

⊂ L(S2),
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satisfies S(0) = 0.
• The generator of a strongly continuous cosine family {C(s) : s ∈ R} is the linear
operator A : D(A) ⊂ S2 → S2 defined as

Ay = lim
α−→0+

2α−2(C(α)− I), for all y ∈ D(A),

where

D(A) =

{
y ∈ S2 | lim

α−→0+
2α−2(C(α)− α) exists

}
.

The existence of a strongly continuous cosine family generated by an operator (A,D(A))
is characterized by a necessary and sufficient condition, akin to the Hille-Yosida generator
theorem in operator semigroup theory.

Theorem 2.1 ([16]). An operator A ∈ L(D(A) ⊆ S2), closed and densely defined on
S2, acts as the infinitesimal generator of a strongly continuous cosine family (C(s))s∈R
with ∥C(s)∥ ≤ Meβ|s| if and only if the resolvent R(A, k2) = (κ2I − A)−1 exists for any
κ ∈ C, and is strongly infinitely differentiable. Moreover∥∥∥∥dmκ

dκm
R(A, κ2)

∥∥∥∥
L(S2)

≤ Mβm!(κ− β)−m−1, for Re(κ) > β, Mβ ≥ 1, and m ∈ N.

Properties of Cosine Families. Now, we present the fundamental properties of cosine
families.

Lemma 2.1 ([16]). Let (A,D(A)) be the infinitesimal generator of a cosine family {C(s) :
s ∈ R} with corresponding sine family {S(s) : s ∈ R}.

• There exist constants Mβ ≥ 1 and β ≥ 0 such that

∥C(s)∥L(S2) ≤ Mβe
β|s|, ∥S(s)∥L(S2) ≤ Mβ |s| eβ|s| for all s ∈ R.

• For any y ∈ S2 and r, s ∈ R∫ s

v

S(r)ydr ∈ D(A), and A

∫ s

v

S(r)ydr = C(s)y − C(v)y.

• There exists M ≥ 1 such that

∥S(s)− S(v)∥L(S2) ≤ M

∣∣∣∣∫ s

v

eβ|r|dr

∣∣∣∣ for all 0 ≤ v ≤ s < ∞.

• If y ∈ D(A), then S(s)y ∈ D(A) and d
dsC(s)y = AS(s)y with lims→0+ AS(s)y =

0.
Additionally

d2

ds2
C(s)y = AC(s)y = C(s)Ay.

Lemma 2.2 ([16]). Let {C(s) : s ∈ R} be a strongly continuous cosine family in S2
satisfying ∥C(s)∥L(S2) ≤ Mβe

β|s| for s ∈ R, where Mβ and β are positive constants, and

(A,D(A)) is its infinitesimal generator. For κ ∈ C with Re(κ) > β, if κ2 ∈ p(A) (where
p(A) is the spectral radius), then

κR(A, k) =

∫ ∞

0

e−κrC(r)ydr = κ(κI −A)−1,

R(A, k) =

∫ ∞

0

e−κrS(r)ydr = (κI −A)−1, for y ∈ S2.
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3. Preliminaries and Notations

Let’s introduce a framework with three separable Hilbert spaces, S1, S2, and S3. Build-
ing upon key concepts from [15], consider a complete probability space (Ω,F ,P), where
an S2-valued stochastic process (X(r))r≥0 is Gaussian if, for any n ∈ N and arbitrary
positive numbers r1, r2, . . . , rn, the Sn2 -valued random variable (X(r1), . . . , X(rn)) follows
a Gaussian distribution.

Now, let’s consider a nonnegative trace class operator Q on S1. A stochastic pro-
cess W (r) in S1 is a Q-Wiener process if it has continuous trajectories, independent
increments, and (W (r)−W (τ)) follows the Gaussian measure N (0, (r − τ)Q).

This setup leads to the existence of a complete orthonormal system {ek} in S1 and a
bounded sequence of nonnegative real numbers such that Qen = λnen. Assuming W (r)
is a Q -Wiener process, several properties emerge, W is Gaussian with E(W (r)) = 0 and
Cov(W (r)) = rQ.

Now, let’s introduce the subspace S0 = Q1/2(S1) of S1, forming a Hilbert space. We
also consider the space of all Hilbert–Schmidt operators L2 := L2(S0, S2) from S0 into
S2, equipped with the norm ∥·∥2L2(S0,S2) := Trace [(·)Q(·)∗].

Now, we consider three separable Hilbert spaces, denoted

(Si, ⟨·, ·⟩Si , ∥·∥S1)

for i = 1, 2, 3. To streamline, we use L(Si, Sj) to denote the space of linear operators
from Si to Sj . When Si equals Sj , we simplify it as L(Si).

In this context, let’s define

• (Ω,F , (Fs)s∈[0,b],P) a complete probability space equipped with a normal filtra-
tion generated by W and F = Fb.

• BS2 : Borel sigma-algebra on the space S2.
• Prog : Progressively measurable σ-fields on Ω× [0, b].
• Lp

S2 (Ω,Fs,P): the Banach space of all stochastic processes X : Ω × [0, b] → S2
such that, for arbitrary s ∈ [0, b], the random variable X(s) is Fs-measurable
and E ∥X(s)∥pS2 < +∞.

• Sp
S2 [0, b]: the Banach space of Prog−measurable and continuous stochastic pro-

cesses X : Ω× [0, b] → S2 such that E
(
sups∈[0,b] ∥X(s)∥pS2

)
< +∞.

• Hp
L2 [0, b]: the Banach space of Prog−measurable processes X : Ω× [0, b] → L2 =

L2(S0, S2) such that E
(∫ b

0
∥X(s)∥2L2 ds

)p/2
< +∞.

4. Primary Findings

Let’s begin by defining the stochastic notion of mild solutions to (1).

Definition 4.1. Consider a stochastic process X ∈ Sp
S2 [b0, b], b0 = 0. We say X consti-

tutes a mild solution of (1) if, for any U ∈ Uad := Sp
S3 [b0, b], it adheres to the following

stochastic integral equation, almost surely with respect to P, for any s ∈ [b0, b],

X(s) = C(s− b0)X(b0) + S(s− b0)(X
′(b0)−H(b0, X(b0), U(b0)))

+

∫ s

b0

C(s− r)H(r,X(r), U(r))dr +

∫ s

b0

S(s− r) [F (r,X(r), U(r)) +BU(r)] dr

+

∫ s

b0

S(s− r)G(r,X(r), U(r))dW (r).

After that, we establish the following property of the solution.
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Lemma 4.1. Let 0 = b0 < b1 < b2 = b. Suppose X ∈ Sp
S2 [b0, b] is a mild solution of (1).

Consider the following system:

(2)


d(X ′(r)−H(r,X(r), U(r))) = [AX(r) +BU(r) + F (r,X(r), U(r))]dr

+G(r,X(r), U(r))dW (r),

X(0) = ξ0, X ′(0) = η0, r ∈ [b0, b1],

and

(3)


d(X ′(r)−H(r,X(r), U(r))) = [AX(r) +BU(r) + F (r,X(r), U(r))]dr

+G(r,X(r), U(r))dW (r),

X(b1) = ξ1, X ′(b1) = η1, r ∈ [b1, b2],

where (ξ1, η1) are the final conditions of (2). Then the solution of the system (2)–(3),
for s ∈ [b0, b2], is given by

X(s) = C(s− b0)X(b0) + S(s− b0) (X
′(b0)−H(b0, X(b0), U(b0)))

+

∫ s

b0

C(s− r)H(r,X(r), U(r))dr +

∫ s

b0

S(s− r) [F (r,X(r), U(r)) +BU(r)] dr

+

∫ s

b0

S(s− r)G(r,X(r), U(r))dW (r).(4)

This means that the solution of the system (2)–(3) is indeed the mild solution of (1).

Proof. In order to demonstrate this, it is necessary to establish that the solution to
equation (3) on the interval [b1, b2] may be expressed as shown in equation (4) for s ∈
[b1, b2]. Clearly, the solution of (3) can be expressed as

X(s) = C(s− b1)X(b1) + S(s− b1)X
′(b1)−H(b1, X(b1), U(b1)))

+

∫ s

b1

C(s− r)H(r,X(r), U(r))dr +

∫ s

b1

S(s− r) [F (r,X(r), U(r)) +BU(r)] dr

+

∫ s

b1

S(s− r)G(r,X(r), U(r))dW (r).(5)

Similarly, for s ∈ [b0, b1], the solution of (2) can be written as

X(s) = C(s− b0)X(b0) + S(s− b0) (X
′(b0)−H(b0, X(b0), U(b0)))

+

∫ s

b0

C(s− r)H(r,X(r), U(r))dr +

∫ s

b0

S(s− r) [F (r,X(r), U(r)) +BU(r)] dr

+

∫ s

b0

S(s− r)G(r,X(r), U(r))dW (r).(6)

According to (6), we can express the initial conditions for (3) as

ξ1 = X(b1) = C(b1 − b0)X(b0) + S(b1 − b0)(X
′(b0)−H(b0, X(b0), U(b0)))

+

∫ b1

b0

C(b1 − r)H(r,X(r), U(r))dr +

∫ b1

b0

S(b1 − r) [F (r,X(r), U(r)) +BU(r)] dr

+

∫ b1

b0

S(b1 − r)G(r,X(r), U(r))dW (r).(7)

And

η1 = X ′(b1) = AS(b1 − b0)X(b0) + C(b1 − b0)(X
′(b0)−H(b0, X(b0), U(b0)))

+

∫ b1

b0

AS(b1 − r)H(r,X(r), U(r))dr +

∫ b1

b0

C(b1 − r) [F (r,X(r), U(r)) +BU(r)] dr
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+

∫ b1

b0

C(b1 − r)G(r,X(r), U(r))dW (r) + C(0)H(b1, X(b1), U(b1)).(8)

Next, let’s combine the expressions (7)–(8) for s ∈ [b1, b2]

C(s− b1)X(b1) + S(s− b1)X
′(b1)

= [C(s− b1)C(b1 − b0) +AS(s− b1)S(b1 − b0)]X(b0)

+ [C(s− b1)S(b1 − b0) + S(s− b1)C(b1 − b0)] (X
′(b0)−H(b0, X(b0), U(b0)))

+

∫ b1

b0

[C(s− b1)C(b1 − r) +AS(s− b1)S(b1 − r)]H(r,X(r), U(r))dr

+

∫ b1

b0

[C(s− b1)S(b1 − r) + S(s− b1))C(b1 − r)] [F (r,X(r), U(r)) +BU(r)] dr

+

∫ b1

b0

[C(s− b1)S(b1 − r) + S(s− b1))C(b1 − r)]G(r,X(r), U(r))dW (r)

+ S(s− b1)H(b1, X(b1), U(b1)).(9)

We can rewrite the left-hand side using the identities (see [17, 19]) S(s+r) = C(r)S(s)+
S(r)C(s) and C(s+ r) = C(r)C(s) +AS(r)S(s), which gives

C(s− b1)X(b1) + S(s− b1) (X
′(b1)−H(b1, X(b1), U(b1)))

= C(s− b0)X(b0) + S(s− b0) (X
′(b0)−H(b0, X(b0), U(b0))) r

+

∫ b1

b0

C(s− r)H(r,X(r), U(r))d +

∫ b1

b0

S(s− r) [F (r,X(r), U(r)) +BU(r)] dr

+

∫ b1

b0

S(s− r)G(r,X(r), U(r))dW (r).(10)

Therefore, by substituting equation (10) into equation (5), we obtain

X(s) = C(s− b1)X(b1) + S(s− b1) (X
′(b1)−H(b1, X(b1), U(b1)))

+

∫ s

b1

C(s− r)H(r,X(r), U(r))dr +

∫ s

b1

S(s− r) [F (r,X(r), U(r)) +BU(r)] dr

+

∫ s

b1

S(s− r)G(r,X(r), U(r))dW (r)

= C(s− b0)X(b0) + S(s− b0) (X
′(b0)−H(b0, X(b0), U(b0)))

+

∫ s

b0

C(s− r)H(r,X(r), U(r))dr +

∫ s

b0

S(s− r) [F (r,X(r), U(r)) +BU(r)] dr

+

∫ s

b0

S(s− r)G(r,X(r), U(r))dW (r).

Thus, the solution of (2)–(3) over the whole interval [b0, b2] matches the mild solution of
(1). This completes the proof. □

Next, we delve into the stochastic counterparts of approximate controllability concepts.

(1) The controllability (stochastic) Gramian operator

Pb : L
p
S2 (Ω,Fb,P) → Lp

S2 (Ω,Fb,P)

is defined by

Pb(0, b)hb =

∫ b

0

S(b− r)BB∗S∗(b− r)E (hb|Fr) dr.
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(2) The operator Gb(τ, s) ∈ L (S2, S3)

Gb(τ, s)y =

∫ s

τ

S(s− r)BB∗S∗(b− r)ydr.

The controllability (deterministic) Gramian operator Gb(τ, b) ∈ L (S2, S3)

Gb(τ, b)y =

∫ b

τ

S(b− r)BB∗S∗(b− r)ydr, 0 ≤ τ < b.

The lemma below gives the relationship between Pb and Gb,

Rρ
[0,b],λ = R(λ,−Pb(0, b)) = (λI + Pb(0, b))

−1
, and RG

[0,b],λ = (λI + Gb(0, b))
−1

.

Lemma 4.2. Consider a random variable hb ∈ Lp
S2 (Ω,Fb,P) where hb is independent of

F0. Then, there exists a process Z in Hp
L2 [0, b] such that: For every hb, we have

(11) E (hb|Fb) = hb = Ehb +

∫ b

0

Z(r)dW (r).

Furthermore

(12) Pb(0, b)hb = Gb(0, b)Ehb +

∫ b

0

Gb(τ, b)Z(τ)dW (τ).

Finally

(13) RP
[0,b],λhb = RG

[0,b],λEhb +

∫ b

0

RG
[τ,b],λZ(τ)dW (τ).

Proof. The proof for (11) is referenced in [20]. Let hb ∈ Lp
S2 (Ω,Fb,P). By a previous

result, we ascertain the existence of Z ∈ Hp
L2 [0, b] such that

E (hb|Fs) = Ehb +

∫ s

0

Z(r)dW (r).

We then utilize the definition of the operator Pb and invoke the stochastic Fubini’s
theorem [15, Theorem 4.33] to derive the desired expression:

Pb(0, b)hb =

∫ b

0

S(b− r)BB∗S∗(b− r)E (hb|Fr) dr

=

∫ b

0

S(b− r)BB∗S∗(b− r)

(
Ehb +

∫ r

0

Z(τ)dW (τ)

)
dr

=

∫ b

0

S(b− r)BB∗S∗(b− r)Ehb +

∫ b

0

(∫ r

0

S(b− r)CC∗S∗(b− r)Z(τ)dW (τ)

)
dr

=

∫ b

0

S(b− r)BB∗S∗(b− r)Ehb +

∫ b

0

(∫ b

τ

S(b− r)CC∗S∗(b− r)dr

)
Z(τ)dW (τ)

= Gb(0, b)Ehb +

∫ b

0

Gb(τ, b)Z(τ)dW (τ).

It then follows, from (11)–(12) and another prior result, that for any hb, h
′
b ∈ Lp

S2 (Ω,Fb,P),

there exist Z,Z ′ ∈ Hp
L2 [0, b] such that

hb = Ehb +

∫ b

0

Z(τ)dW (τ), h′
b = Eh′

b +

∫ b

0

Z ′(τ)dW (τ),

and

Pb(0, b)hb = Gb(0, b)Ehb +

∫ b

0

Gb(τ, b)Z(τ)dW (τ).
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Now, let hb = RP
[0,b],λh

′
b. Consequently

h′
b = λhb + Pb(0, b)hb = λEhb + λ

∫ b

0

Z(τ)W (τ) + Gb(0, b)Ehb +

∫ b

0

Gb(τ, b)Z(τ)dW (τ)

= (λI + Gb(0, b)) Ehb +

∫ b

0

(λI + Gb(τ, b))Z(τ)dW (τ).

One can easily see that
Eh′

b − (λI + Gb(0, b)) Ehb = 0,

and by the Burkholder-Davis-Gundy inequalities [21, Theorem 3.49] and Doob’s Inequal-
ity, we obtain

Z(τ) = (λI + Gb(τ, b))
−1

Z ′(τ).

Hence

RP
[0,b],λh

′
b = hb = Ehb +

∫ b

0

Z(τ)W (τ)

= (λI + Gb(0, b))
−1

Eh′
b +

∫ b

0

(λI + Gb(τ, b))
−1

Z ′(τ)dW (τ).

Thus, the lemma is demonstrated. □

Definition 4.2. The system described by Equation (1) is termed approximately control-
lable over the interval [0, b] if the range space R̄(b) coincides with Lp

S2 (Ω,Fb,P). If R(b)

equals Lp
S2 (Ω,Fb,P), the system is termed exactly controllable. Here, R(b) is defined as

the set
{X(b,X(0), X ′(0), U) : U ∈ Sp

S3 [0, b]},
where

X(b,X(0), X ′(0), U) = C(b)X(0) + S(b)(X ′(0)−H(0, X(0), U(0)))

+

∫ b

0

S(b− r)H(r,X(r), U(r))dr +

∫ b

0

S(b− r) [F (r,X(r), U(r)) +BU(r)] dr

+

∫ b

0

S(b− r)G(r,X(r), U(r))dW (r).

The linear regulator problem is defined as follows.

Definition 4.3 (Minimum Energy Principle [22, 23]). Minimize

J(U) = E ∥X(b)− hb∥pS2 + λE

(
sup

s∈[0,b]

∥U(s)∥pS3

)
.

Over all U ∈ Sp
S3 [0, b], where X(b) is a state process, hb ∈ Lp

S2 (Ω,Fb,P), λ > 0, and

E(hb|Fb) = hb = Ehb +
∫ b

0
Z(r)dW (r) is as defined in Lemma 4.2.

Assumptions. To formulate and prove our main results, we require the following assump-
tions.

(A0) C(r),S(r) : S2 → S2 are strongly continuous cosine families generated by the
operator A, where C and S are the cosine and sine families, respectively.

(A1) F,H : Ω× [0, b]× S2 × S3 → S2, and G : Ω× [0, b]× S2 × S3 → L2(S0, S2) are
differentiable, and
(i) The functions

F : Ω× [0, b]× S2 × S3 → S2, H : Ω× [0, b]× S2 × S3 → S2,
(ω, s, y, u) 7→ F (ω, s, y, u), (ω, s, y, u) 7→ H(ω, s, y, u)

are measurably mapped from (Prog × BS2 × BS3) into (S2,BS2).
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(ii) The function

G : Ω× [0, b]× S2 × S3 → L2(S0, S2),
(ω, s, y, u) 7→ G(ω, s, y, u)

is measurable from (Prog × BS2 × BS3) into (L2(S0, S2),BL2(S0,S2)).
(A2) There exists a constant Cp > 0 such that for all (y1, u1), (y2, u2) ∈ S2 × S3

and (ω, s) ∈ Ω× [0, b]:

∥H(ω, s, y, u)∥pS2 + ∥F (ω, s, y, u)∥pS2 + ∥G(ω, s, y, u)∥pL2(S0,S2) ≤ Cp

(
1 + ∥y∥pS2 + ∥u∥pS3

)
.

(A3) There exists a constant Lp > 0 such that for all (y1, u1), (y2, u2) ∈ S2 × S3
and (ω, s) ∈ Ω× [0, b]:

∥F (ω, s, y1, u1)− F (ω, s, y2, u2)∥pS2 + ∥H(ω, s, y1, u1)−H(ω, s, y2, u2)∥pS2
≤ Lp

(
∥y1 − y2∥pS2 + ∥u1 − u2∥pS3

)
,

and

∥G(ω, s, y1, u1)−G(ω, s, y2, u2)∥pL2(S0,S2) ≤ Lp

(
∥y1 − y2∥pS2 + ∥u1 − u2∥pS3

)
.

(A4) X(0) and X ′(0) are F0-measurable, S2-valued random variables independent
of W with finite p ≥ 2 moments.

(A5) There exists a constant M̃λ(b) > 0 such that for all 0 ≤ r < b:

0 < ∥λRG
[r,b]∥L(S3,S2) ≤ M̃λ(b).

(A6) λRG
[r,b] −→

λ→0+
0 (converges to the zero operator as λ → 0+ in strong operator

topology), and there exists a constant Cp > 0 such that for all (y1, u1), (y2, u2) ∈
S2 × S3 and (ω, s) ∈ Ω× [0, b]:

∥H(ω, s, y, u)∥pS2 + ∥F (ω, s, y, u)∥pS2 + ∥G(ω, s, y, u)∥pL2(S0,S2 )
≤ Cp.

Let ∥B∥ = ∥B∥L(S3,S2), and define

MC(b) = sup
0≤s≤b

∥C(s)∥L(S2), MS(b) = sup
0≤s≤b

∥S(s)∥L(S2), Mλ(b) = sup
r∈[0,b]

∥RG
[r,b],λ∥L(S3,S2).

The following lemma is derived by analogy to [24, Lemma 4] and [23, Lemma 2.4].

Lemma 4.3. Under assumptions (A0)− (A5), for any arbitrary hb ∈ Lp (Ω,Fb, S2), the
following control

(14) U(s) = −B∗S∗(b− s)RG
[0,b],λ

[C(b)X(0) + S(b)(X ′(0)−H(0, X(0), U(0))− Ehb]

+

∫ s

0

B∗S∗(b− r)RG
[r,b],λ

Z(r)dW (r)−
∫ s

0

B∗S∗(b− s)RG
[r,b],λ

C(b− r)H(r,X(r), U(r))dr

−
∫ s

0

B∗S∗(b− s)RG
[r,b],λ

S(b− r)F (r,X(r), U(r))dr

−
∫ s

0

B∗S∗(b− s)RG
[r,b],λ

S(b− r)G(r,X(r), U(r))dW (r),

leads the system from

(15) X(s) = C(s)X(0) + S(s) [X ′(0)−H(0, X(0), U(0))]

+

∫ s

0

C(s− r)H(r,X(r), U(r))ds+

∫ s

0

S(s− r) [F (r,X(r), U(r)) +BU(r)] ds

+

∫ s

0

S(s− r)G(r,X(r), U(r))dW (r),

to
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(16) X(s) = C(s)X(0) + S(s)X ′(0)

− Gb(0, s)R
G
[0,b],λ

[C(b)X(0) + S(b)(X ′(0)−H(0, X(0), U(0))− Ehb]

+

∫ s

0

(
C(s− r)− Gb(r, s)R

G
[r,b],λ

C(b− r)
)
H(r,X(r), U(r))dr

+

∫ s

0

(
S(s− r)− Gb(r, s)R

G
[r,b],λ

S(b− r)
)
F (r,X(r), U(r))dr

+

∫ s

0

(
S(s− r)− Gb(r, s)R

G
[r,b],λ

S(b− r)
)
G(r,X(r), U(r))dW (r)

+

∫ s

0

Gb(r, s)R
G
[r,b],λ

Z(r)dW (r).

If s = b, we obtain

(17) X(b)− hb = λRG
[0,b],λ

(C(b)X(0) + S(b)(X ′(0)−H(0, X(0), U(0))− Ehb)

+

∫ b

0

λRG
[r,b],λ

C(b− r)H(r,X(r), U(r))dr +

∫ b

0

λRG
[r,b],λ

S(b− r)F (r,X(r), U(r))dr

+

∫ b

0

λRG
[r,b],λ

(S(b− r)G(r,X(r), U(r))− Z(r))dW (r),

where E(hb|Fb) = hb = Ehb +
∫ b

0
Z(r)dW (r) (see Lemma 4.2).

To avoid confusion, let’s prove it.

Proof. Substituting (14) into (15) and applying the stochastic Fubini theorem [15, The-
orem 4.33], it becomes apparent that

(18) X(s) = −
∫ s

0

S(s− r)BB∗S∗(b− r)RG
[0,b],λ

[C(b)X(0)

−S(b)(X ′(0)−H(0, X(0), U(0))− Ehb] dr

−
∫ s

0

(∫ s

τ

S(s− r)BB∗S∗(b− r)dr

)
RG

[τ,b],λ
C(b− τ)H(τ,X(τ), U(τ))dτ

−
∫ s

0

(∫ s

τ

S(s− r)BB∗S∗(b− r)dr

)
RG

[τ,b],λ
S(b− τ)F (τ,X(τ), U(τ))dτ

−
∫ s

0

(∫ s

τ

S(s− r)BB∗S∗(b− r)dr

)
RG

[τ,b],λ
(S(b− τ)G(τ,X(τ), U(τ))− Z(τ))dW (τ)

+

∫ s

0

C(s− τ)H(τ,X(τ), U(τ))dτ +

∫ s

0

S(s− τ)F (τ,X(τ), U(τ))dτ

+

∫ s

0

S(s− τ)G(τ,X(τ), U(τ))dW (τ).

This completes the proof of equation (16). Rewriting equation (18) at s = b, we have

X(b) = C(b)X(0) + S(b)(X ′(0)−H(0, X(0), U(0)))

− Gb(0, b)R
G
[0,b],λ

(C(b)X(0) + S(b)(X ′(0)−H(0, X(0), U(0))− Ehb)

+

∫ b

0

(I − Gb(r, b)R
G
[r,b],λ

)C(b− r)H(r,X(r), U(r))dr

+

∫ b

0

(I − Gb(r, b)R
G
[r,b],λ

)S(b− r)F (r,X(r), U(r))dr
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+

∫ b

0

(I − Gb(r, b))R
G
[r,b],λ

)S(b− r)G(r,X(r), U(r))dW (r)

+

∫ b

0

Gb(r, b)R
G
[r,b],λ

Z(r)dr.

By utilizing λRG
[r,b],λ + Gb(r, b)R

G
[r,b],λ = I, we can simplify

X(b) = C(b)X(0) + S(b)(X ′(0)−H(0, X(0), U(0)))

+(λRG
[0,b],λ

− I) (C(b)X(0) + S(b)(X ′(0)−H(0, X(0), U(0))− Ehb)

+

∫ b

0

λRG
[r,b],λ

C(b− r)H(r,X(r), U(r))dr +

∫ b

0

λRG
[r,b],λ

S(b− r)F (r,X(r), U(r))dr

+

∫ b

0

λRG
[r,b],λ

S(b− r)G(r,X(r), U(r))dW (r) +

∫ b

0

(I − λRG
[r,b],λ

)Z(r)dr.(19)

Using the martingale representation 4.2, we can express E(hb|Fb) as

hb = Ehb +

∫ b

0

Z(r)dW (r)

as shown in (19). This expression leads to the conclusion mentioned in (17). □

Approximate controllability. Now we announce the main result of the article.
Let λ > 0. We first need to establish that there exists a unique mild solution to

(20)



X(s) = C(s)X(0) + S(s)(X ′(0)−H(0, X(0), U(0)))

+
∫ s

0
C(s− r)H(r,X(r), U(r))dr,

+
∫ s

0
S(s− r) [F (r,X(r), U(r)) +BU(r)] dr

+
∫ s

0
S(s− r)G(r,X(r), U(r))dW (r),

U(s) = −B∗S∗(b− s)RG
[0,b],λ

C(b)X(0)

−B∗S∗(b− s)RG
[0,b],λ

(S(b)(X ′(0)−H(0, X(0), U(0))− Ehb)

−
∫ s

0
B∗S∗(b− s)RG

[r,b],λ
C(b− r)H(r,X(r), U(r))dr

−
∫ s

0
B∗S∗(b− s)RG

[r,b],λ
S(b− r)F (r,X(r), U(r))dr

−
∫ s

0
B∗S∗(b− s)RG

[r,b],λ
S(b− r)G(r,X(r), U(r))dW (r)

+
∫ s

0
B∗S∗(b− s)RG

[r,b],λ
Z(r)dW (r).

Theorem 4.1. Under the assumptions that conditions (A0)− (A5) hold, there exists a
unique mild solution

(
Xi, U i

)
∈ Sp

S2×S3 [0, b] to the system (20). Moreover, it possesses
a continuous modification, and we have

(21) E

(
sup

0≤s≤b
∥X(s), U(s)∥pS2×S3

)
≤ (µ1(b) + µ2(b) + µ3(b)b) exp(µ1(b)b).

Whereas constants are involved in the Lemma 4.6.

An a priori estimate. Without loss of generality, we prove the following estimates. As-
sume (Xi, U i) ∈ Sp

S2×S3 [0, b] are two solutions to the system (20) with λ > 0.

Lemma 4.4. Under the assumptions (A0)− (A5), there exist positive constants ki, for
i = 1, · · · , 4, such that, for every s ∈ [0, b],

E

(
sup

0≤u≤s
||U i(u)||pS3

)
≤ k1(b) + k2(b) + k3(b)

∫ s

0

E

(
sup

0≤v≤r

(
1 + ||(X1(v), U1(v))||pS2×S3

))
dr,(22)
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and

E

(
sup

0≤u≤s
||U1(u)− U2(u)||pS3

)
≤ k4(b)

∫ s

0

E

(
sup

0≤v≤r
||(X1(v), U1(v))− (X2(v), U2(v))||pS2×S3

)
dr.(23)

Proof. Throughout the proof, we frequently use the inequality: x1, · · · , xm ∈ Si, i = 2, 3,
α > 0,

(24) ∥x1 + · · ·+ xm∥αSi ≤ max(mα−1, 1)(∥x1∥αSi + · · ·+ ∥xm∥αSi).

For the proof of the first inequality in (22), we have, for every s ∈ [0, b],

E

(
sup

0≤u≤s
||U1(u)||pS3

)
≤ 5p−1E sup

0≤u≤s

∥∥∥B∗S∗(b− u)RG
[0,b],λ

[
Ehb − C(b)ξ0 − S(b)(η0 −H(0, ξ0, U

1(0))
]∥∥∥p

S3

+5p−1E sup
0≤u≤s

∥∥∥∥∫ u

0

B∗S∗(b− u)RG
[r,b],λ

C(b− r)H(r,X1(r), U1(r))dr

∥∥∥∥p
S3

+5p−1E sup
0≤u≤s

∥∥∥∥∫ u

0

B∗S∗(b− u)RG
[r,b],λ

S(b− r)F (r,X1(r), U1(r))dr

∥∥∥∥p
S3

+5p−1E sup
0≤u≤s

∥∥∥∥∫ u

0

B∗S∗(b− u)RG
[r,b],λ

S(b− r)G(r,X1(r), U1(r))dW (r)

∥∥∥∥p
S3

+5p−1E sup
0≤u≤s

∥∥∥∥∫ u

0

B∗S∗(b− u)RG
[r,b],λ

Z(r)dW (r)

∥∥∥∥p
S3

= 5p−1(I1 + I2 + I3 + I4 + I5).(25)

For I1, we can observe that

I1 = E

(
sup

0≤u≤s

∥∥∥B∗S∗(b− u)RG
[0,b],λ

[
Ehb − C(b)ξ0 − S(b)(η0 −H(0, ξ0, U

1(0))
]∥∥∥p

S3

)
≤ 4p−1 {Mp

λ(b) ∥B∥p Mp
S(b)}

×E
[
||Ehb||pS2 +Mp

C(b)||ξ0||
p
S2 +Mp

S(b)
(
||η0||pS2 + Cp(1 + ||ξ0||pS2 + ||U1(0)||pS3)

)]
.(26)

Now, by Hölder’s inequality, for I2 + I3, we have

I2 + I3 = E sup
0≤u≤s

∥∥∥∥∫ u

0

B∗S∗(b− u)RG
[r,b],λ

C(b− r)H(r,X1(r), U1(r))dr

∥∥∥∥p
S3

+ E sup
0≤u≤s

∥∥∥∥∫ u

0

B∗S∗(b− u)RG
[r,b],λ

S(b− r)F (r,X1(r), U1(r))dr

∥∥∥∥p
S3

≤
{
∥B∥p Mp

λ(b)M
p
S(b)M

p
C(b)b

p−1
}∫ s

0

E
(
||H(r,X1(r), U1(r))||pS2

)
dr

+
{
∥B∥p Mp

λ(b)M
2p
S (b)bp−1

}∫ s

0

E
(
||F (r,X1(r), U1(r))||pS2

)
dr

≤
{
Mp

λ(b) ∥B∥p Mp
S(b) (M

p
C(b) +Mp

S(b)) b
p−1
}
Cp

×
∫ s

0

E

(
sup

0≤v≤r

(
1 + ||(X1(v), U1(v))||pS2×S3

))
dr.(27)
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By applying the Lp(p ≥ 2) inequalities for stochastic integrals ([15, Theorem 4.37]), and
then employing Hölder’s inequality, we find

I4 = E sup
0≤u≤s

∥∥∥∥∫ u

0

B∗S∗(b− u)RG
[r,b],λ

S(b− r)G(r,X1(r), U1(r))dW (r)

∥∥∥∥p
S3

≤ ℓp

{∫ s

0

(
E||B∗S∗(b− s)RG

[r,b],λ
S(b− r)G(r,X1(r), U1(r))||pS3

) 2
p

dr

} p
2

≤
{
Mp

λ(b) ∥B∥p M2p
S (b)ℓp

}{∫ s

0

{
E

(
sup

0≤v≤r
||G(v,X1(v), U1(v))||pL2(S0,S2)

)} 2
p

dr

} p
2

≤
{
Mp

λ(b) ∥B∥p M2p
S (b)ℓp

}
Cp

{∫ s

0

{
E

(
sup

0≤v≤r
(1 + ||(X1(v), U1(v))||pS2×S3)

)} 2
p

dr

} p
2

≤
{
Mp

λ(b) ∥B∥p M2p
S (b)ℓpb

p
2−1
}
Cp

×
∫ s

0

E

(
sup

0≤v≤r

(
1 + ||(X1(v), U1(v))||pS2×S3

))
dr.(28)

By applying the Lp inequalities for stochastic integrals, we have, respectively, by Hölder’s
inequality

I5 = E sup
0≤u≤s

∥∥∥∥∫ u

0

B∗S∗(b− u)RG
[r,b],λ

Z(r)dW (r)

∥∥∥∥p
S3

≤
{∫ s

0

(
E||B∗S∗(b− s)RG

[r,b],λ
Z(r)||pL2(S0,S2)

) 2
p

dr

} p
2

≤
{
Mp

λ(b) ∥B∥p M2p
S (b)ℓpb

p
2−1
}∫ s

0

E||Z(r)||pL2(S0,S2)dr.(29)

Therefore, combining inequalities (25)–(29) yields inequality (22). For the proof of the
second estimates (23), we have, for every s ∈ [0, b],

(30) E

(
sup

0≤u≤s
||U1(u)− U2(u)||pS3

)
≤ 3p−1E sup

0≤u≤s

∥∥∥∥∫ u

0

B∗S∗(b− u)RG
[r,b],λ

C(b− r)(H(r,X1(r), U1(r))

−H(r,X2(r), U2(r)))dr

∥∥∥∥p
S3

+ 3p−1E sup
0≤u≤s

∥∥∥∥∫ u

0

B∗S∗(b− u)RG
[r,b],λ

S(b− r)(F (r,X1(r), U1(r))

− F (r,X2(r), U2(r)))dr

∥∥∥∥p
S3

+ 3p−1E sup
0≤u≤s

∥∥∥∥∫ u

0

B∗S∗(b− u)RG
[r,b],λ

S(b− r)(G(r,X1(r), U1(r))

−G(r,X2(r), U2(r)))dW (r)

∥∥∥∥p
S3

= 3p−1(J1+J2+J3).

For J1+J2, employing a similar method as in (27), we obtain
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(31) J1 + J2 = E sup
0≤u≤s

∥∥∥∥∫ u

0

B∗S∗(b− u)RG
[r,b],λ

S(b− r)(H(r,X1(r), U1(r))

−H(r,X2(r), U2(r)))dr

∥∥∥∥p
S3

+ E sup
0≤u≤s

∥∥∥∥∫ u

0

B∗S∗(b− u)RG
[r,b],λ

C(b− r)(F (r,X1(r), U1(r))

− F (r,X2(r), U2(r)))dr

∥∥∥∥p
S3

≤
{
Mp

λ(b) ∥B∥p Mp
S(b) (M

p
C(b) +Mp

S(b)) b
p−1
}
Lp

×
∫ s

0

E

(
sup

0≤v≤r
||(X1(v), U1(v))− (X2(v), U2(v))||pS2×S3

)
dr.

For J3, employing a similar method as in (28), we obtain

(32) J3 = E sup
0≤u≤s

∥∥∥∥∫ u

0

B∗S∗(b− u)RG
[r,b],λ

S(b− r)(G(r,X1(r), U1(r))

−G(r,X2(r), U2(r)))dW (r)

∥∥∥∥p
S3

≤
{
Mp

λ(b) ∥B∥p M2p
S (b)ℓpb

p
2−1
}
Lp

×
∫ s

0

E

(
sup

0≤v≤r
||(X1(v), U1(v))− (X2(v), U2(v))||pS2×S3

)
dr.

The constants ki(b) are given by

k1(b) = 5p−1
{
4p−1 {Mp

λ(b) ∥B∥p Mp
S(b)}

}
×E

[
Mp

C(b)||ξ0||
p
S2 +Mp

S(b)
(
||η0||pS2 + Cp(1 + ||ξ0||pS2 + ||U1(0)||pS3)

)]
+5p−1

{
4p−1 {Mp

λ(b) ∥B∥p Mp
S(b)} ||Ehb||pS2

}
k2(b) = 5p−1

{(
1
b

)
b

1
2pMp

λ(b) ∥B∥p M2p
S (b)ℓp

}∫ b

0
E||Z(r)||pL2(S0,S2)dr,

k3(b) = 5p−1
{(

1
b

)
b

1
2p ∥B∥p Mp

λ(b)M
p
S(b)

}{
b

1
2p(Mp

C(b) +Mp
S(b)) +Mp

S(b)ℓp

}
Cp,

k4(b) = 3p−1
{(

1
b

)
b

1
2p ∥B∥p Mp

λ(b)M
p
S(b)

}{
b

1
2p(Mp

C(b) +Mp
S(b)) +Mp

S(b)ℓp

}
Lp.

Hence, plugging (31)–(32) inequalities into (30), we find (23). □

Lemma 4.5. Under the conditions (A0)− (A6) there exist βi(b) > 0, i = 1, · · · , 4, such
that for any s ∈ [0, b],

E

(
sup

0≤u≤s
||X1(u)||pS2

)
≤ β1(b) + β2(b) + β3(b)

∫ s

0

E

(
sup

0≤v≤r

(
1 + ||(X1(v), U1(v))||pS2×S3

))
dr,(33)

and

E

(
sup

0≤u≤s
||X1(u)−X2(u)||pS2

)
≤ β4(b)

∫ s

0

E

(
sup

0≤v≤r
||(X1(v), U1(v))− (X2(v), U2(v))||pS2×S3

)
dr.(34)



102 AYMEN LESLOUS AND ABBES BENCHAABANE

Proof. Using Lemma 4.3, we can express the inequality as

E

(
sup

0≤u≤s
||X1(u)||pS2

)
≤ 5p−1E

[
sup

0≤u≤s
∥C(u)ξ0 + S(u)(η0 −H(0, ξ0, U(0)))

+ Gb(0, u)R
G
[0,b],λ

[
Ehb − C(b)ξ0 − S(b)(η0 −H(0, ξ0, U

1(0))
]∥∥∥p

S2

]
+5p−1E sup

0≤u≤s

∥∥∥∥∫ u

0

(C(u− r)− Gb(r, u)R
G
[r,b],λ

C(b− r))H(r,X1(r), U1(r))dr

∥∥∥∥p
S2

+5p−1E sup
0≤u≤s

∥∥∥∥∫ u

0

(S(u− r)− Gb(r, u)R
G
[r,b],λ

S(b− r))F (r,X1(r), U1(r))dr

∥∥∥∥p
S2

+5p−1E sup
0≤u≤s

∥∥∥∥∫ u

0

(S(u− r)− Gb(r, u)R
G
[r,b],λ

S(b− r))G(r,X1(r), U1(r))dW (r)

∥∥∥∥p
S2

+5p−1E sup
0≤u≤s

∥∥∥∥∫ u

0

Gb(r, u)R
G
[r,b],λ

Z(r)dr

∥∥∥∥p
S2

= 5p−1(I1 + I2 + I3 + I4 + I5).(35)

Regarding I1, it is evident that

I1 = E

[
sup

0≤u≤s
∥C(u)ξ0 + S(u)(η0 −H(0, ξ0, U(0)))

+ Gb(0, u)R
G
[0,b],λ

[
Ehb − C(b)ξ0 − S(b)(η0 −H(0, ξ0, U

1(0))
]∥∥∥p

S2

]
≤ 7p−1E

[
Mp

C(b)||ξ0||
p
S2 +Mp

S(b)
(
||η0||pS2 + Cp

(
1 + ||ξ0||pS2 + ||U1(0)||pS3

))]
+7p−1

{
Mp

λ(b) ∥B∥2p M2p
S (b)bp

}
×E

[
||Ehb||p +Mp

C(b)||ξ0||
p
S2 +Mp

S(b)
(
||η0||pS2 + Cp

(
1 + ||ξ0||pS2 + ||U1(0)||pS3

))]
.(36)

By applying Hölder’s inequality, we get

I2 + I3 = E sup
0≤u≤s

∥∥∥∥∫ u

0

(C(u− r)− Gb(r, u)R
G
[r,b],λ

C(b− r))H(r,X1(r), U1(r))dr

∥∥∥∥p
S2

+ E sup
0≤u≤s

∥∥∥∥∫ u

0

(S(u− r)− Gb(r, u)R
G
[r,b],λ

S(b− r))F (r,X1(r), U1(r))dr

∥∥∥∥p
S2

≤ 2p−1
{
Mp

C(b)b
p−1 +Mp

λ(b) ∥B∥2p M2p
S (b)Mp

C(b)b
2p−1

}
Cp

×
∫ s

0

E

(
sup

0≤v≤r
(1 + ||X1(v)||pS2 + ||U1(v)||pS3)

)
dr

+ 2p−1
{
Mp

S(b)b
p−1 +Mp

λ(b) ∥B∥2p M3p
S (b)b2p−1

}
Cp

×
∫ s

0

E

(
sup

0≤v≤r
(1 + ||X1(v)||pS2 + ||U1(v)||pS3)

)
dr

= 2p−1bp−1Cp (M
p
C(b) +Mp

S(b))
{
bp ∥B∥2p M2p

S (b)Mp
λ(b) + 1

}
×
∫ s

0

E

(
sup

0≤v≤r

(
1 + ||(X1(v), U1(v))||pS2×S3

))
dr.(37)
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Using both the Lp inequalities for stochastic integrals and Hölder’s inequality, we have

I4 = E sup
0≤u≤s

∥∥∥∥∫ u

0

(S(u− r)− Gb(r, u)R
G
[r,b],λ

S(b− r))G(r,X1(r), U1(r))dW (r)

∥∥∥∥p
S2

≤ 2p−1
{
Mp

λ(b) ∥B∥2p M2p
S (b)bp + 1

}{
Mp

S(b)ℓpb
1
2p−1

}
Cp

×
∫ s

0

E

(
sup

0≤v≤r

(
1 + ||(X1(v), U1(v))||pS2×S3

))
dr.(38)

By the Lp inequalities for stochastic integrals, and Hölder’s inequality, we have

I5 = E sup
0≤u≤s

∥∥∥∥∫ u

0

Gb(r, u)R
G
[r,b],λ

Z(r)dr

∥∥∥∥p
S2

≤
{
Mp

λ(b) ∥B∥2p M2p
S (b)ℓpb

3
2p−1

}∫ s

0

E||Z(r)||pL2(S0,S2)dr.(39)

By aggregating inequalities (35) to (39), we derive inequality (33). Now, let’s examine
the subsequent inequalities

(40) E

(
sup

0≤u≤s
∥X1(u)−X2(u)∥pS2

)
≤ 3p−1E sup

0≤u≤s

∥∥∥∥∫ u

0

(
S(u− r)− Gb(r, u)R

G
[r,b],λC(b− r)

)
× (H(r,X1(r), U1(r))−H(r,X2(r), U2(r)))dr

∥∥∥∥p
S2

≤ 3p−1E sup
0≤u≤s

∥∥∥∥∫ u

0

(
S(u− r)− Gb(r, u)R

G
[r,b],λS(b− r)

)
× (F (r,X1(r), U1(r))− F (r,X2(r), U2(r)))dr

∥∥∥∥p
S2

+ 3p−1E sup
0≤u≤s

∥∥∥∥∫ u

0

(
S(u− r)− Gb(r, u)R

G
[r,b],λS(b− r)

)
× (G(r,X1(r), U1(r))−G(r,X2(r), U2(r)))dW (r)

∥∥∥∥p
S2

= 3p−1(J1 + J2 + J3).

Then, employing a similar method as in equation (37), we can proceed

J1 + J2 = E sup
0≤u≤s

∥∥∥∥∫ u

0

(
S(u− r)− Gb(r, u)R

G
[r,b],λC(b− r)

)
× (H(r,X1(r), U1(r))−H(r,X2(r), U2(r)))dr

∥∥p
S2

+ E sup
0≤u≤s

∥∥∥∥∫ u

0

(
S(u− r)− Gb(r, u)R

G
[r,b],λS(b− r)

)
× (F (r,X1(r), U1(r))− F (r,X2(r), U2(r)))dr

∥∥p
S2

≤ 2p−1
{{

bp ∥B∥2p M2p
S (b)Mp

λ(b) + 1
}
(Mp

C(b) +Mp
S(b)) b

p−1
}
Lp

×
∫ s

0

E

(
sup

0≤v≤r
∥(X1(v), U1(v))− (X2(v), U2(v))∥pS2×S3

)
dr.(41)
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Similarly, in equation (38), we can employ a comparable method

J3 = E sup
0≤u≤s

∥∥∥∥∫ u

0

(
S(u− r)− Gb(r, u)R

G
[r,b],λS(b− r)

)
× (G(r,X1(r), U1(r))−G(r,X2(r), U2(r)))dW (r)

∥∥p
S2

≤ 2p−1
{
Mp

λ(b) ∥B∥2p Mbp + 1
}{

Mp
S(b)ℓpb

1
2p−1

}
Lp

×
∫ s

0

E

(
sup

0≤v≤r

∥∥(X1(v), U1(v))− (X2(v), U2(v))
∥∥p
S2×S3

)
dr.(42)

Here, βi(b) for i = 1, 2, 3, 4 are defined as follows:

β1(b) = 5p−1
{
7p−1 + 7p−1

{
Mp

λ(b) ∥B∥2p M2p
S (b)bp

}}
×E

[
Mp

C(b)||ξ0||
p
S2 +Mp

S(b)
(
||η0||pS2 + Cp

(
1 + ||ξ0||pS2 + ||U1(0)||pS3

))]
+5p−1

{
7p−1

{
Mp

λ(b) ∥B∥2p M2p
S (b)bp

}}
||Ehb||p

β2(b) = 5p−1
{(

1
b

)
b

1
2pMp

λ(b)M
2p
S ∥B∥p ℓp (∥B∥p bp + 1)

}
E
∫ b

0
||Z(r)||pL2(S0,S2)dr,

β3(b) = 10p−1
{(

1
b

)
b

1
2p
{
bp ∥B∥2p M2p

S (b)Mp
λ(b) + 1

}
×
{
b

1
2p(Mp

C(b) +Mp
S(b)) + ℓpM

p
S(b)

}}
Cp,

β4(b) = 6p−1
{(

1
b

)
b

1
2p
{
bp ∥B∥2p M2p

S (b)Mp
λ(b) + 1

}
×
{
b

1
2p(Mp

C(b) +Mp
S(b)) + ℓpM

p
S(b)

}}
Lp.

Combining (40)–(42), we obtain (34). □

Now let us demonstrate the following straightforward lemma.

Lemma 4.6. Under the conditions (A0)− (A5), there exist positive constants µi(b) > 0,
for i = 1, 2, 3, 4, such that for arbitrary u ∈ [0, s], s ∈ [0, b]:

E

(
sup

0≤u≤s
||(X1(u), U1(u))||pS2×S3

)
≤ µ1(b) + µ2(b) + µ3(b)

∫ s

0

E

(
sup

0≤v≤r

(
1 + ||(X1(v), U1(v))||pS2×S3

))
dr,(43)

and

E

(
sup

0≤u≤s
||
(
X1(u), U1(u)

)
−
(
X2(u), U2(u)

)
||pS2×S3

)
≤ µ4(b)

∫ s

0

E

(
sup

0≤v≤s
||
(
X1(v), U1(v)

)
−
(
X2(u), U2(v)

)
||pS2×S3

)
dr.(44)

Proof. Using (22) from Lemma 4.4 and (33) from Lemma 4.5, we obtain, for arbitrary
s ∈ [0, b]:

E

(
sup

0≤u≤s
||(X1(u), U1(u))||pS2×S3

)
≤ k1(b) + β1(b) + k2(b) + β2(b)

+ (k3(b) + β3(b))

∫ s

0

E

(
sup

0≤v≤r
(1 + ||(X1(v), U1(v))||pS2×S3)

)
dr

≤ µ1(b) + µ2(b) + µ3(b)

∫ s

0

E

(
sup

0≤v≤r
(1 + ||(X1(v), U1(v))||pS2×S3)

)
dr.
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For the estimates (44), we directly use k4(b) + β4(b) = µ4(b). With

µ1(b) = 5p−1
{
7p−1 + 7p−1

{
Mp

λ(b) ∥B∥2p M2p
S (b)bp

}
+ 4p−1 {Mp

λ(b) ∥B∥p Mp
S(b)}

}
×E

[
Mp

C(b)||ξ0||
p
S2 +Mp

S(b)
(
||η0||pS2 + Cp(1 + ||ξ0||pS2 + ||U1(0)||pS3)

)]
+5p−1

{
7p−1

{
Mp

λ(b) ∥B∥2p M2p
S (b)bp

}
+4p−1 {Mp

λ(b) ∥B∥p Mp
S(b)}

}
||Ehb||p

µ2(b) = 5p−1
{
b

1
2p−1ℓpM

2p
S Mp

λ(b) ∥B∥p (b+ bp + 1)
}∫ b

0
||Z(r)||pL2(S0,S2)dr

µ3(b) = 5p−1
{
b

1
2p−1Cp

(
2p−1 +Mp

λ(b) ∥B∥p Mp
S(b)

(
1 + 2p−1bp ∥B∥p Mp

S(b)
))}

×
{
b

1
2p(Mp

C(b) +Mp
S(b)) + ℓpM

p
S(b)

}
µ4(b) = 3p−1

{
b

1
2p−1Lp

(
2p−1 +Mp

λ(b) ∥B∥p Mp
S(b)

(
1 + 2p−1bp ∥B∥p Mp

S(b)
))}

×
{
b

1
2p(Mp

C(b) +Mp
S(b)) + ℓpM

p
S(b)

}
This completes the proof. □

Proof of Theorem 4.1. In order to prove the theorem, we need several steps.
Step 1: Establishing Uniqueness.
Let R > 0. Define the increasing sequence of stopping times as follows:

τR = inf
{
s ≤ b : ||(X1(s), U1(s))− (X2(s), U2(s))||S2×S3 ≥ R

}
,

which represents the exit time from the open ball of radius R. If ||(X1(s), U1(s)) −
(X2(s), U2(s))||S2×S3 < R for every s ∈ [0, b], then τR = b.
Let (Xi

R(s), U
i
R(s)) = I[0,τR](s)(X

i(s), U i(s)). Then we have

Xi
R(s) = I[0,τR](s)C(s)Xi

R(0) + I[0,τR](s)S(s)(Xi′
R(0)−H(0, Xi

R(0), U
i
R(0)))

+ I[0,τR](s)

∫ s

0

C(s− r)I[0,τR](r)H(r,Xi(r), U i(r))dr

+ I[0,τR](s)

∫ s

0

I[0,τR](r)S(s− r)
[
F (r,Xi

R(r), U
i
R(r)) + U i

R(r)
]
dr

+ I[0,τR](s)

∫ s

0

I[0,τR](r)S(s− r)G(r,Xi
R(r), U

i
R(r))dW (r).

And

U i
R(s) = I[0,τR](s)B

∗S∗(b− s)RG
[0,b],λ

(
Ehb − S(b)Xi

R(0)

− S(b)(Xi′
R(0)−H(0, Xi

R(0), U
i
R(0))

)
− I[0,τR](s)

∫ s

0

B∗S∗(b− s)I[0,τR](r)R
G
[r,b],λ

C(b− r)H(r,Xi
R(r), U

i
R(r))dr

− I[0,τR](s)

∫ s

0

B∗S∗(b− s)I[0,τR](r)R
G
[r,b],λ

S(b− r)F (r,Xi
R(r), U

i
R(r))dr

− I[0,τR](s)

∫ s

0

B∗S∗(b− s)I[0,τR](r)R
G
[r,b],λ

(S(b− r)G(r,Xi
R(r), U

i
R(r))

− Z(r))dW (r).

Utilizing a method similar to Lemma 4.6, we find

E

(
sup

u∈[0,s]

||(X1
R(u), U

1
R(u))− (X2

R(u), U
2
R(u))||

p
S2×S3

)

≤ µ4(b)

∫ s

0

E

(
sup

v∈[0,r]

||(X1
R(v), U

2
R(v))− (X2

R(v), U
2
R(v))||

p
S2×S3

)
dr.
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Define h(s) as

h(s) = E

(
sup

u∈[0,s]

||(X1
R(u), U

1
R(u))− (X2

R(u), U
2
R(u))||

p
S2×S3

)
.

Then, from the previous inequality, we have

h(s) ≤ µ4(b)

∫ s

0

h(r)dr.

Since h(s) < Rp, both the right-hand side and left-hand side are bounded functions.
Consequently, by Gronwall’s Lemma,

0 ≤ h(b) = E

(
sup

s∈[0,b]

||(X1
R(s), U

1
R(s))− (X2

R(s), U
2
R(s))||

p
S2×S3

)
≤ 0.

For all s ∈ [0, b], it’s certain that (X1
R(s), U

1
R(s)) = (X2

R(s), U
2
R(s)) with probability 1.

Consequently, the processes

(X1
R(s), U

1
R(s)) = (X2

R(s), U
2
R(s)), P−almost surely for ω ∈ Ω,

and for almost every s ∈ [0, b].

Since

{
sup

u∈[0,s]

||(X1(u), U1(u))− (X2(u), U2(u))||pS2×S3

}
= Rp on the event {τR < b}, it

follows that

0 = E

(
sup

s∈[0,τR]

||(X1(s), U1(s))− (X2(s), U2(s))||pS2×S3

)
≥ RpP(τR < b).

Hence

P(τR < b) ≤ 1

Rp
E

(
sup

s∈[0,τR]

||(X1(s), U1(s))− (X2(s), U2(s))||pS2×S3

)
≤ 0

Rp
,

which implies P(τR < b) = 0 for any R > 0. Note that τR increases with R, and as R
tends to infinity, τR almost surely converges to b for all s ∈ [0, b]. Then{

sup
s∈[0,b]

(X1
R(s), U

1
R(s))− (X2

R(s), U
2
R(s))

}
−→

{
sup

s∈[0,b]

(X1(s), U1(s))− (X2(s), U2(s))

}
a.s.

By Beppo Levi’s theorem (or Fatou’s lemma), it follows that

E

(
sup

s∈[0,b]

||(X1(s), U1(s))− (X2(s), U2(s))||pS2×S3

)
= 0.

Consequently

(X1(s), U1(s)) = (X2(s), U2(s)) P−a.s. for ω ∈ Ω, and for a.e. s ∈ [0, b].

Considering that (X1(s), U1(s)) are solutions of Equation (20), it’s straightforward to
conclude that for any s ∈ [0, b]:

(X1(s), U1(s)) = (X2(s), U2(s)), P−a.s.

Step 2: Establishing the Boundary Estimate.
Let’s assume R > 0. Then, we define an increasing sequence of stopping times as

follows:
τR = inf{s ≤ b : ||(X1(s), U1(s))||S2×S3 ≥ R}.

Here, τR represents the exit time from the open ball of radius R. If

||(X1(s), U1(s))||S2×S3 < R
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for every s ∈ [0, b], then we understand τR = b. Applying a modified version of Lemma
4.6, we derive

E

(
sup

u∈[0,s]

||(X1
R(u), U

1
R(u))||

p
S2×S3

)

≤ µ1(b) + µ2(b) + µ3(b)

∫ s

0

E

(
sup

v∈[0,r]

(
||(X1

R(v), U
1
R(v))||

p
S2×S3 + 1

))
dr.

Define

h(s) = E

(
sup

v∈[0,s]

||(X1
R(u), U

1
R(u))||

p
S2×S3

)
.

Using the preceding inequality, we obtain

h(s) ≤ µ1(b) + µ2(b) + µ3(b)b+ µ3(b)

∫ s

0

h(r)dr.

Consequently, the left-hand side is bounded as well, leading to an application of Gron-
wall’s inequality.

h(b) = E

(
sup

s∈[0,b]

||(X1
R(s), U

1
R(s))||

p
S2×S3

)
≤ (µ1(b) + µ2(b) + µ3(b)b)e

bµ3(b).

The right-hand side remains invariant to variations inR. Let’s now explore the scenario as
R tends towards infinity. It’s crucial to note that due to the continuity of (X1(s), U1(s)),

we have
{
sups∈[0,τR] ||(X1(s), U1(s))||S2×S3

}
= Rp on {τR < b}. Consequently

E

(
sup

s∈[0,τR]

||(X1(s), U1(s))||S2×S3

)
≥ RpP(τR < b).

As a result:

P(τR < b) ≤ 1

Rp
E

(
sup

s∈[0,τR]

||(X1(s), U1(s))||S2×S3

)
≤ 1

Rp
(µ1(b) + µ2(b) + µ3(b)b)e

bµ3(b).

Upon taking the limit as R tends to infinity, we observe that P(τR < b) tends to zero.
Notably, τR increases with R, converging almost surely to b as R approaches infinity for
all s ∈ [0, b]. Consequently, we have the convergence:{

sup
s∈[0,b]

((X1
R(s), U

1
R(s)))

}
−→

{
sup

s∈[0,b]

(X1(s), U1(s))

}
a.s.

Furthermore, applying either Beppo Levi’s theorem or Fatou’s lemma yields

E

(
sup

u∈[0,s]

||(X1(s), U1(s))||pS2×S3

)
≤ (µ1(b) + µ2(b) + µ3(b)b)e

bµ3(b).

Step 3: Establishing Existence.
The proof of existence is based on the classical fixed point theorem for contractions.

Thanks to uniqueness, the existence of a solution on Sp
S2×S3 [0, b] will follow from the

existence of a solution on an arbitrary interval [0, b].
Let δ ∈ N∗, and 0 = b0 < b1 < b2 < · · · < bδ = b, with bk = kb/δ, k = 1, · · · , δ. Let

µ4(b/δ) = 3p−1

{(
b

δ

) 1
2p−1

Lp

(
2p−1 +Mp

λ(b/δ) ∥B∥p Mp
S(b/δ)
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×
(
1 + 2p−1

(
b

δ

)p

∥B∥p Mp
S(b/δ)

))}

×

{(
b

δ

) 1
2p

(Mp
C(b/δ) +Mp

S(b/δ)) + ℓpM
p
S(b/δ)

}
.

Then µ4(b/δ) −→ 0 as δ −→ ∞, for any p ≥ 2.
With δ large enough we shall prove that is a strict contraction on the complete metric

space Sp
S2×S3 [b0, b1]. The solution of the system (20) on [0, b1] is a fixed point of the

mapping

Λλ : Sp
S2×S3 [b0, b1] → Sp

S2×S3 [b0, b1] ,

defined as follows:

(45) Λλ(X,U)(s)

=

(
C(s)X(b0) + S(s)(X(b0)−H(b0, X(b0), U(b0))) +

∫ s

b0

C(s− r)H(r,X(r), U(r))dr

+

∫ s

b0

S(s− r) [F (r,X(r), U(r)) + U(r)] dr +

∫ s

b0

S(s− r)G(r,X(r), U(r))dW (r),

−B∗S∗(b1 − s)RG
[b0,b1],λ

(b1) (C(b1)X(b0) + S(b1) (X(b0)−H(b0, X(b0), U(b0)))− Ehb1)

−
∫ s

b0

B∗S∗(b1 − s)RG
[r,b1],λ

(b1)C(b1 − r)H(r,X(r), U(r))dr

−
∫ s

b0

B∗S∗(b1 − s)RG
[r,b1],λ

(b1)S(b1 − r)F (r,X(r), U(r))dr

−
∫ s

b0

B∗S∗(b1 − s)RG
[r,b1],λ

(b1)(S(b1 − r)G(r,X(r), U(r)− Z(r))dW (r)

)
.

Utilizing Lemma 4.6, we deduce

E
(

sup
b0≤s≤b1

||Λλ(X(s), U(s))||pS2×S3

)
≤ µ1(b1) + µ2(b1) + µ3(b1)b1E

(
sup

b0≤s≤b1

(
1 +

(
∥X(s)∥pS2 + ∥U(s)∥pS3

)))
.

Hence, if (X,U) ∈ Sp
S2×S3 [b0, b1], then Λλ(U,X) ∈ Sp

S2×S3 [b0, b1]. Then the mapping Λλ

is well-defined, meaning if (X,U) ∈ Sp
S2×S3 [b0, b1], then Λλ(U,X) ∈ Sp

S2×S3 [b0, b1].
Referring to 4.6, we can infer

E

(
sup

0≤s≤b1

||(X1(s), U1(s))− (X2(s), U2(s))||pS2×S3

)
≤ µ4(b1)

∫ b1

b0

E

(
sup

0≤v≤r
||(X1(v), U1(v))− (X2(v), U2(v))||pS2×S3

)
dr

≤ µ4(b/δ)

∫ b1

b0

E

(
sup

0≤v≤r
||(X1(v), U1(v))− (X2(v), U2(v))||pS2×S3

)
dr.

Let δ0 ∈ N∗, be such that µ4(b/δ0)(b1 − b0) < 1. Then Λλ is a strict contraction in
Sp
S2×S3 [b0, b1] and consequently the system (20) has a unique solution Sp

S2×S3 [b0, b1].
Now we consider the interval [b0, b2]. The mapping

Λλ : Sp
S2×S3 [b0, b2] → Sp

S2×S3 [b0, b2] ,

is defined by Λλ(X,U)(s) = Eq(45) if s ∈ [b0, b1], and if s ∈]b1, b2]:



CONTROLLABILITY OF SECOND-ORDER STOCHASTIC SYSTEMS 109

(46) Λλ(X,U)(s) =

(
C(s− b1)X(b1) + S(s− b1) (X

′(b1)−H(b1, X(b1), U(b1)))

+

∫ s

b1

C(s− r)H(r,X(r), U(r))dr

+

∫ s

b1

S(s− r) [F (r,X(r), U(r)) + U(r)] dr +

∫ s

b1

S(s− r)G(r,X(r), U(r))dW (r),

−B∗S∗(b2 − s)RG
[b1,b2],λ

(C(b2 − b1)X(b1)

+S(b2 − b1)(X
′(b1)−H(b1, X(b1), U(b1))− Ehb2)

−
∫ s

b1

B∗S∗(b2 − s)RG
[r,b2],λ

C(b2 − r)H(r,X(r), U(r))dr

−
∫ s

b1

B∗S∗(b2 − s)RG
[r,b2],λ

S(b2 − r)F (r,X(r), U(r))dr

−
∫ s

b1

B∗S∗(b2 − s)RG
[r,b2],λ

S(b2 − r)(G(r,X(r), U(r)− Z(r))dW (r)

)
.

Using lemma 4.1 and repeating the same arguments, we cover the whole interval [0, b]. □

Theorem 4.2. Under the assumptions (A0)− (A6), the stochastic differential equation
(1) is approximately controllable (21).

Proof. Let (X,U) be a fixed point of Λλ in Sp
S2×S3 [0, b] . By Lemma 4.3, X satisfies the

following equality:

X(b)− hb = λRG
[0,b],λ

(C(b)X(0)− S(b)(η0 −H(0, X(0), U(0))− Ehb)

+

∫ b

0

λRG
[r,b],λ

C(b− r)H (r,X(r), U(r)) dr +

∫ b

0

λRG
[r,b],λ

S(b− r)F (r,X(r), U(r)) dr

+

∫ b

0

λRG
[r,b],λ

(S(b− r)G (r,X(r), U(r))− Z(r)dW (r).

Then

E||X(b)− hb|| ≤ 4p−1E
∥∥∥λRG

[0,b],λ
(C(b)X(0)− S(b)(η0 −H(0, X(0), U(0))− Ehb)

∥∥∥p
+ 4p−1E

∥∥∥∥∥
∫ b

0

λRG
[r,b],λ

S(b− r)H (r,X(r), U(r)) dr

∥∥∥∥∥
p

S2

+ 4p−1E

∥∥∥∥∥
∫ b

0

λRG
[r,b],λ

S(b− r)F (r,X(r), U(r)) dr

∥∥∥∥∥
p

S2

+ 4p−1E

∥∥∥∥∥
∫ b

0

λRG
[r,b],λ

(S(b− r)(G (r,X(r), U(r))− Z(r))dW (r)

∥∥∥∥∥
p

S2

.

Since the functions F,G and H are uniformly bounded, 0 < ||λRG
[r,b],λ

||p ≤ M̃p
λ(b) and

λRG
[r,b] −→

λ→0+
0, λ → 0+ for all 0 ≤ r < b. Therefore, by the Lebesgue dominated

convergence theorem, we infer that the expectation of E||X(b) − hb||p → 0 as λ → 0+.
This result establishes approximate controllability. □
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5. Existence, Uniqueness and Approximate controllability Result with
Non-Lipschitz Continuity

This section addresses the existence and uniqueness of mild solutions to equation (20)
with some relaxed conditions. Along with assumptions (A0)− (A1), we introduce the
following conditions (see [25, 26, 27, 28]):

(A7) There exists a function N : [0, b] × [0,+∞) → [0,+∞), defined as (s, v) →
N(s, v), such that:

E∥H(s,X(s), U(s))∥pS2 + E∥F (s,X(s), U(s))∥pS2 + E∥G(s,X(s), U(s))∥pL2(S0,S2)

≤ N
(
s,E∥X(s)∥pS2

)
+N

(
s,E∥U(s)∥pS2

)
(47)

for all s ∈ [0, b] and all (X,U), (X̄, Ū) ∈ Lp (Ω,Fs, S2 × S3).
(A8) The function N(s, v) is locally integrable with respect to s for each fixed

v ∈ [0,+∞) and is continuous and non-decreasing in v for each fixed s ∈ [0, b].

v(s) = µ̃1(b) + µ̃2(b) + µ̃3(b)

∫ s

0

N(r, v(r))dr

has a global bounded solution E(s) on [0, b].
(A9) There is a function K : [0, b]× [0,+∞) → [0,+∞) such that, for all s ∈ [0, b]

and all (X,U), (X̄, Ū) ∈ Lp (Ω,Fs, S2 × S3)

E∥H(s,X(s), U(s))−H(s, X̄(s), Ū(s))∥pS2 + E∥F (s,X(s), U(s))− F (s, X̄(s), Ū(s))∥pS2
+E∥G(s,X(s), U(s))−G(s, X̄(s), Ū(s))∥pL2(S0,S2)

≤ K
(
s,E∥X(s)− X̄(s)∥pS2

)
+K

(
s,E∥U(s)− Ū(s)∥pS3

)
(A10) The function K(s, v) is locally integrable in s for each fixed v ∈ [0,+∞)

and continuous and non-decreasing in v for each fixed s ∈ [0, b]. Additionally
K(s, 0) = 0. If a non-negative, continuous, bounded function z(s) for s ∈ [0, b]
satisfies {

z(s) ≤ µ̃3(b)
∫ s

0
K(r, z(r))dr, s ∈ [0, b]

z(0) = 0

for some µ̃3(b) > 0, then z(s) = 0 for all s ∈ [0, b].

Interpretation of Non-Lipschitz Conditions. Conditions (A7)− (A10) generalize the clas-
sical Lipschitz and linear growth conditions, allowing for a broader class of nonlinearities.
Such conditions are particularly relevant in systems with

• Saturation or threshold effects: In control systems where actuators satu-
rate, the nonlinearity may grow linearly up to a point and then level off, violat-
ing global Lipschitz continuity but satisfying a condition like (A7) with N(s, v)
growing sublinearly.

• Stochastic volatility in finance: In models of asset prices, volatility may de-
pend on the state in a non-Lipschitz manner (e.g., square-root diffusion models),
where the diffusion coefficient is Hölder continuous but not Lipschitz.

• Polynomial or exponential growth: Systems with polynomial nonlinearities
|x|α for α > 1 do not satisfy global Lipschitz conditions but can be accommodated
by appropriate N and K functions.

• Local Lipschitz with blow-up: Many physical systems (e.g., reaction-diffusion
equations) have locally Lipschitz nonlinearities that may blow up in finite time;
conditions (A8) and (A10) ensure global existence by controlling growth via
integral inequalities.
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Mathematically, these conditions replace the linear bounds L|x − y| with more general
comparison functions K(s, |x − y|) that may grow slower than linearly (e.g., K(s, v) =

v log(1 + v)) or satisfy Osgood-type conditions
∫ 1

0
dv/K(v) = ∞ that guarantee unique-

ness despite non-Lipschitz behavior. This framework significantly expands the class of
admissible systems while maintaining rigorous controllability results.

Remark 5.1.

• If K(s, v) = Lv for v ≥ 0 and a constant L > 0, then condition (A10) guarantees
the global Lipschitz condition.

• If K is concave with respect to the second variable for each fixed s ≥ 0, and
satisfies

∥F (s, x, u)− F (s, x̄, ū)∥p + ∥H(s, x, u)−H(s, x̄, ū)∥p + ∥G(s, x, u)−G(s, x̄, ū)∥pL2(S0,S2)

≤ K (s, ∥x− x̄∥p) +K (s, ∥u− ū∥p)

for all (x, u), (x̄, ū) ∈ S2 × S3 and s ≥ 0, then, by Jensen’s inequality, condition
(A10) is satisfied.

• Let K(s, v) = η(s)ϑ(v) for s ≥ 0 and v ≥ 0, where η(s) ≥ 0 is locally inte-
grable, and ϑ : [0,+∞) → [0,+∞) is a continuous, monotone non-decreasing,
and concave function with ϑ(0) = 0 and ϑ(v) > 0 for v > 0. Moreover, it holds
that ∫ s

0

1

ϑ(v)
dv = ∞.

It can be readily shown that ϑ meets the requirements of assumption (A10) (see
[27, Lemma 2.2]) and [28].

• It is essential to note that the Lipschitz condition is a specific instance of these
broader conditions.

Example 5.1 ([29, 30]).

• Consider specific functions ϑ(·), with ε ∈ (0, 1) being sufficiently small. We define

ϑ(v) =

{
v log(v−1), 0 ≤ v ≤ ε,

ε log(ε−1) + ϑ(ε−)(v − ε), v > ε,

ϑ̃(v) =

{
v log(v−1) log log(v−1), 0 ≤ v ≤ ε,

ε log(ε−1) log log(ε−1) + ϑ̃(ε−)(v − ε), v > ε.

• Here, ϑ′ and ϑ̃′ represent the left derivatives of ϑ and ϑ̃ at ε−. These functions
are concave and non-decreasing, and they satisfy∫

0+

dy

ϑ(v)
=

∫
0+

dy

ϑ̃(v)
= +∞.

Theorem 5.1. Under the assumptions that conditions (A0)− (A1), and (A7)− (A10)
hold, there exists a unique mild solution (Xi, U i) ∈ Sp

S2×S3 [0, b] to the system (48). More-
over, it possesses a continuous modification, and we have

(48) E

(
sup

0≤s≤b
∥X(s), U(s)∥pS2×S3

)
≤ E(b),

where E(b) is a global solution of v(b) on [0, b] such that

v(b) = µ̃1(b) + µ̃2(b) + µ̃3(b)

∫ b

0

N(r, v(r))dr,
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with

µ̃1(b) = 5p−1
{
7p−1 + 7p−1

{
Mp

λ(b)∥B∥2pM2p
S (b)bp

}
+ 4p−1 {Mp

λ(b)∥B∥pMp
S(b)}

}
×E

[
Mp

C(b) ∥ξ0∥
p
S2 +Mp

S(b)
(
∥η0∥pS2 +N

(
0, ∥(ξ0, U(0))∥pS2×S3

))]
+5p−1

{
7p−1

{
Mp

λ(b)∥B∥2pM2p
S (b)bp

}
+4p−1 {Mp

λ(b)∥B∥pMp
S(b)}

}
∥Ehb∥p ,

µ̃2(b) = 5p−1
{
b

1
2p−1ℓpM

2p
S Mp

λ(b)∥B∥p (b+ bp + 1)
}∫ b

0
∥Z(r)∥pL2(S0,S2) dr,

µ̃3(b) = 5p−1
{
b

1
2p−1

(
2p−1 +Mp

λ(b)∥B∥pMp
S(b)

(
1 + 2p−1bp∥B∥pMp

S(b)
))}

×
{
b

1
2p (Mp

C(b) +Mp
S(b)) + ℓpM

p
S(b)

}
,

µ4(b) = 3p−1
{
b

1
2p−1Lp

(
2p−1 +Mp

λ(b) ∥B∥p Mp
S(b)

(
1 + 2p−1bp ∥B∥p Mp

S(b)
))}

×
{
b

1
2p(Mp

C(b) +Mp
S(b)) + ℓpM

p
S(b)

}
.

Proof. Step 1: Establishing Uniqueness.
Assume R > 0. We will define an increasing sequence of stopping times as follows:

τR = inf
{
s ≤ b :

∥∥(X1(s), U1(s)
)
−
(
X2(s), U2(s)

)∥∥
S2×S3

≥ R
}
.

Using a method similar to that in Theorem 4.1, and by employing hypothesis (A9), we
can show,

E

(
sup

u∈[0,s]

∥∥(X1
R(u), U

2
R(u)

)
−
(
X2

R(u), U
2
R(u)

)∥∥p
S2×S3

)

≤ µ̃3(b)

∫ s

0

K

(
r,E

(
sup

τ∈[0,r]

∥∥X1
R(τ)−X2

R(τ)
∥∥p
S2×S3

))
dr

+ µ̃3(b)

∫ s

0

K

(
r,E

(
sup

τ∈[0,r]

∥∥U1
R(τ)− U2

R(τ)
∥∥p
S2×S3

))
dr.

Because K is non-decreasing in v, we can simplify further:

E

(
sup

u∈[0,s]

∥∥(X1
R(u), U

1
R(u)

)
−
(
X2

R(u), U
2
R(u)

)∥∥p
S2×S3

)

≤µ̃3(b)

∫ s

0

K

(
r,E

(
sup

u∈[0,r]

∥∥(X1
R(u), U

1
R(u)

)
−
(
X2

R(u), U
2
R(u)

)∥∥p
S2×S3

))
dr.

Let

z(s) = E

(
sup

u∈[0,s]

∥∥(X1
R(u), U

1
R(u)

)
−
(
X2

R(u), U
2
R(u)

)∥∥p
S2×S3

)
.

Then, from the previous inequality, we have

z(s) ≤ µ̃3(b)

∫ s

0

K(r, z(r))dr.

Since z(s) < Rp. Consequently, by hypothesis (A10), for all s ∈ [0, b],(
X1(s), U1(s)

)
=
(
X2(s), U2(s)

)
, P-a.s.

(The rest of the proof follows similar steps as in Theorem 4.1).
Step 2: Boundary Estimate.
Let’s suppose R > 0. Then, we introduce an increasing sequence of stopping times

defined as

τR = inf
{
s ≤ b :

∥∥(X1(s), U1(s)
)∥∥

S2×S3
≥ R

}
.
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Utilizing a modified version of Theorem 4.1, and considering hypothesis (A7), we derive

E

(
sup

u∈[0,s]

∥∥(X1
R(u), U

1
R(u)

)∥∥p
S2×S3

)

≤µ̃1(b) + µ̃2(b) + µ̃3(b)

∫ s

0

N

(
r,E

(
sup

τ∈[0,r]

(∥∥(X1
R(τ), U

1
R(τ)

)∥∥p
S2×S3

)))
dr.

Now, let’s define

v(s) = E

(
sup

τ∈[0,s]

∥∥(X1
R(τ), U

1
R(τ)

)∥∥p
S2×S3

)
.

Using the previous inequality, we can conclude

v(s) ≤ µ̃1(b) + µ̃2(b) + µ̃3(b)

∫ s

0

N(r; v(r))dr.

Let E(s), s ∈ [0, b], be a global solution of the equation

v(s) = µ̃1(b) + µ̃2(b) + µ̃3(b)

∫ s

0

N(r; v(r))dr.

Consequently, the left-hand side is bounded as well, leading to an application of (A8):

v(b) = E

(
sup

s∈[0,b]

∥∥(X1
R(s), U

1
R(s)

)∥∥p
S2×S3

)
≤ E(b),

with the right-hand side remains invariant to variations in R. By analogy with Theorem
4.1, we obtain the estimate (48).

Step 3: Establishing Existence.
In this Step, we introduce Picard-type approximations to (20): Let Λλ : Sp

S2×S3 [0, b] →
Sp
S2×S3 [0, b], is defined as

Λλ (Xn, Un) (s) = (Xn+1(s), Un+1(s)) ,

with 

Xn+1(s) = C(s)X(0) + S(s)(X ′(0)−H(0, X(0), U(0)))

+
∫ s

0
C(s− r)H(r,Xn(r), Un(r))dr,

+
∫ s

0
S(s− r) [F (r,Xn(r), Un(r)) +BUn+1(r)] dr

+
∫ s

0
S(s− r)G(r,Xn(r), Un(r))dW (r),

Un+1(s) = −B∗S∗(b− s)RG
[0,b],λ

C(b)X(0)

−B∗S∗(b− s)RG
[0,b],λ

(S(b)(X ′(0)−H(0, X(0), U(0))− Ehb)

−
∫ s

0
B∗S∗(b− s)RG

[r,b],λ
C(b− r)H(r,Xn(r), Un(r))dr

−
∫ s

0
B∗S∗(b− s)RG

[r,b],λ
S(b− r)F (r,Xn(r), Un(r))dr

−
∫ s

0
B∗S∗(b− s)RG

[r,b],λ
S(b− r)G(r,Xn(r), Un(r))dW (r)

+
∫ s

0
B∗S∗(b− s)RG

[r,b],λ
Z(r)dW (r).

Our objective in proving existence is to demonstrate that the processes (Xn, Un)n≥0

converge uniformly on the time interval [0, b] to a process, which we will establish as a
solution.

Claim 1. Under conditions (A0)− (A1), and (A7)− (A10) the operator

Λλ : Sp
S2×S3 [0, b] → Sp

S2×S3 [0, b],

is defined as

Λλ(X,U)(s) = (X(s), U(s))
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=

(
C(s)X(0) + S(s)(X(0)−H(0, X(0), U(0))) +

∫ s

0

S(s− r)BU(r)dr

+

∫ s

0

C(s− r)H(r,X(r), U(r))dr,+

∫ s

0

S(s− r)F (r,X(r), U(r))dr

+

∫ s

0

S(s− r)G(r,X(r), U(r))dW (r)

−B∗S∗(b− s)RG
[0,b],λ(b) (C(b)X(0) + S(b)(X(0)−H(0, X(0), U(0)))− Ehb)

−
∫ s

0

B∗S∗(b− s)RG
[r,b],λ(b)C(b− r)H(r,X(r), U(r))dr

−
∫ s

0

B∗S∗(b− s)RG
[r,b],λ(b)S(b− r)F (r,X(r), U(r))dr

−
∫ s

0

B∗S∗(b− s)RG
[r,b],λ(b)(S(b− r)G(r,X(r), U(r)− Z(r))dW (r))

)
.

It is well-defined and continuous for s ∈ [0, b]. By Step 2, we have

E

(
sup

u∈[0,s]

∥Λλ(X(u), U(u))∥pS2×S3

)
≤ µ̃1(b) + µ̃2(b) + µ̃3(b)

∫ s

0

N(r, E(b))dr < ∞.

The continuity of Λλ follows easily.
Claim 2. Under the conditions (A0)− (A1), and (A7)− (A8) the sequence

(Xn, Un)n≥0 is bounded in the space Sp
S2×S3 [0, b].

For n ⩾ 0 we have, by the same argument as in Step 1,

E

(
sup

u∈[0,s]

∥Λλ (X
n(u), Un(u))∥pS2×S3

)
= E

(
sup

u∈[0,r]

∥∥(Xn+1(u), Un+1(u)
)∥∥p

S2×S3

)

≤ µ̃1(b) + µ̃2(b) + µ̃3(b)

∫ s

0

N

(
r,E

(
sup

u∈[0,r]

∥(Xn(u), Un(u))∥pS2×S3

))
dr.

Let E(s), s ∈ [0, b], be a global solution of the equation

(49) v(s) = µ̃1(b) + µ̃2(b) + µ̃3(b)

∫ s

0

N(r, v(r))dr, s ∈ [0, b].

with an initial condition u0 = µ̃1(b) + µ̃2(b). We shall prove by mathematical induction
that

(50) E

(
sup

u∈[0,s]

∥(Xn(u), Un(u))∥pS2×S3

)
⩽ E(s) for s ∈ [0, b].

The inequality (50) holds for n = 0 due to the definition of u. Let’s assume that

E

(
sup

u∈[0,s]

∥(Xn(u), Un(u))∥pS2×S3

)
⩽ E(s) for s ∈ [0, b].

Hence, from (49), we deduce that

E(s)− E

(
sup

u∈[0,s]

∥∥(Xn+1(u), Un+1(u)
)∥∥p

S2×S3

)

⩾ µ̃3(b)

∫ s

0

(
N(s, v(s))−N

(
s,E

(
sup

u∈[0,r]

∥(Xn(u), Un(u))∥pS2×S3

)))
dr

⩾ 0.

These inequalities stem from our induction assumption and condition (A9).
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Claim 3. Under the conditions (A0)− (A1), and (A7)− (A10), the sequence {Xn}n≥0

forms a Cauchy sequence in Sp
S2×S3 [0, b], and its limit represents a mild solution for equa-

tion (48).
Define

∆n(s) = sup
m≥n

E

(
sup

u∈[0,s]

∥(Xm(u), Un(u))∥pS2×S3

)
, s ∈ [0, b], n ≥ 0.

These functions ∆n, for n ≥ 0, are well-defined, uniformly bounded (as per Claim 2), and
exhibit monotone nondecreasing behavior. As {∆n(s)}n≥0 is a monotone nonincreasing

sequence for each s ∈ [0, b], there exists a monotone nondecreasing function ∆ such that

(51) lim
n→∞

∆n(s) = ∆(s).

Employing an analogous reasoning to that in Claim 2, we deduce that

E

(
sup

u∈[0,s]

∥ (Xm(u), Um(u))− (Xn(u), Un(u))|pS2×S3

)

≤µ3(b)

∫ s

0

K

(
s,E

(
sup

u∈[0,r]

∥∥(Xm−1(u), Um−1(u)
)
−
(
Xn−1(u), Un−1(u)

)∥∥p
S2×S3

))
dr,

implying

(52) ∆(s) ≤ ∆n(s) ≤ µ3(b)

∫ s

0

N (r,∆n−1(r)) dr.

Consequently, according to (A10), ∆ is identically zero. The case of a nonnegative,
monotone nondecreasing function ∆ satisfying (52) is discussed in [27, Lemma 2.2]. As
such, we have

E

(
sup

u∈[0,b]

∥(Xm(u), Um(u))− (Xn(u), Un(u))∥pS2×S3

)
≤ ∆n(b),

and ∆n(b) → ∆(b) = 0. Hence

lim
n,m→∞

E

(
sup

u∈[0,b]

∥(Xm(u), Um(u))− (Xn(u), Un(u))∥pS2×S3

)
= 0.

Finally, the continuity of the operator Λλ ensures the last part of the lemma. The
completeness of Sp

S2×S3 [0, b] guarantees the existence of a process (X,U) ∈ Sp
S2×S3 [0, b]

such that

lim
n→∞

E

(
sup

u∈[0,b]

∥(Xn(u), Un(u))− (X(u), U(u))∥pS2×S3

)
= 0.

Taking the limit

(X,U) = lim
n→∞

(Xn+1, Un+1) = lim
n→∞

Λλ (Xn, Un) = Λλ(X,U),

we conclude that (X,U) represents a fixed point of Λλ. This completes the proof. □

Theorem 5.2. Under the assumptions (A0)− (A1), (A7), and (A8)− (A10), the sto-
chastic differential equation (1) exhibits approximate controllability.

Proof. The proof is similar to that of Theorem 4.2. □
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6. Illustrative Example

In our next example, we explore a problem inspired by [6, 17], which involves an initial
boundary value problem defined as

(53)



∂
(

∂
∂sx(s, z)− h(s, x(s, z), u(s, z))

)
∂s = ∂

∂z2x(s, z) + u(s, z)∂s

+f(s, x(s, z), u(s, z))∂s

+g(s, x(s, z), u(s, z)))dw(s), a.e. on (0, b)× [0, π],

x(0, z) = ξ(z), ∂x(0,z)
∂s = η(z), a.e. on [0, π],

x(s, z) = 0, ∂
∂sx(s, z) = 0, a.e. on (0, b)× ∂[0, π],

where z ∈ [0, π], ξ(·) and η(·) ∈ L2 (Ω,F0, S2) , and w is a Q−Wiener Process. Let
S1 = S2 = S3 = L2[0, π].

To further analyze this problem, we define functions

f, g : Ω× (0, b)× (0, π)× S2 × S3 → S2, h : Ω× (0, b)× (0, π)× S2 × S3 → L2(S0, S2).

Additionally, we identify this system with an abstract form:
∀(ω, s, z) ∈ Ω× (0, b)× (0, π) : H(ω, s, x(s), u(s))(z) = h(ω, s, z, x(s, z), u(s, z)),

∀(ω, s, z) ∈ Ω× (0, b)× (0, π) : F (ω, s, x(s), u(s))(z) = f(ω, s, z, x(s, z), u(s, z)),

∀(ω, s, z) ∈ Ω× (0, b)× (0, π) : G(ω, s, x(s), u(s))(z) = f3(ω, s, x(s, z), u(s, z)),

∀(ω, s, z) ∈ Ω× (0, b)× (0, π) : X(0)(z) = ξ(z), X ′(0)(z) = η(z).

With these identifications, observe that (53) can be written in the abstract form:

(54)


d(X ′(r)−H(r,X(r), U(r))) = [AX(r) +BU(r) + F (r,X(r), U(r))]dr

+G(r,X(r), U(r))dW (r),

X(0) = ξ0, X ′(0) = η0, r ∈ [0, b],

where A : S2 → S2 is defined by Ay = ∂2

∂2z2 y, with domain

D(A) =

{
y ∈ S2 : y and

(
dy

dz

)
are absolutely continuous,

also

(
d2y

ds2

)
∈ S2, y(0) = y(π) = 0

}
.

This operator A can be expressed as

[Ay] (z) = −
∞∑

n=1

n2(y, en)en(z),

where en(z) =
√
2/π sinnz, i = 1, 2, . . . z ∈ [0, π] forms an orthogonal set of eigenvalues

of A. Given that (−A) is positive and self-adjoint in S2, we can derive from [17, Example
3.3] that A serves as an infinitesimal generator of a strongly continuous cosine family
{C(s) : s ∈ [0, b]} in S2, and its expression is

[C(s)y] (z) = [C∗(s)y] (z) = [cos(A∗y)] (z) =

∞∑
n=1

cos(ns)(y, en)en(z), y ∈ S2,

with the associated sine family {S(s) =
∫ b

0
C(r)dr : s ∈ [0, b]} given by

[S(s)y] (z) = [S∗(s)y] (z) = [sin(Ay)] (z) =

∞∑
n=1

1

n
sin(ns)(y, en)en(z), y ∈ S2.
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The controllability operator Gb(τ, b) ∈ L (S2, S3) is expressed as

[Gb(τ, s)y](z) =

∞∑
n=1

1

n2

∫ b

τ

sin2(n(b− r)))dr(y, en)en(z) 0 ≤ τ < b.

Hence, Gb(τ, s) will be greater than zero for some τ ∈ [0, b[. Moreover, Gb, C, and S are

uniformly bounded. It’s not difficult to verify that there exists M̃λ(b) = 1 such that for
all 0 ≤ r < b, 0 < ||λRG

[r,b]||L(S3,S2) ≤ 1, and λRG
[r,b] → 0, converging to zero operator as

λ → 0+ in the strong operator topology. This is due to the positivity of Gb, which implies
the controllability of the deterministic linear system associated with (53) (see [6, 11] ).
Thus, with suitable choices of h, f , and g such that all the conditions of Theorem 4.1 are
satisfied, the system (53) admits a unique solution. Because λRG

[r,b] → 0+, by Theorem

4.2, the system (53) is approximately controllable.

7. Conclusions

This research examined the approximate controllability of second-order stochastic dif-
ferential equations driven by Q-Wiener processes within a real separable Hilbert space.
We identified conditions for the existence and uniqueness of mild solutions that are less
stringent than the traditional Lipschitz criterion.

Our main findings include:

(1) The existence and uniqueness of mild solutions for the system under relaxed
conditions.

(2) The establishment of approximate controllability using fixed point theory, Picard
approximation, and stopping time theory.

These results advance control theory for stochastic systems, particularly those influ-
enced by Q-Wiener processes, while the relaxed conditions enhance the applicability of
our findings. The incorporation of stopping time theory offers a solid framework for
demonstrating approximate controllability.

References

1. G. D. Prato and J. Zabczyk, Second-Order Partial Differential Equations in Hilbert Spaces,

Cambridge University Press, Cambridge, 2002. https://doi.org/10.1017/CBO9780511543210

2. L. Gawarecki and V. Mandrekar, Stochastic Differential Equations in Infinite Dimensions:
With Applications to Stochastic Partial Differential Equations, Springer Science & Business

Media, New York, 2010. https://doi.org/10.1007/978-3-642-16194-0

3. C. P. Tsokos and W. J. Padgett, Random Integral Equations with Applications to Life Sciences
and Engineering, Academic Press, New York, 1974.

4. U. Arora and N. Sukavanam, Approximate controllability of second-order semilinear stochastic

systems with nonlocal conditions, Appl. Math. Comput. 258 (2015), 111–119. https://doi.
org/10.1016/j.amc.2015.01.118

5. P. Balasubramaniam and P. Muthukumar, Approximate controllability of second-order sto-

chastic distributed implicit functional differential systems with infinite delay, J. Optim. Theory
Appl. 143 (2009), 225–244. https://doi.org/10.1007/s10957-009-9564-x

6. N. Mahmudov and M. McKibben, Approximate controllability of second-order neutral stochas-
tic evolution equations, Dyn. Contin. Discrete Impuls. Syst. Ser. B 13 (2006), 619–638.

7. N. Mahmudov and M. A. McKibben, Abstract second-order damped McKean–Vlasov stochas-
tic evolution equations, Stoch. Anal. Appl. 24 (2006), 303–328. https://doi.org/10.1080/

07362990500522247

8. M. A. McKibben, Second-order neutral stochastic evolution equations with heredity, Int. J.

Stoch. Anal. 2004 (2004), 177–192. https://doi.org/10.1155/S1048953304309020
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