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ITERATIONS OF A CUBIC MAP ON A ONE-DIMENSIONAL
SIMPLEX

In this paper, we present a comprehensive analysis of the dynamics of a cubic operator
defined by a non-stochastic matrix (containing at least one negative entry) on the one-
dimensional simplex. This operator depends on two parameters. We identify all fixed
points and some periodic points, and under certain conditions on the parameters, we
describe the limit points. Furthermore, we determine a region in the parameter space
where the corresponding operator exhibits chaotic behavior.

1. INTRODUCTION

Dynamical systems generated by nonlinear operators play a crucial role in addressing

various challenges in biology, physics, and other scientific fields [10], [14]. Among the
well-studied classes of nonlinear operators are Quadratic Stochastic Operators (QSOs)
(see, for example, [3], [12]), [14]).

In this paper, we examine the dynamics of a two-parametric cubic operator defined by
non-stochastic matrices on the one-dimensional simplex. For motivation of such study

(see [6], [7], [8], [9], [13], [15], [16]) and for stochastic operators defined by non-stochastic
matrices see ([4], [17], [18], [19]).
Let m be a natural number and let E,, = {1,2, ... ,m} be a finite set. Then the set
of all probability distributions on the F,, is
Sl — ) g = (1,22, ..., xm) ER™: x; >0, Vi, le =1,
i=1

which is called m — 1-dimensional simplex.
In general, a cubic operator V : © € R™ — 2/ = V (z) € R™ corresponding to a

matrix P = {Piﬂ%l};nj 41— is defined by:
m
(1) Vi) = Z Piigixizixg, l=1,...,m.
1,5,k=1

In this paper we consider the operator (1) in case m = 2.
Without loss of generality we assume Pyj; = Pijig = Pjuyg, 47,0 = 1,2, 9 # j.
Indeed, if this equality is not satisfied then we can introduce

_ 1 o o
Py = 3 (Pyijg + Pijig + Pjiag), i,5,0 =1,2, i # j.
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As a result, the operator (1), for m = 2 takes the form:

(2)

;o 3 2 2 3
v 7 = Pri1,127 + 3Pr12,127%2 + 3P1o2 17125 + Pago 175,
’ _ 3 2 2 3
Ty = Pi11,2007 + 3P112,207%2 + 3P122, 20125 + Pago 275.

Definition 1.1. A cubic operator is called a cubic stochastic operator (CSO) if it pre-
serves simplex.

The following theorem gives conditions for coefficients of operator (2) to preserve the
simplex S!.

Theorem 1.1. [1] For a cubic operator V (given by (2)), to preserve the simplex St it
18 sujﬁcient that

) Zszkl—l ivjyk:LQ;
)O<Pzwl<1 il =1,2;

iii) — ,/Pm WPijii < Piiji, 1 # j, 1,§ = 1,2 and necessary that the conditions (i),
(ii) and

i) j) if A=0 then (d—zx/ﬁ) <3c< <d+2(1+\/m)),

(a—2vad) <3< (a+2(1+/T-a)(1-d)));
i) if A#0,
k) then A <0;
kk) A >0,

1. then a1, 02 ¢ [0, ].],

2. ap1 ¢ [0,1] and age € [0,1],
A > 0 then ac > b?;
A < 0 then bd > ¢?;

3. ap1 € [0,1] and ap2 ¢ [0,1],
A>0then (1—b)(1—d) > (1—¢)*;

A<Othen (1—a)(l—c)>(1— )2;
4. Qp1, Qo2 € [0, 1],
A >0 then { ((i;lz)z(l —d) 2 (1-cf ;
_a)(1—¢) > (1—b)?

(1- :
A<0then{bd202 ;

are satisfied, where Pi11,; = a, P12y = b, Pioay =c¢, Paog; =d, A=a—3b+3c—d,
B=b—-2c+d, C=c—d, A=B?—-AC, ag1 = *B;\/Z and gy = *Bz\/z.

In this paper, we consider cubic operators, with at least one negative coefficient, which
preserve the simplex S and for each of them we comprehensively analyze corresponding
dynamical system.

2. DYNAMICS OF A CUBIC OPERATOR CORRESPONDING TO A NON-STOCHASTIC
MATRIX

We consider the following CSO on the one-dimensional simplex S':

o =234+ (3 —a)r?y + (3 —bay® + 1>,
o V:{ (3 -y +(3-b)

y' = az?y + by,
where a,b € [0,4], a #b.
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Note that in case a > 3 or b > 3 the matrix corresponding to this operator is non-
stochastic.

Remark 2.1. In [5] the cases a = b and b = 0 of this operator were studied.

In order for the operator (3) to preserve the simplex S', we check that its coefficients
satisfy the sufficiency conditions of Theorem 1.1:

The conditions i) and ii) can be easily veriﬁed by view of the operator

For a,b € [0,4], Wehave0< ¢ <2 0<i<ftand-3<32<] 2 <Eb e
Piioq > —%, Piog1 > —= and P11272 2 0, P12272 > 0. So, the coeﬂicients of the operator
(3) satisfy condition iii).

2.1. Fixed points. Let W be an operator defined on simplex S™~!. A point x € §™~!
is called a periodic point of W if there exists an n so that W"(x) = x. The smallest
positive integer n satisfying the above is called the prime period or least period of the
point x. A period-one point is called a fized point of W. Denote by Fix (W) the set of
all fixed points of the operator W, i.e.
Fix (W) = {x € 5% : W(x) =x}.
Let DW (x*) = (0W;/0x;)(x*) be a Jacobian of W at the point x*.

Definition 2.1. [2] A fixed point x* is called hyperbolic if its Jacobian DW (x*) has no
eigenvalues on the unit circle in C.

Definition 2.2. [2] A hyperbolic fixed point x* is called:

i) attracting if all the eigenvalues of the Jacobian DW (x*) are in the unit disk;
ii) repelling if all the eigenvalues of the Jacobian DW (x*) are outside the closed
unit disk;
iii) a saddle otherwise.

Theorem 2.1. The set of fixed points of the operator (3) is

{6130} Zf ( a, )6 QO?
Fix (V) = {e1} f (a,b) € Q,
) A{en &) if (ab) € 9o,

{61a§7n} Zf (Cl,b) S Q3)
where ey = (1,0), 0 = (% TQ) £= <_b+ Cilach) Zecbo b2+4(a_b)>7

2(a—b) ’ 2(a—b)
bi+/b244(a—b) b—2a—+/b214(a—b)
n= +2(b+a )’ = 2(b:)( >,QO={(a,b):a=b0,2<b<4},
Q1 ={(a,0): 0<a<1,0<b<2}U{(a,b): 0<a<by,2<b< 4},
Do ={(a,b): 1<a<4,0<b<4}U{(a,b): a=1,2<b<4},
Q3 = {(a,b): b <a<1,2<b<4}, by = Lzt

Proof. The set of fixed points of the operator (3) consists of the solutions of the system
@ 23+ (3 —a)z?y + (3 —b)ay?® + y3 =,
ax?y + bxy? = v.

From the second equation of (4) we obtain either y = 0 (i.e. e; = (1,0) is a fixed
point) or

(5) (a—b)x® +br—1=0.
The discriminant of the quadratic equation (5) is D = b* + 4 (a — b), and
if D < 0, then equation (5) has no real solutions;
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FIGURE 1. Appearance of a parametric square.

if D =0, then equation (5) has a unique solution zg = 2, b # 0;
if D > 0, then equation (5) has two real solutions:

b+ /b2 +4(a—0) d b+ /b2 +4(a—D)
= 1 = .
o 2(a—b) & 2 2(b—a)

Let (a,b) € Qp. Then, D = 0, which means that equation (5) has the unique solution.
Furthermore,

1 2
2<b§4:>§§5<1:>x0€(0,1).
Therefore, if (a,b) € Qq, then Fiz(V) = {e1,0}.

Now, let’s consider the case where (a,b) € Q. If 0 < a < # and 0 < b < 4, then
D < 0, meaning equation (5) has no real solutions.

Ifa= # and 0 < b <2, then D = 0, meaning equation (5) has the unique solution.
However,

2
0<b<2 => E>1 = 290>1 and b=2=129=1.

If % <a<land0<b<2 then D >0, ie. equation (5) has two real solutions.
If @ > b, then

a<l=4(a—b(1—-a)>0=>4(a—b)>4a(a—b)=b>+4(a—b) > (2a—b)* =
VD>2a—b= —b+VD>2(a—b)= z>1=12 ¢0,1],
a=1=x =1,
> +4(a—>b) >0 = 22<0 = 22 ¢[0,1].
If a < b, then
a<l=4(a—b(1—-a)<0=>4(a—b) <4a(a—b)=b+4(a—b) < (2a—0b)* =

VD<2a—b=-b+VD<2(a—b) =z >1=x,¢[0,1],

- _ b b
25 = a>§ = b—-2a<0 =

0<bhb<2 =
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=VD>b—21 = b+VD>2(b—a) = M>1 = x5 ¢[0,1].

So, if (a,b) € Qy, then Fiz (V) = {e1}.
Now, assume (a, b) € Q. In this case, D > 0, so (5) has two real solutions.
If a > b, then —b+ /b2 +4(a—b) >0= 27 >0 and

a>1=4(a—b(1—a)<0=4(a—b) <4a(a—b)=b+4(a—b) < (2a—b)* =
VD <2a—b= -b+vVD<2(a—b) =z <1,

b2+4(a—b)>0= 22 <0.

If a < b, then —b+ \/b?>+4(a—b) <0=z1 > 0.
Ifa>b/2 = 2a—b>0, then

a>1=4(a—b(1—a)>0=>4(a—b)>4a(a—b)=b*>+4(a—b) > (2a—b)* =

VD >2a—-b= —b+VD>2(a—b) =z <1,

b D
VD>b—-2a = b+VD>2(b—a) = 2;;{@>1 = 25> 1.
Ifa<b/2 = 2a—-b<0, then
~b++vVD

VD>2a—-b= b+ VD >2(a—b) = >1=2 <1,

2(a—0)
a>1=4(a—b)(1—a)>0=>4(a—b)>4a(a—b)=b>+4(a—b) > (b—2a)* =
VD>b—-2a=b+VD>2(b—a)= x> 1,

a=1= 2y =1.

Therefore, if (a,b) € Qa, then Fiz (V) = {e1, £}
Finally, let (a,b) € Q3. In this case, D > 0, meaning equation (5) has two real
solutions. In this situation a < b/2 = 2a — b < 0, which gives

b+ /b2 +4(a—b) <0=x1 >0,

b+ VD
2(a—0)

—b— /b2 +4(a—b) <0= 2 >0,

a<l=4(a—b(1—a)<0=>4(a—b) <4a(a—1b)=b>+4(a—b) < (b—2a)"=

VD >2a—b= b+ VD >2(a—b) = <l=uz <1,

VD <b—-2a=b+VD<2(b—a)= 1z, <1.

Therefore, if (a,b) € Q3, then Fiz (V) = {e1,£,n}.
The theorem is proved. ]
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2.2. Characterization of Fixed Points. We note that the second coordinate of the
operator (3) can be expressed as y' = f (y), where

(6) fy)=(a—=b)y’ + (b—2a)y* +ay
The derivative of the function (6) is given by f’(y) = 3(a — b)y? + 2(b — 2a)y + a.
The fixed point y = 0 is classified as follows:
attracting, if a€[0,1),
y=0 is an/a non-hyperbolic, if a =1,
repelling, if a € (1,4].
For the fixed point yy = %, we observe that |f'(yo)| = 1. Therefore, yo is a non-

hyperbolic fixed point.
For the fixed point y;, we have

D =g (P s n s om0 VETIGD)|.

Case 1. First, let’s consider the case |f'(y1)| = 1.
Case 1.1. According to (7), from the equation f’(y1) = 1 and using the fact that

b> 4+ 4(a—b) =D >0,

VB +4(a—b) =2a—b.

we obtain the expression

The last equation holds when
b
20 —b>0=a> >
and leads to the equation
(a—b(1l—a)=0=a=b,a=1.

According to the definition of the operator, since a 2 b and a =1, 0 < b < 2, we discard
these solutions because y; = 0 in this case.
Case 1.2. Consider the equation f/(y;) = —1. According to (7), we rewrite it as

b’ 4 8(a —b) = (2a — b)\/b? + 4(a — b).

This equation has the solutions

1
a=eb) = ¢ (16+4b—b2 /ot — 8b3 1 3207 — 128b+256),

1
a=v(b) =g (16+4b—b2 — /bt —8b% + 3262 — 128b+256).

However, since

8b—b> b 4b—b? >O:>8bfb2
8 2 8 8

we obtain solutions satisfying the conditions
b2 +8(a—1b)>0
20—b>0 _[a> Sb_b?
b2—|—8(a—b)§0 agé
2a —b<0

Among these, we only take the solution

.
2’
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Thus, when
(a,0) € Yoy = {(a,b) 1 a = (b), 0 < b <4},
we have |f'(y1)| = 1, i.e., y1 is a non-hyperbolic fixed point.
Case 2. Now we consider the case

lf ) <1= {f/(yl) <1

fy) > -1
Case 2.1. Let a > b. First, we find solutions of the inequality f'(y1) < 1. According
to (7), we get

s (B 60+ (0~ 20V F T @) <1
V% +4(a—b) < 2a — b,

{(a;b):a>b,1<a<4,0<b<4}.
Next, we find the solutions of f'(y1) > —1. From (7):
b? 4+ 8(a—b) > (2a — b)\/b? + 4(a — b).
Since a > b, then b*> + 8(a — b) > 0 and 2a — b > 0, we get
(b2 +8(a — b))% > (2a — b)2(b? + 4(a — b)),
—4(a — b)(4a® + (b* — 4b — 16)a — 3b* + 16b) > 0.

Since a > b, we have

whose solution set is

4a® + (b* — 4b — 16)a — 3b* + 16b < 0.

The roots of this inequality were found in Case 1.2 as a = ¢(b) and a = ¢(b). Therefore,
considering that a > b, the solution set is:

{(a,b) : 1 <a <), <b<1tU{(a,b):b<a<pd),l<b<3}

Thus, when a > b, the solution to the inequality |f/(y1)| < 1 is the following set of
parameter pairs.

Case 2.2. Let a < b. Repeating the same calculations as in Case 2.1, the solution set
of [f'(y1)| < 1 becomes:

{(a;,b):1<a<b 1<b<2}U{(a,b):bp<a<b,2<b<3}U
U{(a,b) : bp < a < ¢(b),2<b<3}.
Finally, the solution to the inequality |f’(y1)] < 1 is:
Vo ={(a,b):1<a<pb),l<b<2}U{(a,b):bp<a<pb),2<b<4}.
The remaining region is:
Uy =(QeUQ3)\ (P21 UT o) ={(a,b) : p(b) <a<4,0<b< 4},

where |f/'(y1)| > 1.
For the fixed point y,, we have

)] = |gra gy (P + 60 =)+ (- ) VT i) .

2(a —b)
We examine |f'(ys)| > 1. Since a < £ in Qj, then:

ﬁ (b2 +6(a—b)+ (2a — b)\/b2 + 4(a — b)) >1
b +6(a —b) + (2a — b)\/b2 +4(a — b) < 2(a —b)
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V2 +4(a—0) <b—2a
(b—a)(1—a)>0.
This final inequality holds for all (a,b) € Qs, hence in Qs, f/(y2) > 1.
Summarizing we can write the following proposition

Proposition 2.1. The type of fized points is characterized as follows:
1) The fized point ey is attracting if a € [0, 1); non-hyperbolic for a = 1; repelling if
a € (1,4];
2) The fized point 0 is non-hyperbolic;
3) The fixed point & is attracting if (a,b) € V.q; non-hyperbolic for (a,b) € ¥_;;
repelling if (a,b) € Usq;
4) The fized point n is repelling.

Proposition 2.2. The function f(y) is strictly increasing in (0,y01) and strictly de-
creasing in (Yoi, 1).

Proof. 1t’s evident that
f'ly) =3(a—b)y* +2(b—2a)y +a.
From this, we can find the critical points:

_2a—b—+a*+b?—ab and _20—-b++Va?+b* —ab

y01_ 3(017[)) y02_ 3(a7b)

Case 1. Suppose a > b, then
3a(a—b)>0:>(2a—b)2>a2+b2—ab:>2a—b>\/a?—i—b—2—ab:y01>0

Case 1.1. If a > 2b, then
2bfa<\/M¢2afbf\/m<3(afb):>ym<l,
3b(a—b)>0:>\/m>a—2b:>2a—b+ a?4+0b2 —ab>3(a—0b) = yo2 > 1.

Case 1.2. If 2b > a > b, then
Bb(b—a)<O:>(2b—a)2<0L2—|—b2—ab:>2b—a<\/a2—|—b72—ab:>y01<17

\/m>a—2b¢2a—b+\/m>3(a—b):>yoz>1.
Case 2. Now, let’s assume a < b, then
3b(b—a) >0=2b—a>a2+b>—ab=2a—b—va2+b2 —ab>3(a—b) = yo1 < 1.
Case 2.1. If b/2 < a < b, then
3a(a—b)<0= (2a—b)? <a®+b?—ab=>2a—b< a2 +b>— ab= yo1 > 0,

2a —b++va?+b%2—ab> 0=y <0.
Case 2.2. If a < b/2, then

2a —b<0=2a—b<va%+b2—ab= yo >0,
3a(b—a)>0=a?+b>—ab> (b—2a)° = 2a—b+ a2 + b2 —ab > 0 = ygy < 0.
Thus, yo1 € (0,1) and yo2 ¢ (0,1). We can write the derivative f'(y) in the form
f'(y) =3(a—=0b)(y—yo1) (¥ — yo2)

Based on this, it’s easy to verify that f’(y) > 0 for y € (0,y01) and f'(y) < 0 for (yo1,1).
According to the theorem on the monotonicity of a function [5], the function f (y) is
strictly increasing in (0, yo1) and strictly decreasing in (yo1,1).
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2.3. Dynamics for (a,b) € Qp. In this case, the operator (3) can be expressed in the
form

x’::c3+(37b+§)z2y+(3fb)xy2+y3,

A Z2
y 4

a?y + bay?,
and the function f(y) can be expressed as
Vo, b2 —2b 5, 4b—1?
9) ) =—7v"+—5—v +—
where b € (2,4].
First, we study the dynamical system generated by the function f(y). Given that
f(0) = f(1) = 0, we consider below only for y € (0,1) (see Figure 2).
Let y € (0,y0). By Proposition 2.6, we have 0 < f(y) < yo and
b2
FW) —y=—u-w)’ <0 = [y <y

it follows f"*! (y) < f™ (y), that is the sequence { f"(y)} is decreasing and bounded from
below. Therefore, the limit of the sequence {f"(y)} exists and from i(ro1f : {f"(y)} =0,
y€(0,%0

Y

we conclude that ILm /™ (y) =0.

We denote by o the unique point satisfying the equation f (go) = yo, where gy =
PRGSOy € (o, 1), then f(y) € (0,40), and we have lim f**!(y) =
Jim f*(f (y)) = 0.

Now, suppose ¥ € [yo1, o). The proof of this case is similar to the proof of as above
case and lim f™ (y) = yo for all y € [yo1, o]

n—oo
Finally, for all y € [0, 1]:
lim " (y) =

n—oo

Oa if RS [Ovyo) ) (@07 1] )
Yo, if v € [yo,%0] -

Thus, noting that lim z(™ =1 — lim y{™, we have proved the following:
n—oo n—roo

Theorem 2.2. If (a,b) € Qq, then for any initial point X = (x,y) € S*, we have
€1, Zf ye [OvyO)U(QOJL
97 Zf ye [yOvQO} .

n— oo

lim V™ (\) = {

2.4. Dynamics for (a,b) € Q. (see Figure 2)
Theorem 2.3. If (a,b) € Qy, then for any initial point X = (z,y) € S, we have
lim V" ()\) = €1.

n—oo
Proof. The proof of this Theorem is similar to the proof of above. O

2.5. Dynamics for (a,b) € Qy. In this case, as the values of a and b increase, the
number of periodic orbits of the operator also increases.

Lemma 2.1. 11 = {(a,b) € Qs : 3z : f3(z) =z} # 0.
Proof. Let us take a = 4 and b = 3.8. In this case, the function (6) can be expressed as
f(y) = 0.2y% — 4.2y + 4y. The equation f3(y) = y is a 27th-degree algebraic equation,

and its solutions in the interval [0,1] can be easily checked through the graph drawn
using the Mappe software (see Figure 3). Thus, IT # (). The lemma is proved. ]
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Theorem 2.4. Let (a,b) € II. Then the operator (3) has periodic orbits of all other
periods, and the dynamical system exhibits chaos.

Proof. Assume (a,b) € II. By the lemma, the function (6) has a periodic point of period
three. By Sharkovskii’s theorem, it therefore has periodic points of all other periods.
Since lim,, oo (™ = 1 — lim,,_,» "™, it follows that the operator (3) also has periodic
orbits of all other periods. The presence of chaos follows from the result in [11]. This
completes the proof. [

Remark 2.2. For an arbitrary (a,b) € Qg \ II, determining in general whether periodic
points exist or not for given parameter values requires extensive computations. Therefore,
we present the following table showing the existence of periodic points for certain specific
parameter values. (See the graph in Fig. 4.)
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l (a,b) [ Fiz(f) [ Pera(f) [ Pers(f) [ Pery(f)
(2,4) | 0,v2/2 [ [ 0
(1.5,4) | 0, Y191 | ~0.5448, ~ 0.8226 0 0
(3,4) | o, \/§ —1 | ~ 0.4626, ~ 0.8608 0 ~ 0.4128, ~ 0.5469, ~ 0.8272, ~ 0.8789

a=2,b=4 a=2.5,b=4 a=3,b=4

08 08 08

0.6 0.6 0.6

04 04 04

FIGURE 4. Graphs of the functions black - y = z, blue - y = f(z), red
-y = f*(z), yellow - y = f3(x), green - y = f*().

2.6. Dynamics for (a,b) € Q3. In this case a € (0,1), b€ (2(1++v/1—a),4]. Accord-
ing to Theorem 2.4, the set of fixed points is Fiz(V) = {e1, &, n}.

Theorem 2.5. If (a,b) € Q3, then for any initial point A = (z,y) € S, we have
er, if y€0,y2) U (92,1],
Jim VPN =< n, if y€{y2 02},
& if Y€ (y2,92)

Proof. First, we study the dynamical system generated by the function f(y). Given that
f(0) = f(1) = 0, we consider below only for y € (0,1).

We denote by §; € (0,1) the unique point satisfying the equation f (¢1) = y1, and by
92 € (0,1) the unique point satisfying the equation f (g2) = yo.

Let b € ( (1+v1I—a), mln{ da—9-(3-2a)vH-4a H (See Fig 5.1). In this case,

2(a—2)
0<ys<t1 <yor <1<z <1 Specifically y; = yo1 in b= 22=2= g;a Qggvg da

First, suppose y € (0,y2). By Proposition 2.6, we have 0 < f (y) < y2 and
fW-y=(a-yly-y)y—1) <0 = [f) <y

it follows f™"*1(y) < f™(y), that is the sequence {f"(y)} is decreasing and bounded from
below. Therefore, the limit of the sequence {f"(y)} exists and from 1nf { ()} =

we conclude that lim f™(y) =0. If y € (g2, 1), then f(y) € (0,y2), and we have
n—oo
: n+1 I T n _
Jim " (y) = Tim " (f (y)) = 0.

Now, let’s assume y € (y2,y1). By Proposition 2.6, we have y2 < f(y) < y; and

fW-—y=@-4)yy—-y)y—y2)>0 = f(y)>y

it follows f"*1 (y) > f™ (y), that is the sequence { f™(y)} is increasing and bounded from

above. Therefore, the limit of the sequence {f"(y)} exists and from sup {f™(y)} =
y€(y2,91)
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y1, we conclude that lim f” (y) = y1. If y € (§1,92), then f(y) € (y2,v1), and we have
n—oo
Jim frHi(y) = Tim f* (f(y)) = -
Next, let’s assume y € (y1,91). The proof of this case is the same as the case y € (0,y2)
which was considered above and lim f"(y) = y;.
n—roo

So
0, if ye[0,y2)U (1],
nh—>120 ) =19 y2, if y€{y2 92},
yi, if y€ (y2,82),

for b € (2 (1++1—a),min {4, 4a797(232;3‘;;\/m H

1 1
0 . : N S S 0 . ‘ P ‘ :
O yZ yl y01 yl 92 1 O y2 91 yl yz 1
FIGURE 5.

Let b € (min {4, 4a_9_(2?;3‘;§“9_4a} ,4} (See Fig 5.2). In this case, 0 < y2 < 71 <
Yor < y1 < g2 < 1. Suppose y € (0,y2). The proof for this case is analogous to
that for b € (2 (1++1—a),min {4, 4a797(232;3<;;v974a H with y € (0,y2). For y €
(0,42) U (. 1), we have lim_ f" () = 0.

Let’s assume y € [§1,y1]. Then f? maps the interval [§1, 1] inside [yo1, y1]. It follows
that lim f™ (y) =y for all y € [§1,y1]. Now, assume that y € (ya, 91), then there exists
n—oo

k > 0 such that f* (y) € [§1,y1] holds, and as a result we get 1i_>m fE(y) = 1. As

before, f(y) maps the interval (y1,92) onto (y2,%1), so the lim f™ (y) = y1 here as well.
n—oo
So

07 Zf AS [07y2) U (QQ, 1] ’
Tim [ (y) = 4 v2, if y € {y2 00},
Y1, Zf Yy e (y2ag2)a

for b e (min {4, 4"*9*5;3;3”*4“} ,4] .
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Finally, noting that lim (™ =1— lim 3™, we get
n—o0 n—00

€1, Zf y e [an2)u(y2?1]7
Jim V'(A) = q 0 if y € {y2, 02},
53 Zf ye (yQagQ)'

The theorem is proved. [
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