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D. FERGER

MINIMIZERS OF CONVEX U-PROCESSES AND THEIR DOMAINS

OF ATTRACTION

In this paper, we study the minimizers of convex U-processes and their domains
of attraction. U-processes arise in various statistical contexts, particularly in M-

estimation, where estimators are defined as minimizers of certain objective functions.

Our main results establish necessary and sufficient conditions for the distributional
convergence of these minimizers, identifying a broad class of normalizing sequences

that go beyond the standard square-root asymptotics with normal limits. We show

that the limit distribution belongs to exactly one of the four classes introduced by
Smirnov [20]. These results do not only extend Smirnov’s theory but also gener-

alize existing asymptotic theories for M-estimators, including classical results by

Huber [12] and extensions to higher-degree U-statistics. Furthermore, we analyze
the domain of attraction for each class, providing alternative characterizations that

determine which types of statistical estimators fall into a given asymptotic regime.

1. Introduction

Let X1, . . . , Xn, n ∈ N, be independent random variables defined on a common proba-
bility space (Ω,A,P) with values in some measurable space (S,S) and joint distribution
P = P ◦X−1

i . Consider a map h : Sl × R → R such that h(x, ·) : R → R is convex for
every x = (x1, . . . , xl) ∈ Sl and h(·, t) : Sl → R is Sl-Borel measurable and symmetric
for each t ∈ R. It induces an U-process

(1) U0
n(t) :=

(
n

l

)−1 ∑
1≤i1<...<il≤n

h(Xi1 , . . . , Xil , t), t ∈ R,

with pertaining mean-function

(2) U0(t) = E[h(X1, . . . , Xl, t)] =

∫
Sl

h(x, t)dP l(x), t ∈ R,

provided the integral in (2) exists, i.e.

(3)

∫
Sl

|h(x, t)|dP l(x) <∞.

In statistics many parameters of interests are defined or can be represented as minimizing
points of U0 and in this case minimizers of U0

n are reasonable estimators for these.
According to Huber [13], p.44, it is an advantage to replace U0 with the function

(4) U(t) :=

∫
Sl

h(x, t)− h(x, t0)dP
l(x), t ∈ R,

where t0 is any fixed real number, e.g. t0 = 0. If U0 exists, then so does U and the
respective sets of all minimizing points coincide. As to the existence of U let D+h(x, t)
and D−h(x, t) denote the right-and left derivative, respectively, of h(x, ·) at point t. We
will always assume that

(A0)
∫
Sl |D±h(x, t)|P l(dx) <∞ ∀ t ∈ R.
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Conclude from Proposition 2.1 in Ferger [5] (with X = Sl and Q = P l there) that then
U(t) exists and is real-valued for every real t and that the map U : R → R is convex.
Now the above mentioned advantage is that according to Proposition 2.2 in [5] condition
(A0) in fact is strictly weaker than the integrability condition (3).

Moreover, by Proposition 2.4 in [5]

(5) D±U(t) =

∫
Sl

D±h(x, t)P l(dx) = E[D±h(X, t)] ∀ t ∈ R,

where X := (X1, . . . , Xl). According to Proposition 2.5 in Ferger [5] the set Argmin(U)
of all minimizing points of U is given by

Argmin(U) = {m ∈ R : U(m) = inf
t∈R

U(t)}

= {m ∈ R : D−U(m) ≤ 0 ≤ D+U(m)}(6)

= {m ∈ R : E[D−h(X,m)] ≤ 0 ≤ E[D+h(X,m)]}.

Introduce the empirical measure

Pn :=

(
n

l

)−1 ∑
1≤i1<...<il≤n

δ(Xi1
,...,Xil

),

where δx denotes the Dirac-measure at point x = (x1, . . . , xl) ∈ Sl. If the integrating
measure P l in the definition of U(t) is replaced by Pn, then one obtains

Un(t) =

(
n

l

)−1 ∑
1≤i1<...<il≤n

h(Xi1 , . . . , Xil , t)− h(Xi1 , . . . , Xil , t0), t ∈ R.

Obviously, Un differs from U0
n only up to a constant, whence both functions possess the

same minimizing points. Assume that h(x, t) → ∞ as |t| → ∞ for all x ∈ Sl. Then Un is
coercive, i.e., Un(t) → ∞ as |t| → ∞. In this case the set Argmin(Un) of all minimizing
points of Un is a non-empty compact interval. From Proposition 2.5 of Ferger [5] it
follows that

(7) ∅ ̸= Argmin(Un) = {t ∈ R : V −
n (t) ≤ 0 ≤ V +

n (t)},

where

(8) V ±
n (t) =

(
n

l

)−1 ∑
1≤i1<...<il≤n

D±h(Xi1 , . . . , Xil , t).

In the important special case l = 1 the above statistics simplify to

V ±
n (t) = n−1

n∑
i=1

D±h(Xi, t).

First, we let mn be the smallest minimizer of Un (or equivalently of U0
n). Later on

we will drop this assumption. Since by Proposition 2.1 in Ferger [5] (with Q = Pn)
the stochastic process Un is convex, Corollary 3.3 in Ferger [6] ensures that mn is a real
random variable. Our main results give several necessary and sufficient conditions for the
distributional convergence of (mn −m)/an with some positive sequence (an) converging
to zero, which can be determined. It is also shown that the distribution function of
the limit variable can belong to exactly one of four possible classes, which are specified
precisely. These classes coincide with those of Smirnov [20]. All this we do under the
following assumptions:
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(A1) D+U(m) = 0 = D−U(m).
If we put V (t) := D+U(t), then (A1) can be rewritten as V (m−) = 0 = V (m),

because D−U(t) = D+U(t−) = V (t−) by Theorem 24.1 in Rockafellar [18].
From (A1) one can deduce with (6) that m is a minimizing point of U .

(A2) E[D+h(X,m)2] <∞
If (A2) holds, then by Jensen’s inequality and Fubini’s theorem

ζ :=

∫
S

E[D+h(x,X2, . . . , Xl,m)]2P (dx) ≤ E[D+h(X,m)2] <∞, l ≥ 2,

is a finite non-negative real number. If l = 1, then ζ := E[D+h(X1,m)2] ∈ [0,∞).
It is supposed that actually

(A3) ζ is positive: ζ > 0.
Observe that K(x) := D+h(x,m) is symmetric and measurable. Let K1(x) :=

E[K(x,X2, . . . , Xl]), x ∈ R, be the first associated function of the kernel K. It
follows from (A1) that ζ = Var[K1(X1)] and so σ2 := l2ζ is the variance of the
first term in the Hoeffding-decomposition of the U -statistic with kernel K, confer
e.g. Koroljuk and Borovskich [14] or Serfling [19].

(A4) There exist points t0 < 0 < t1 such that E[
(
D+h(X,m+ t)−D+h(X,m)

)2
] <∞

for t ∈ {t0, t1}.
In the following theorem (an) is a sequence of positive real constants with an → 0.

Further, given a map H : R → R the set of all continuity points of H is denoted by CH .
In case that H is an increasing function, then H̃ defined by H̃(x) := H(x+) is increasing

as well, but in addition is right continuous and has left limits (rcll). Moreover, H̃ = H on
CH , confer Chung [4], pp.1-5. We say that a distribution function is degenerated at zero,
if it corresponds to the Dirac measure at zero. Finally, let Φσ denote the distribution
function of a centered normal random variable N(0, σ2) with variance σ2.

Theorem 1.1. Let Hn denote the distribution function of mn. Assume that (A0)-(A4)
hold. Recall that V = D+U and σ2 = l2ζ. Then the following statements (9) and (10)
are equivalent:

(9) Hn(anx+m) → H(x) ∀ x ∈ CH ,

where H is some sub distribution function.

(10) δn(x) :=
√
nV (m+ anx) → δ(x) ∈ [−∞,∞] ∀ x ∈ D,

where D is some dense subset of R.
In both cases, H(x) = Φσ(δ(x)) for all x ∈ R and D = CH .
Moreover, if H is a distribution function, which is not degenerated at 0, then H belongs

to exactly one of the following four disjoint classes.

class 1 : H(x) =

{
0 , x < 0

Φσ

(
cxα

)
, x > 0

(c, α > 0).(11)

class 2 : H(x) =

{
Φσ(−c|x|α) , x < 0
1 , x > 0

(c, α > 0).(12)

class 3 : H(x) =

{
Φσ(−c|x|α) , x < 0
Φσ(dx

α) , x > 0
(c, d, α > 0).(13)

class 4 : H(x) =

 0 , x < −c1
1
2 , −c1 < x < c2
1 , x > c2

(c1, c2 ≥ 0,max{c1, c2} > 0).(14)



4 D. FERGER

If Y is a real random variable with distribution function H, then the convergence in
(9) is equivalent to the distributional convergence

(15)
mn −m

an

D→ Y.

We will see that our Theorem 1.1 is the source of a very rich asymptotic theory with un-
usual normalizing sequences (an) going far beyond the square root asymptotic normality.
And even if H is only a sub distribution function, then the limit Y above is an extended
random variable with values in R = R ∪ {−∞,∞} = [−∞,∞] and the distributional
convergence takes place in the (metric) space R.

In the literature estimators like mn are called M -estimators. Apparently the first
rigorous analysis of such estimators in case l = 1 goes back to Huber [12], who considers
S = R and h(x, t) = ϕ(t − x) with ϕ : R → R a convex function. Brøns et. al.
[3] generalize Huber’s idea to so-called ψ-means, where ψ corresponds to D+h. Both
authors show square root asymptotic normality. In a next step Habermann [10], Niemiro
[17] and Hjort and Pollard [11] consider more general spaces S and extend the approach
form the real line to the euclidian space Rd. Here, too, the authors show convergence in
distribution to a (multivariate) normal law with rate

√
n. Finally, Bose [2] extends these

results to the case l ≥ 2.
The paper is organized as follows: In section 2 we prove Theorem 1.1. Section 3 is

dedicated to characterizing the domains of attraction of the four possible classes. This
means that -alternatively to (10)- other equivalent conditions are specified to ensure that
the convergence (9) holds and in addition it is indicated to which class H belongs. In
both sections basic ideas of Smirnov [20] are used. In section 4 we extend our results for
the smallest minimizer to general minimizing points of Un. Section 5 is concerned with
smooth derivatives. Namely, if V = D+U has left-and right derivatives at point m, then
this results in a square root asymptotic with limits of normal type. Section 6 deals with
the huge class of estimators based on mappings h of the shape h(x, t) = ϕ(t − k(x)),
where ϕ : R → R is a convex function and k : Sl → R is any symmetric and measurable
map. The special choice ϕ(t) = t(1{t≥0} − α) and k(x) = x yields Smirnov’s [20] theory
for α-quantile estimators, α ∈ (0, 1). In fact, a good deal more examples are presented
and discussed. The last section 7 (Appendix) contains several technical results, which
are used in our proofs.

2. Proof of Theorem 1.1

The following observation is fundamental:

(16) Hn(anx+m) = P(mn ≤ m+ anx) = P(D+Un(m+ anx) ≥ 0),

where the last equality follows from Theorem 1.1 in Ferger [6].
For i = (i1, . . . , il) let Xi := (Xi1 , . . . , Xil). Then

D+Un(m+ anx) =

(
n

l

)−1 ∑
i

D+h(Xi,m+ anx),
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where the summation
∑

i extends over all i with 1 ≤ i1 < i2 < . . . < il ≤ n. Here, the

number of summands is equal to
(
n
l

)
, whence

{D+Un(m+ anx) ≥ 0}(17)

= {
(
n

l

)−1 ∑
i

(D+h(Xi,m+ anx)−D+U(m+ anx)) ≥ −D+U(m+ anx)}

= {−
√
n

(
n

l

)−1 ∑
i

(D+h(Xi,m+ anx)−D+U(m+ anx)) ≤
√
nD+U(m+ anx)}

= {−Ln(x) ≤ δn(x)},

where

Ln(x) =
√
n

(
n

l

)−1 ∑
i

(D+h(Xi,m+ anx)−D+U(m+ anx)).

By inserting the term D+h(Xi,m) it follows that

Ln(x) =
√
n

(
n

l

)−1 ∑
i

D+h(Xi,m)(18)

+
√
n

(
n

l

)−1 ∑
i

(D+h(Xi,m+ anx)−D+h(Xi,m)−D+U(m+ anx)).

One can easily see from the definition that D+h(x,m) is symmetric in x. Moreover,
E[D+h(Xi,m)] = D+U(m) = 0 by (5) and assumption (A1). Thus the first summand in
the decomposition (18) is a normalized and centered U -statistic with kernel D+h(x,m).
Consequently, (A3) allows us to apply the Central Limit Theorem for U-statistics, confer,
e.g., Proposition 4.2.1 in Koroljuk and Borovskich [14], which yields:

(19)
√
n

(
n

l

)−1 ∑
i

D+h(Xi,m)
D−→ N(0, σ2).

Let the second summand in the decomposition (18) be denoted by Nn(x), i.e.

(20) Nn(x) :=
√
n

(
n

l

)−1 ∑
i

(D+h(Xi,m+ anx)−D+h(Xi,m)−D+U(m+ anx)).

Another application of (5) and (A1) gives that Nn(x) is also a centered and normalized
U -statistic with symmetric kernel

Kn(x) ≡ Kn,x(x) = D+h(x,m+ anx)−D+h(x,m)−D+U(m+ anx).

By Lemma A on p.183 in Serfling [19] we have that for all n ∈ N and every x ∈ R:

V ar[Nn(x)] ≤ l V ar[Kn(X)]

= l V ar[D+h(X,m+ anx)−D+h(X,m)]

≤ l E[(D+h(X,m+ anx)−D+h(X,m))2](21)

If x = 0, then Nn(x) = Nn(0) = 0. For the case x ̸= 0 we will use the subsequence
criterion and that every positive null sequence contains a subsequence that converges
to zero from above. Assume that x > 0. Let (nk)k∈N be a subsequence of the natural
numbers. Then (ank

)k∈N contains a subsequence (ankl
)l∈N such that ankl

↓ 0 as l → ∞.

Let us write bl = ankl
for short. Since h(x, ·) is a convex function, it follows thatD+h(x, ·)

is an increasing and right-continuous function on R for each x ∈ Sl, confer Theorem 24.1
in Rockafellar [18]. Therefore Zl := D+h(X,m+ blx)−D+h(X,m) ≥ 0 and because of
m+ blx ↓ m the squares Z2

l = (D+h(X,m+ blx)−D+h(X,m))2 ↓ 0, l → ∞. According
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to (100) of Lemma 7.1 in the appendix the Z2
l are P-integrable for eventually all l ∈ N.

Thus an application of the Monotone Convergence Theorem yields that

(22) E[(D+h(X,m+ blx)−D+h(X,m))2] → 0, l → ∞.

Conclude from (21) that V ar[Nnkl
(x)] → 0, whence by the subsequence criterion actually

V ar[Nn(x)] → 0 as n → ∞ for all x > 0. Next, assume that x < 0. Then m+ blx ↑ m,
whence 0 ≥ Zl ↑ D−h(X,m) − D+h(X,m) =: Z upon noticing that D+h(x,m − 0) =
D−h(x,m) by Theorem 24.1 in Rockafellar [18]. Now, −Z ≥ 0 and by linearity

E[−Z] = E[D+h(X,m)]− E[D−h(X,m)] = D+U(m)−D−U(m) = 0,

where the second last equality holds by (5) and the last equality by assumption (A1).

Thus Z = 0 P-a.s. and since Z2
l ↓ Z2 a.s.

= 0 another application of the Monotone
Convergence Theorem shows that (22) is true also for every negative x. With the same
arguments as for positive x we obtain that V ar[Nn(x)] → 0 as n → ∞ for all x < 0. In
summary, E[Nn(x)] = 0 for all n ∈ N and V ar[Nn(x)] → 0, n→ ∞ for all x ∈ R. So, we
can infer that Nn(x)

P−→ 0 for every x ∈ R. Recall that

Ln(x) =
√
n

(
n

l

)−1 ∑
i

D+h(Xi,m) +Nn(x) ∀ x ∈ R.

Hence (19) and Slutsky’s theorem ensure that

(23) Ln(x)
D−→ N(0, σ2) ∀ x ∈ R.

The limit law (23) makes it easy to prove the following result.

Theorem 2.1. If (A0)-(A4) are satisfied, then

Rn(x) := Hn(anx+m)− Φσ(δn(x)) → 0 ∀ x ∈ R.

Proof. By equations (16) and (17) we have that

(24) Hn(anx+m) = P(−Ln(x) ≤ δn(x)) = Gn,x(δn(x))

for all x ∈ R, where Gn,x denotes the distribution function of −Ln(x). It follows from
(23) that Gn,x(u) → Φσ(u), n → ∞, for every u ∈ R. By Pólya’s theorem one actually
has that ||Gn,x − Φσ|| := supu∈R |Gn,x(u)− Φσ(u)| → 0. Since by (24)

|Rn(x)| = |Gn,x(δn(x))− Φσ(δn(x))| ≤ ||Gn,x − Φσ||,
the assertion follows. □

From Theorem 2.1, in turn, one easily obtains the equivalence of (9) and (10) in
Theorem 1.1 and the relation between H and δ. We call this the first part of Theorem
1.1. Later on this knowledge is used to prove the second part.

Proof. (First part of Theorem 1.1) Assume (9) holds, where w.l.o.g. the function is rcll,

because otherwise we can replace H with H̃, confer the discussion in front of Theorem
1.1. Then by Theorem 2.1

Φσ(δn(x)) = (Hn(anx+m)−H(x))−Rn(x) +H(x) → H(x) ∀ x ∈ CH .

Since Φσ is invertible, it follows that δn(x) → Φ−1
σ (H(x)) for every x ∈ CH . Thus (10)

holds with δ(x) = Φ−1
σ (H(x)), x ∈ R, and D = CH , which is known to be dense in R.

Conversely, assume that (10) is true. Then Hn(anx + m) = Rn(x) + Φσ(δn(x)) →
Φσ(δ(x)) for all x ∈ D by Theorem 2.1. Now, the functions Gn given by Gn(x) :=
Hn(anx + m), x ∈ R, are increasing for every n ∈ N, because the constants an are
positive. This also applies to H with H(x) = Φσ(δ(x)). To see this first note that
the functions δn are increasing, because V = D+U is increasing. Therefore, the limit
function δ is increasing as well. This shows that in fact H is increasing. So, we have
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that Gn(x) → H(x) for all x in a dense subset D and that all involved functions are
increasing. Then Lemma 5.74 in Witting and Müller-Funk [22] says that the convergence
holds for all x ∈ CH , which is (9). (Notice that in that Lemma 5.74 it is required that the
set D is also denumerable. However, checking the (short) proof shows that countability
is not needed.) □

Note that under (A1), for all n ∈ N, δn(x) ≤ 0 and δn(x) ≥ 0 according as x ≤ 0
or x ≥ 0. Thus by taking the limit n → ∞ it follows that δ : R → [−∞,∞] has the
following properties: it is increasing (as we saw in the proof above), non-positive on
(−∞, 0], non-negative on [0,∞) and in particular δ(0) = 0. In the following we will show
that δ can indeed have only four different forms, see (33)-(36) below. We take the first
step on the way there with the following result:

Proposition 2.1. Assume that in Theorem 1.1 the limit H in (9) is a distribution
function not degenerated at zero. Then the limit δ in (10) satisfies the following functional
equations:

(25) δ(x) =
√
k δ(αkx) ∀ x ∈ R ∀ k ∈ N,

where the αk are positive constants given by αk = limn→∞
ank

an
.

Proof. It should be remembered that the first part of Theorem 1.1 has already been
proved and therefore can be used in what follows. For each fixed k ∈ N, (nk)n∈N is a
subsequence of the natural numbers. From (10) of Theorem 1.1 it follows that δnk(x) =√
nkV (m+ ankx) → δ(x) for every x ∈ CH , whence

√
nV (m+ ankx) →

δ(x)√
k

=: δ(k)(x) ∀ x ∈ CH .

Since ank → 0, n→ ∞, another application of Theorem 1.1 (first part) yields that

(26) Hn(ankx+m) → Φσ(δ
(k)(x)) =: H(k)(x) ∀ x ∈ CH = CH(k) .

Here, the equality of the continuity-sets follows from Cδ = Cδ(k) . By the convergence
(26) and by the convergence in (9) of Theorem 1.1, the Convergence of Strict Types
(confer Theorem 25, p.265 in Fristedt and Gray [7]) says that αk = limn→∞

ank

an
> 0 and

that H(k)(x) = H(αkx) for all x ∈ R. Using the identity H(x) = Φσ(δ(x)), x ∈ R, from
Theorem 1.1 we obtain that Φσ(δ(x)/

√
k) = Φσ(δ(αkx)), x ∈ R, which finally results in

δ(x) =
√
k δ(αkx) for all x ∈ R, because Φσ is invertible. □

Note that α1 = 1 no matter how the sequence (an)n∈N looks like. So, for k = 1
the functional equation (25) reduces to δ(x) = δ(x), a tautology. In the analysis of the
functional equations (25) we distinguish 3 possible cases.

Case 0: Suppose there exists some natural k ≥ 2 such that αk > 1.

(i) Let x > 0. Then αkx > x and thus δ(αkx) ≥ δ(x) by monotonicity of δ. As a
consequence

(27) δ(x) ≤ 0 or δ(x) = ∞,

because otherwise 0 < δ(x) < ∞ and therefore 1 ≤ δ(αkx)
δ(x) = 1√

k
, where the last

equality follows from (25) by division with δ(x) ∈ (0,∞). It follows that
√
k ≤ 1

in contradiction to k ≥ 2. Next, we will show that δ(x) > 0 for every x > 0. In
fact, assume that there is some x0 > 0 such that

(28) δ(x0) ≤ 0.

Then actually δ(x) ≤ 0 for all x > 0. To see this fix some x > 0 and put

yl := αl
kx0, l ∈ N0.
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Since αk > 1 and x0 is positive, it follows that yl ↑ ∞ as l → ∞. In particular,
yl ≥ x for some sufficiently large l. Consequently,

(29) δ(x) ≤ δ(yl).

But

δ(yl) = δ(αkα
l−1
k x0) = δ(αkyl−1) = k−1/2δ(yl−1) = . . . = k−l/2δ(y0) = k−l/2δ(x0).

Note that this formula applies to every αk > 0 and every x0 ∈ R. For later use
we write down the basic equality:

(30) δ(yl) = k−l/2δ(x0).

Now it follows from (29),(30) and (28) that δ(x) ≤ 0 for all x > 0 and therefore
H(x) = Φσ(δ(x)) ≤ 1/2 for all x > 0 in contradiction to H is a distribution
function. Thus we have shown that δ(x) > 0 for all x > 0, which by (27) ensures
that

(31) δ(x) = ∞ ∀ x > 0.

(ii) Let x < 0. This case can be treated analogously as in (i) above. One obtains:

(32) δ(x) = −∞ ∀ x < 0.

Since H(x) = Φσ(δ(x)) it follows from (31) and (32) that H(x) = 1 for all x > 0 and
H(x) = 0 for all x < 0, which means that H is a distribution function degenerated at
zero in contrast to our assumption. This means that Case 0 cannot occur.

Case 1: There exists some natural k ≥ 2 such that αk < 1.

(i) Let x < 0. Then αkx > x and by (25), 1√
k
δ(x) = δ(αkx) ≥ δ(x). As a conse-

quence (+) δ(x) ≥
√
kδ(x). We obtain that

δ(x) ≤ 0 or δ(x) = ∞,

because otherwise 0 < δ(x) < ∞ and therefore 1 ≥
√
k by division in (+), a

contradiction to k ≥ 2. The case δ(x) = ∞ is impossible for each x < 0, because
δ(x) ≤ δ(0) = 0 < ∞. So it remains the case (a) δ(x) ≤ 0 ∀ x < 0. Here we
make a further case distinction, namely:
(a1) δ(x) > −∞ ∀ x < 0.
(a2) There exists some x0 < 0 such that δ(x0) = −∞. We claim that then

δ(x) = −∞ actually for all x < 0. To see this assume that there is some
x < 0 with δ(x) > −∞. Put yl := αl

kx0, l ∈ N0. Since αk ∈ (0, 1) and
x0 < 0, it follows that yl ↑ 0, l → ∞, whence yl ≥ x for some l sufficiently
large. An application of (30) gives that δ(x0) = kl/2δ(yl) ≥ kl/2δ(x) > −∞,
so that δ(x0) > −∞ as well in contradiction to our assumption.

So with a view to (a), only the two cases remain in total:
(a1) −∞ < δ(x) ≤ 0 ∀ x < 0.
(a2) δ(x) = −∞ ∀ x < 0.
Similarly, for x > 0 you get the only possible two cases:
(a3) 0 ≤ δ(x) <∞ ∀ x > 0.
(a4) δ(x) = ∞ ∀ x > 0.
Of the 4 possible combinations, (a2) and (a4) are ruled out because the associated
function H(x) = Φσ(δ(x)) is the same as in Case 0. This leaves the following 3
combinations:
(1) δ(x) = −∞ if x < 0 and 0 ≤ δ(x) <∞ if x > 0.
(2) −∞ < δ(x) ≤ 0 if x < 0 and δ(x) = ∞ if x > 0.
(3) −∞ < δ(x) ≤ 0 if x < 0 and 0 ≤ δ(x) <∞ if x > 0.
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Now the solutions of the functional equations (25) under the respective con-
straints (1)-(3)are:

(1) : δ(x) =

{
−∞ , x < 0
cxα , x > 0

(c, α > 0).(33)

(2) : δ(x) =

{
−c|x|α , x < 0
∞ , x > 0

(c, α > 0).(34)

(3) : δ(x) =

{
−c|x|α , x < 0
dxα , x > 0

(c, d, α > 0).(35)

These solutions can be found in Smirnov [20] on pp.105-106, who in turn refers
to Gnedenko [8].

Case 2: There exists some integer k ≥ 2 such that αk = 1. Then (∗) δ(x) =
√
kδ(x)

for all x ∈ R. Assume that δ(x) ∈ R \ {0}. Then division by δ(x) in (∗) yields 1 =
√
k,

in contradiction to k ≥ 2. Thus δ(x) ∈ {−∞, 0,∞}. Recall that δ(0) = 0 and that δ is
increasing. It follows that:

(36) (4) : δ(x) =

 −∞ , x < −c1
0 , −c1 < x < c2
∞ , x > c2

(c1, c2 ≥ 0,max{c1, c2} > 0).

Here, c1, c2 ≥ 0 results from δ(0) = 0. Finally, H = Φσ ◦ δ by Theorem 1.1 (first part),
which is degenerated at zero if c1 = 0 = c2. This is a contradiction to our assumption
and thus max{c1, c2} > 0.

From (33)-(36) we immediately obtain the four possible classes (11)-(14) by another
application of Theorem 1.1 (first part). This completes our proof of Theorem 1.1.

3. Domains of attraction of the limits H

Now that we have specified all possible limit distributions, the next step is to develop
general conditions on a particular pair (P, h) such that (9) holds with limit H a distri-
bution function not degenerated at 0. In that case (P, h) is said to be in the domain
of attraction of H, symbolically: (P, h) ∈ D(H). More specifically, we would like to
show how to find constants an so that (mn −m)/an converges in distribution, as well as
determining the limit itself.

According to (5) we have that

(37) V (t) = D+U(t) =

∫
Sl

D+h(x, t)P l(dx) = E[D+h(X, t)], t ∈ R.

Recall that Condition (A1) has the form V (m) = 0 = V (m−). Notice that here m need
not to be uniquely determined. However, if this is the case, then there is an equivalent
characterisation:

Lemma 3.1. Suppose V (m) = 0 = V (m−). Then m is unique if and only if

(38) V (x) < 0 ∀ x < m and V (x) > 0 ∀ x > m.

Proof. Assume that m is unique, but there exists some x < m such that V (x) ≥ 0 or
there exists some y > m such that V (y) ≤ 0. In the first case it follows that 0 ≤ V (x) ≤
V (m) = 0, because V is increasing. Thus for (every) z ∈ (x,m) we know that V (z) = 0,
whence V (z−) = 0 as well. This means that z satisfies (A1), which contradicts the
uniqueness of m. In the second case one can argue in the same way.

Conversely, assume that (38) holds, but there exists some m′ ̸= m such that V (m′) =
0 = V (m′−). However, V (m′) = 0 immediately contradicts (38). □

The following theorems give necessary and sufficient conditions for (P, h) ∈ D(H),
where H runs through the classes 1-4.
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Theorem 3.1. Assume that conditions (A0)-(A4) are satisfied. Then in order that
(P, h) ∈ D(H) with H ∈ class 1 it is necessary and sufficient that m is unique,

(39)
V (m+ t)

V (m− t)
→ 0, t ↓ 0,

and

(40)
V (m+ τt)

V (m+ t)
→ τα, t ↓ 0, ∀ τ > 0.

A possible choice for the constants in (9) is an := V −1(1/
√
n) −m ↓ 0. In this case, α

in (40) and c = 1 are the parameters in (11).

Proof. Sufficiency: Recall that V is increasing and right continuous with left limits (rcll).
By (38) the function V is not flat at m and therefore V −1 is continuous at 0 by Lemma
1.18 in Witting [21]. Infer from that continuity and the definition of (an) that an ↓ 0.
Moreover, since m+ an = V −1(1/

√
n), it follows that

(41) V (m+ an−) = V (V −1(1/
√
n)−) ≤ 1√

n
≤ V (V −1(1/

√
n)) = V (m+ an).

Consequently, we have 1
V (m+an)

≤
√
n ≤ 1

V (m+an−) and therefore

(42)
V (m+ anx)

V (m+ an)
≤

√
nV (m+ anx) ≤

V (m+ anx)

V (m+ an−)
.

Deduce from (40) with τ = x > 0 and t = an ↓ 0 that

(43) lim
n→∞

V (m+ anx)

V (m+ an)
= xα ∀ x > 0.

Fix some ϵ ∈ [0, 1/2]. Another application of (40) with τ = x/(1−ϵ) and t = an(1−ϵ) ↓
0 yields

(44) lim
n→∞

V (m+ anx)

V (m+ an(1− ϵ))
=

( x

1− ϵ

)α ∀ x > 0 ∀ ϵ ∈ [0, 1/2].

Put fn(ϵ) := V (m + anx)/V (m + an(1 − ϵ)) and f(ϵ) :=
(

x
1−ϵ

)α
with x > 0 fixed.

Observe that fn and f are increasing and in addition f is continuous. By Pólya’s Theorem
the sequence (fn) converges uniformly on [0, 1/2], whence one can interchange the limits,
i.e.

lim
ϵ↓0

lim
n→∞

fn(ϵ) = lim
n→∞

lim
ϵ↓0

fn(ϵ) = lim
n→∞

V (m+ anx)

V (m+ an−)
.

Thus by taking the limit ϵ ↓ 0 in (44) we arrive at

(45) lim
n→∞

V (m+ anx)

V (m+ an−)
= xα ∀ x > 0.

From (42) in combination with (43) and (45) it follows that

(46) δn(x) =
√
nV (m+ anx) → xα ∀ x > 0.

Next, consider x < 0. Then V (m+ anx) < 0 by (38) and
√
n ≥ 1/V (m+ an) by (41)

and therefore

(47)
√
nV (m+ anx) ≤

V (m+ anx)

V (m+ an)
=
V (m+ anx)

V (m− anx)
· V (m− anx)

V (m+ an)
.

Here, on the right side the first factor is negative for all n ∈ N and its inverse converges
to zero by condition (39) with t = −anx ↓ 0. Thus the first factor converges to −∞,
whereas the second factor converges to (−x)α > 0 by condition (40) with τ = −x > 0
and t = an ↓ 0. So, the upper bound in (47) converges to −∞, which finally shows that

(48) δn(x) =
√
nV (m+ anx) → −∞ ∀ x < 0.
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Infer from (46) and (48) that condition (10) of Theorem 1.1 is fulfilled, where δ is as in
(33) with c = 1 and D = R \ {0}. Consequently (9) follows with H ∈ class 1.

Necessity: By assumption and Theorem 1.1 there exists some sequence an → 0 such
that

(49) δn(x) =
√
nV (m+ anx) → δ(x) ∀ x ∈ CH = R \ {0}

with δ as in (33). Assume that m is not unique, i.e. V (m′) = 0 for some m′ ̸= m. If
m′ < m, then by monotonicity V (u) = 0 for every u ∈ [m′,m]. It follows that for x < 0,
m + anx ∈ [m′,m] and thus δn(x) =

√
nV (m + anx) = 0 for eventually all n ∈ N, in

contradiction to δn(x) → δ(x) = −∞. If m′ > m, then one obtains in the same way that
for x > 0, δn(x) = 0 for eventually all n ∈ N, in contradiction to δn(x) → δ(x) = cxα > 0.
This shows that m is unique.

For the derivation of (39) consider at first an arbitrary fixed t > 0. W.l.o.g. we may
assume that (an) is strictly decreasing because otherwise extract a strictly decreasing
subsequence. Then there exists some n = n(t) ∈ N such that an+1 ≤ t ≤ an and
therefore

(50) V (m+ an+1) ≤ V (m+ t) ≤ V (m+ an).

Notice that V (m− t) < 0 < V (m+ t) by (38). It follows that

(51)

√
n+ 1√
n

· δn(1)

δn+1(−1)
≤ V (m+ t)

V (m− t)
≤

√
n√

n+ 1
· δn+1(1)

δn(−1)
.

Note that n = n(t) ↑ ∞ as t ↓ 0. Clearly the first ratio of the lower bound converges
to 1, whereas by (49) the numerator of the second ratio converges to c > 0 and the
denominator converges to −∞. Consequently the lower bound converges to zero. This
also applies to the upper bound, whence condition (39) follows.

Moreover, for each τ > 0 we obtain

(52)

√
n√

n+ 1
· δn+1(τ)

δn(1)
≤ V (m+ τt)

V (m+ t)
≤

√
n+ 1√
n

· δn(τ)

δn+1(1)
.

Thus another application of (49) results in (40). □

Theorem 3.2. Assume that conditions (A0)-(A4) are satisfied. Then (P, h) ∈ D(H)
with H ∈ class 2 if and only if m is unique and

(53)
V (m− t)

V (m+ t)
→ 0, t ↓ 0,

and

(54)
V (m− τt)

V (m− t)
→ τα, t ↓ 0, ∀ τ > 0.

A possible choice for the constants in (9) is an := m − V −1(−1/
√
n) ↓ 0 is. Then α in

(54) is the exponent in (12) and c = 1 there.

Proof. Analogously to the above proof. □

Theorem 3.3. Assume that conditions (A0)-(A4) are satisfied. Then (P, h) ∈ D(H)
with H ∈ class 3 if and only if m is unique and

(55)
V (m+ t)

V (m− t)
→ A < 0, t ↓ 0,

and

(56)
V (m+ τt)

V (m+ t)
→ τα, t ↓ 0, ∀ τ > 0.
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A possible choice for the constants in (9) is an := V −1(1/
√
n)−m ↓ 0. Moreover, α in

(56) is the exponent in (13) and the constants there are c = −1/A > 0 with A from (55)
and d = 1.

Proof. If-part: As in the proof of Theorem 3.1 one shows that δn(x) =
√
nV (m+anx) →

xα for all x > 0. Consider x < 0. Then

√
nV (m+ anx) =

√
nV (m+ an(−x))

(V (m+ an(−x))
V (m+ anx)

)−1

.

Here the first factor converges to (−x)α and the second factor to A−1 by condition (55).
We obtain that

δn(x) → δ(x) =

{
−c|x|α , x < 0
xα , x > 0,

where c = −1/A > 0. Thus Theorem 1.1 ensures that (P, h) ∈ D(H) with H ∈ class 3.
Only-if-part: By Theorem 1.1 it follows that

δn(x) → δ(x) =

{
−c|x|α , x < 0
dxα , x > 0,

where c and d are positive constants. Therefore uniqueness of m can be shown as in the
proof of Theorem 3.1 upon noticing that δ(x) ̸= 0 for all x ̸= 0. Moreover, conditions
(55) with A = −d/c < 0 and (56) follow from (51) and (52). □

Theorem 3.4. Suppose that (A0)-(A4) hold with m being unique. Then (P, h) ∈ D(H),
where H ∈ class 4 if and only if

(57)
√
nV (a∗nx+m) → δ(x) =

 −∞ , x < −c1
0 , −c1 < x < c2
∞ , x > c2.

Here, c1, c2 ≥ 0 with max{c1, c2} > 0 and

a∗n =
(
V −1(1/

√
n)− V −1(−1/

√
n)
)
/(c1 + c2) ↓ 0.

Proof. From the proof of Theorem 3.1 we already know that uniqueness of m entails
continuity of V −1 at 0. Thus a∗n ↓ 0. Further, by Theorem 1.1 the relation (P, h) ∈ D(H)
with H ∈ class 4 is true if and only if there is some sequence an → 0 such that

(58)
√
nV (anx+m) → δ(x).

Let x = c2 + ϵ with ϵ ∈ (0,∞). By (58) there exists some n0 = n0(ϵ) ∈ N such that√
nV (anx+m) ≥ 1 and therefore V (anx+m) ≥ 1/

√
n for all n ≥ n0. For these n it follows

that anx+m ≥ V −1(1/
√
n), by which we arrive at an(c2 + ϵ) ≥ V −1(1/

√
n)−m =: αn

for all n ≥ n0.
Let x = −c1 + ϵ with ϵ ∈ (0, c1 + c2). Using (58) we find an integer n1 = n1(ϵ)

such that |
√
nV (anx +m)| ≤ 1, whence V (anx +m) ≥ −1/

√
n for every n ≥ n1. As a

consequence one obtain the following equivalent relations: anx +m ≥ V −1(−1/
√
n) ⇔

anx ≥ −m+ V −1(−1/
√
n) ⇔ an(c1 − ϵ) ≤ m− V −1(−1/

√
n) =: βn.

If x = c2 − ϵ, ϵ ∈ (0, c1 + c2), then there exists a n2 ∈ N such that for all n ≥ n2 the
following implications hold:

|
√
nV (anx +m)| ≤ 1/2 ⇒ V (anx +m) ≤ 1

2
1√
n
< 1√

n
⇒ anx +m < V −1(1/

√
n) ⇒

an(c2 − ϵ) < αn.
Similarly, one treats the case x = −c1 − ϵ, ϵ ∈ (0,∞). To summarize, we obtain that

for each ϵ ∈ (0, c1 + c2) there is some N = N(ϵ) ∈ N such that

an(c2 − ϵ) < αn ≤ an(c2 + ϵ), an(c1 − ϵ) ≤ βn < an(c1 + ϵ) ∀ n ≥ N.
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If you add both inequalities and then divide by 2an, the result with d := (c1 + c2)/2 is

(59) d− ϵ ≤ αn + βn
2an

≤ d+ ϵ ∀ n ≥ N.

Define

θn :=
d

αn+βn

2an

− 1.

Then on the one hand it follows from (59) that − ϵ
d+ϵ ≤ θn ≤ ϵ

d−ϵ , whence θn → 0. On
the other hand a simple rearrangement of the formula for θn gives

an =
αn + βn

2d
(1 + θn) = a∗n(1 + θn).

Thus (58) is the same as

(60)
√
nV (a∗n(1 + θn)x+m) → δ(x).

Our proof is complete, once we have shown that (60) is equivalent to (57). To do this,
introduce δ∗n(x) :=

√
nV (a∗nx+m) and δ∗∗n (x) :=

√
nV (a∗n(1 + θn)x+m). Assume that

(57) holds. Consider x ∈ (−c1, c2). By assumption δ∗n(x) → δ(x) = 0. Observe that δ∗n
and δ both are increasing and that δ is continuous. Therefore Pólya’s theorem ensures
that δ∗n converges to δ uniformly on every compact set K ⊆ (−c1, c2). As a consequence
δ∗n(xn) → δ(x) for every sequence (xn) with xn → x. Since xn := (1 + θn)x → x, we
receive that δ∗∗n (x) = δ∗n(xn) → δ(x). Let x > c2. For some z ∈ (c2, x) we have that
xn ≥ z for eventually all n ∈ N. Conclude from δ∗∗n (x) = δ∗n(xn) ≥ δ∗n(z) → ∞ that
δ∗∗n (x) → ∞. Similarly, one obtains for x < −c1 that δ∗∗n (x) → −∞. This shows that (60)
is fulfilled. For the reverse conclusion notice that δ∗n(x) = δ∗∗n (yn) with yn = x/(1+θn) →
x, so that we can proceed as above. □

4. Extension to general minimizers of Un

So far we only considered the smallest minimizing point mn of Un. Let m∗
n be the

largest minimizing point of Un, which by Corollary 3.3 in Ferger [6] is a real random
variable. If H∗

n(x) := P(m∗
n < x), then

H∗
n(anx+m) = P(m∗

n < m+ anx) = P(D−Un(m+ anx) > 0),

where the second equality holds by Theorem 1.1 of Ferger [6]. (Notice that H∗
n is left

continuous with right limits.) From here on, we can proceed in the same way as in the
proof of Theorem 1.1 (first part), replacing D+h with D−h in assumptions (A2)-(A4).
More precisely, the assumptions are now:

(B0) = (A0).
(B1) = (A1).
(B2) E[D−h(X1, . . . , Xl,m)2] <∞.
(B3) Put

ζ− :=

∫
S

[

∫
Sl−1

D−h(x1, x2, . . . , xl,m)dP l−1(x2, . . . , xl)]
2dP (x1)

for l ≥ 2, and ζ− :=
∫
S
D−h(x,m)2P (dx) for l = 1. We require that ζ− > 0.

(Finiteness of ζ− follows from (B2).)
(B4) There exist points s0 < 0 < s1 such that

E[
(
D−h(X1, . . . , Xl,m+ t)−D−h(X1, . . . , Xl,m)

)2
] <∞

for t ∈ {s0, s1}.



14 D. FERGER

In complete analogy to the proof of Theorem 1 (part one), we obtain the following:
Interim Conclusion Assume that m is a real number such that (B0)-(B4) hold.

Then the following statements (61) and (62) are equivalent:

(61) H∗
n(anx+m) → H∗(x) ∀ x ∈ CH∗ ,

where H∗ is a sub distribution function.

(62) δ∗n(x) :=
√
nD−U(m+ anx) → δ∗(x) ∈ [−∞,∞] ∀ x ∈ D∗,

where D∗ is some dense subset of R.
In both cases, H∗(x) = Φσ∗(δ∗(x)) and D∗ = CH∗ . Moreover, σ∗2 = l2ζ−.
Now that we have looked at the smallest and largest minimizer of Un, let’s look in

general at arbitrary measurable minimizer m̃n ∈ Argmin(Un) a.s. By (7) every such
minimizer is completely characterized by the inequalities

(63)

∫
Sl

D−h(x, m̃n)Pn(dx) ≤ 0 ≤
∫
Sl

D+h(x, m̃n)Pn(dx) a.s.

Theorem 4.1. Let m̃n be a real random variable, which minimizes Un a.s. Then all
results from section 1 apply verbatim for m̃n and its distribution function H̃n(x) :=
P(m̃n ≤ x), x ∈ R.

Proof. First notice the basic relation

(64) H∗
n ≤ H̃n ≤ Hn,

which holds to be true, because mn ≤ m̃n ≤ m∗
n a.s.

We prove that the first part of Theorem 1.1 holds for mn replaced by m̃n. To this end
observe that by Lemma 7.2 in the appendix the validity of assumptions (A0)-(A4) entail
that of (B0)-(B4). From Theorem 2.1 it is known that

(65) Rn(x) := Hn(anx+m)− Φσ(δn(x)) → 0 ∀ x ∈ R.
Since (B0)-(B4) hold, it follows analogously that

R∗
n(x) := H∗

n(anx+m)− Φσ∗(δ∗n(x)) → 0 ∀ x ∈ R.
By Lemma 7.3 in the appendix, δ∗n(x) = δn(x) for all x ∈ D1 and for all n ∈ N. Moreover,
ζ− = ζ by Lemma 7.2 in the appendix, whence σ∗ = σ. Thus

(66) R∗
n(x) = H∗

n(anx+m)− Φσ(δn(x)) → 0 ∀ x ∈ D1.

Put R̃n(x) := H̃n(anx +m) − Φσ(δn(x)), x ∈ R. Then by the equality in (66) and by

(64) it follows that R∗
n(x) ≤ R̃n(x) ≤ Rn(x) for all x ∈ D1. Thus (65) and (66) make us

to apply the sandwich-theorem resulting in R̃n(x) → 0 for each x ∈ D1.
Now, assume that

(67) H̃n(anx+m) → H(x) ∀ x ∈ CH ,

where H is increasing and rcll. From Lemma 7.3 in the appendix we know that D1 = Ac,
where A is a countable set. Then D := (A ∪DH)c = D1 ∩ CH is dense. If follows that

Φσ(δn(x)) = (H̃n(anx+m)−H(x))− R̃n(x) +H(x) → H(x) ∀ x ∈ D

and therefore

(68) δn(x) → δ(x) ∀ x ∈ D

with δ(x) = Φ−1
σ (H(x)) as desired.

Conversely, assume that (68) holds. By Theorem 1.1, Hn(anx + m) → H(x) =
Φσ(δ(x)) for all x ∈ CH . According to Lemma 7.3, δ∗n → δ(x) for all x ∈ D2, where D2 is
dense. Recall that σ∗ = σ. Thus the Interim Conclusion says that H∗(anx+m) → H(x)
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for all x ∈ CH . Hence the inequalities (64) and another application of the sandwich-
theorem yield the convergence (67).

As to the second part observe that δ satisfies the functional equations (2.1). This can
be shown in the same way as for the sequence (mn). And the solutions of these have
been derived in section 2. □

5. Square-root asymptotics

All our conditions on V describing the asymptotic behaviour of the distributions of the
estimators m̃n are of local type, namely: How does V behave in a small neighborhood of
m? The most simple case is when it is differentiable at m as in the following proposition.
Its first part generalizes the results of Huber [12] and of Brøns et.al. [3]. The statement
of the second part is new.

Proposition 5.1. Let (A0)-(A4) be satisfied. Assume that V is differentiable at m with
V ′(m) > 0. Then

(69)
√
n(m̃n −m)

D→ N(0, τ2) with τ2 =
l2ζ

V ′(m)2
.

If V ′(m) = 0, then

(70)
√
n(m̃n −m)

D→ Y in R,
where P(Y = −∞) = P(Y = ∞) = 1

2 .

Proof. Let an = 1/
√
n. Then by V (m) = 0

(71) δn(x) =
√
nV (m+

x√
n
) =

V (m+ x√
n
)− V (m)

x√
n

x ∀ 0 ̸= x ∈ R.

Recall that δn(0) = 0. Therefore, δn(x) → V ′(m) · x = δ(x) for all x ∈ R and the
assertions follow from Theorem 1.1. Indeed, H(x) = Φσ(V

′(m)x) is the distribution
function of N(0, σ2/(V ′(m))2), if V ′(m) > 0. This shows (69). If V ′(m) = 0, then
H(x) = 1/2 for all x ∈ R, which is the distribution function of Y . This shows the second
part (70). □

In fact, Proposition 5.1 admits a slight generalization, which may be useful sometimes.

Remark 5.1. Assume that V has only left- and right derivatives D−V (m) and D+V (m)
at point m, which both are positive. Then it follows from (71) and Theorem 1.1 that

√
n(m̃n −m)

D→ Y,

where Y = 1{N<0}
σ

D−V (m)N + 1{N≥0}
σ

D+V (m)N and N = N(0, 1).

In case that D−V (m) = 0 < D+V (m) the equations (71) show that δn(x) → δ(x) for
all x ∈ R, where δ(x) = 0 for x < 0 and δ(x) = D+V (m) · x for x ≥ 0. Therefore by
Theorem 1.1,

(72)
√
n(m̃n −m)

D→ Y in R = R ∪ {−∞,∞},
where Y has sub distribution function H(x) = 1{x<0}

1
2 + 1{x≥0}Φσ(D

+V (m)x). Notice

that P(Y = −∞) = 1
2 and P(Y = ∞) = 0. Moreover, P(Y ∈ (−∞, 0]) = 0 and

P(0 < Y ≤ x) = Φσ(D
+V (m)x)− 1/2.

In case that D−V (m) > 0 = D+V (m) the convergence (72) holds, where Y has sub
distribution function H(x) = 1{x≥0}

1
2 + 1{x<0}Φσ(D

−V (m)x). Here, P(Y = ∞) = 1
2

and P(Y = −∞) = 0.
Finally, if only D+V (m) exists and is positive, then

(73) P(
√
n(m̃n −m) ≤ x) → Φσ(D

+V (m)x) for all x ≥ 0.
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Similarly, if only D−V (m) exists and is positive, then

(74) P(
√
n(m̃n −m) ≤ x) → Φσ(D

−V (m)x) for all x ≤ 0.

These last two results (73) and (74) follow analogously to the proof of Theorem 1.1 (first
part).

Next, we think that the basic functions h are generated as follows: Let ψ : Sl×R → R
be a bivariate function such that ψ(x, ·) is monotone increasing for each x ∈ Sl. W.l.o.g.

we can assume that ψ(x, ·) is rcll, because othererwise use instead its rcll version ψ̃(x, ·),
compare the section in front of Theorem 1.1. Define

h(x, t) :=

∫ t

0

ψ(x, s)ds.

Then h(x, ·) is convex for every x ∈ Sl, confer e.g. section 1.6 in Niculescu and Persson
[16]. Moreover Theorem 24.2 in Rockafellar [18] says that D+h(x, t) = ψ(x, t+) = ψ(x, t)
by right continuity and D−h(x, t) = ψ(x, t−). Then

ζ =

∫
S

E[ψ(x,X2, . . . , Xl,m)]2P (dx),

if l ≥ 2 and ζ = E[ψ(X1,m)2], if l = 1. From (37) it follows that

(75) V (t) =

∫
Sl

ψ(x, t)P l(dx) = E[ψ(X, t)], t ∈ R.

Similarly, V ±
n in (8) can be rewritten as

V +
n (t) =

(
n

l

)−1 ∑
i

ψ(Xi, t) and V −
n (t) =

(
n

l

)−1 ∑
i

ψ(Xi, t−).

Here, recall that Xi = (Xi1 , . . . , Xil) and that the summation
∑

i extends over all l-
tuples i = (i1, . . . , il) with 1 ≤ i1 < i2 < . . . < il ≤ n. The following result is rather just
a reformulation of Proposition 5.1. It enables us to compare it with a known result in
the literature.

Corollary 5.1. Let m̃n be a real random variable such that

(76) V −
n (m̃n) ≤ 0 ≤ V +

n (m̃n) a.s.

Suppose that V in (75) is continuous and strictly increasing on R and differentiable at
m. Moreover, assume that:

(0) ψ(·, t) and ψ(·, t−) are P l-integrable for all t ∈ R.
(1) V (m) = 0.
(2) E[ψ(X,m)2] <∞.
(3) ζ > 0.

(4) There exist reals t0 < 0 < t1 such that E[
(
ψ(X,m + t) − ψ(X,m)

)2
] < ∞ for

t ∈ {t0, t1}.
If V ′(m) > 0, then

√
n(m̃n −m)

D→ N(0, τ2) with τ2 =
l2ζ

V ′(m)2
.

If V ′(m) = 0, then
√
n(m̃n −m)

D→ Y in R,
where Y is uniformly distributed on {−∞,∞}.

Proof. From (0)-(4) it follows that (A0)-(A4) are fulfilled. Furthermore, m̃n ∈ Argmin(Un)
a.s. by (7). Thus the assertion follows from Proposition 5.1. □
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The above corollary generalizes Theorem A on p.251 in Serfling [19] in many respects.
Firstly, there the length l = 1. Secondly, the estimator m̃n must satisfy the equality (*)
V +
n (m̃n) = 0. This assumption is stronger than our (76). Indeed, if V +

n (m̃n) = 0, then
by monotonicity V −

n (m̃n) ≤ V +
n (m̃n) = 0, whence (76) is fulfilled. But, if for instance

ψ(x, t) = 1{x≤t} − α with x, t ∈ R and α ∈ (0, 1), then V +
n (t) = Fn(t) − α, where Fn is

the empirical distribution function pertaining to the sample X1, . . . , Xn. Consequently,
an estimator m̃n satisfying (*) cannot exist, whenever α /∈ {k/n : 1 ≤ k ≤ n − 1},
because (*) reduces to Fn(m̃n) = α. In particularly, in case that α is an irrational
number, then for every n ∈ N no estimator exists. In contrast, the inequalities (76)
simplify to Fn(m̃n−) ≤ α ≤ Fn(m̃n), which means that m̃n is an empirical α-quantile.
Thirdly, it is required that E[ψ(X, t)2] is finite for t in a neighborhood of m, whereas
we require this only for t = m. As to our condition (4) notice that it follows from that
third assumption by the cr-inequality, see Lemma 7.4 in the Appendix below. Fourthly,
the function E[ψ(X, t)2] must be continuous at t = m. Fifthly, a further assumption in
Theorem A in Serfling [19] is that m̃n is strongly consistent, which by Lemma A on p.249
in Serfling is guaranteed if ψ(x, t) is continuous in t in a neighborhood of m. Finally, we
have a result on distributional convergence even in the case that V ′(m) = 0 (and actually
if only the one-sided derivatives exist, confer Remark 5.1.)

6. Examples in statistics

In statistical applications the bivariate functions h typically is of the form

(77) h(x, t) = ϕ(t− k(x)),

where ϕ : R → R is convex and k : Sl → R is symmetricc and measurable. W.l.o.g. we
may assume that ϕ(0) = 0, because shifts along the ordinate leave minimizer unchanged.

Then ϕ admits the representation ϕ(t) =
∫ t

0
φ(s)ds, t ∈ R, where φ = D+ϕ is increasing

and rcll. Conversely, starting from a function φ that is increasing and rcll we can intro-

duce ϕ(t) :=
∫ t

0
φ(s)ds, t ∈ R. It follows that ϕ is convex and that D+ϕ(t) = φ(t) and

D−ϕ(t) = φ(t−), whence ϕ is differentiable at t, if (and only if) φ is continuous at t. If φ
is strictly increasing, then ϕ is strictly convex. Let R := P ◦ k(X)−1 be the distribution
of k(X) and F the corresponding distribution function.

Recall that m minimizes U if and only if

(78) V (m−) ≤ 0 ≤ V (m).

In case that V is continuous (as for instance when φ is continuous) this is the same
as V (m) = 0. Notice that D+h(x, t) = φ(t − k(x)+) = φ(t − k(x)) and D−h(x, t) =
φ(t− k(x)−). Using the Change of variable formula we see that (A0) is satisfied if and
only if

(79)

∫
R
|φ(t− x±)|R(dx) <∞ for all t ∈ R.

In that case by (5)

(80) V (t) =

∫
Sl

φ(t− k(x))P l(dx) =

∫
R
φ(t− x)R(dx) ∀ t ∈ R.

Deduce from (8) that

V +
n (t) =

(
n

l

)−1 ∑
1≤i1<...<il≤n

φ(t− k(Xi1 , . . . , Xil))

and

V −
n (t) =

(
n

l

)−1 ∑
1≤i1<...<il≤n

φ(t− k(Xi1 , . . . , Xil)−)
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By (7) a point m̃n minimizes Un if and only if
(81) ∑

1≤i1<...<il≤n

φ(m̃n − k(Xi1 , . . . , Xil)−) ≤ 0 ≤
∑

1≤i1<...<il≤n

φ(m̃n − k(Xi1 , . . . , Xil)).

If φ is continuous, then V +
n and V −

n coincide and therefore m̃n solves the equation

(82)
∑

1≤i1<...<il≤n

φ(t− k(Xi1 , . . . , Xil)) = 0, t ∈ R.

Another use of the Change of variable formula shows that (A2) holds exactly when

(83)

∫
R
φ(m− x)2R(dx) <∞.

Further, ζ in (A3) can be rewritten as ζ =
∫
R φ(m− x)2R(dx), if l = 1 and

(84) ζ =

∫
S

E[φ(m− k(x,X2, . . . , Xl))]
2P (dx), if l ≥ 2.

Finally, (A4) reduces to

(85) ∃ t0 < 0 < t1 :

∫
R

(
φ(m+ t− x)− φ(m− x)

)2
R(dx) <∞ for t ∈ {t0, t1}.

The existence of a minimizing point m with the property (A1) is not a matter of
course. Our next result gives general conditions which ensure the existence. Here, recall
that F denotes the distribution function of R.

Lemma 6.1. Let ϕ be strictly convex. Suppose that in addition

(1) ϕ is coercive with φ(0−) ≤ 0 ≤ φ(0)
or

(2) ϕ is even and Z := k(X1, . . . , Xl) is symmetric (not necessarily at zero).

Morover, assume that ϕ is differentiable on R \ {0} or equivalently that φ is continuous
on R \ {0}. If F is continuous, then there exists a unique m ∈ R satisfying condition
(A1). It fulfills the equation

(86)

∫
R\{t}

φ(t− x)R(dx) = 0, t ∈ R.

For ϕ differentiable on the entire real line the continuity assumption on F can be dropped
and the integrals in (86) are over the entire space R.

If (2) holds, then m is the center of symmetry of Z.

Proof. The assertion follows from Lemma 2.12 in Ferger [5] with Q = R and v = ϕ
there. □

In our first class of examples we consider very smooth functions φ.

Example 6.1. (smooth case 1) Assume that ζ in (84) is positive. Let φ be dif-
ferentiable with a bounded derivative φ′ and strictly increasing with φ(0) = 0. If∫
x2R(dx) = E[k(X)2] < ∞ and if R is not a discrete probability distribution, then

there exists a unique minimizer m of U , such that

√
n(m̃n −m)

D→ N(0, τ2) with τ2 =
l2ζ

(
∫
φ′(m− x)R(dx))2

∈ (0,∞).

Here, the integral
∫
φ′(m− x)R(dx) in the denominator is positive and finite. If φ′ > 0,

then the non-discreteness assumption on R can be dropped.
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Proof. Since φ in particular is continuous, it follows that ϕ is differentiable. ϕ is strictly
convex, because φ is strictly increasing. To see coercivity of ϕ consider t > 0. Choose a
fixed point t̄ ∈ (0, t). Then

ϕ(t) =

∫ t

0

φ(s)ds =

∫ t̄

0

φ(s)ds+

∫ t

t̄

φ(s)ds ≥ φ(t̄)(t− t̄).

Notice that by strict monotonicity φ(t̄) > φ(0) = 0. Taking the limit in the above
inequality results in ϕ(t) → ∞ as t → ∞. Similarly one shows that ϕ(t) → ∞ as
t → −∞. Hence ϕ is coercive. Thus Lemma 6.1 guarantees the existence of an unique
m ∈ R satisfying assumption (A1). Next we check that the remaining A-assumptions are
fulfilled. Let c ∈ R with φ′ ≤ c. To see (79) observe that

|φ(t− x±)| = |φ(t− x)| = |φ(t− x)− φ(0)| ≤ c|t− x| ≤ c(|t|+ |x|).

Consequently,
∫
|φ(t− x±)|R(dx) ≤ c(|t|+

∫
|x|R(dx)) <∞. Similarly, one obtains that∫

φ(m − x)2R(dx) ≤ 2c2(m2 +
∫
x2R(dx)) < ∞ and that

∫
R(φ(m + t − x) − φ(m −

x))2R(dx) ≤ 2c2t2 < ∞, which yields (83) and (85). So all assumptions (A0)-(A4) are
fulfilled. Further, by the Monotone Convergence Theorem V is continuous and it is
increasing by the monotonicity of the integral. In fact, V is strictly increasing, because
otherwise there are two real points s < t such that

∫
φ(t − x) − φ(s − x)R(dx) = 0.

Therfore 1 = R({x ∈ R : φ(t− x) = φ(s− x)}) = R(∅), because φ is strictly increasing.
Furthermore, V is differentiable at m with V ′(m) =

∫
φ′(m−x)R(dx) by the Differen-

tiation lemma. Here, V ′(m) > 0 because otherwiese
∫
φ′(m−x)R(dx) = 0. Since φ′ ≥ 0

as φ is increasing, it follows that R(A) = 1, where A = {x ∈ R : φ′(m − x) = 0}. Now,
φ actually is strictly increasing, whence B := {t ∈ R : φ′(t) = 0} is denumerable. But
A = {m− t : t ∈ B}, whence A is a denumerable subset of R with R(A) = 1. This means
that R is a discrete probability distribution in contradiction to our assumption. Thus we
have verified all conditions of Proposition 5.1, which yields the asymptotic normality.

If actually φ′ > 0, then A = ∅ in contradiction to R(A) = 1. This shows the last part
of the proposition. □

As a simple consequence of Example 6.1 we obtain the Central Limit Theorem (U-
CLT) for non-degenerate U -statistics.

Example 6.2. (U-statistics) Let ϕ(t) = t2, so that φ(t) = 2t, φ′ = 2 and V (t) =
2(t − µ), where µ =

∫
yR(dy) = E[k(X)]. Therefore, m = µ, because V is continuous.

Further, it follows from (82) that

m̃n =

(
n

l

)−1 ∑
1≤i1<...<il≤n

k(Xi1 , . . . , Xil),

i.e. m̃n is the U -statistic with kernel k. Recall the kernel K in (A3):

K(x) := D+h(x,m) = D+ϕ(m− k(x)) = φ(m− k(x)) = −2(k(x)− µ).

It follows that K1(x) = −2(k1(x)− µ), x ∈ R, where k1 is the first associate function of
k. In (A3) it was explained that ζ = Var(K1(X1)) = 4Var(k1(X1)), so that τ2 = 1

4 l
2ζ =

l2Var(k1(X1)). Thus Example 6.1 yields:

√
n(m̃n −m) =

√
n{

(
n

l

)−1 ∑
1≤i1<...<il≤n

k(Xi1 , . . . , Xil)− µ} → N(0, l2Var(k1(X1)).

This is in accordance with the Central Limit Theorem for (non-degenerate) U -statistcs.
If l = 1, then m̃n reduces to the arithmetic meanXn = 1

n

∑n
i=1 k(Xi) and if in addition

S = R and k is equal to the identity, then m̃n further simplifies to the arithmetic mean
of the data X1, . . . , Xn.
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It should be mentioned that Example 6.1 does not give a new proof of the U-CLT,
because the U-CLT is used in the proof of Theorem 1.1, which is the mother of all our
examples.

The ”generating” function φ(t) = t yields the arithmetic mean (for l = 1), while
φ(t) = 1{t≥0} − 1

2 gives the median. Sigmoid functions are a compromise between these
two extremes.

Example 6.3. (sigmoid φ) Let S = R, l = 1 and k(x) = x, whence F is the distribution
function of the (real-valued) data X1, . . . , Xn.

(1) Let Φ be the distribution function of N(0, 1). Consider φ = Φ − 1
2 and F (x) =

Φ(x− µ) with µ ∈ R. Then m = µ by Lemma 6.1 and m̃n is the unique solution
of the equation

∑n
i=1 Φ(t−Xi) =

n
2 , t ∈ R. An application of Example 6.1 yields

√
n(m̃n − µ)

D→ N(0,
π

3
).

(2) Let C be the distribution function of the standard Cauchy-distribution. Assume
that φ = C − 1

2 and F (x) = C(x − a) with a ∈ R. Similarly as in (1) above,
m = a and m̃n is the unique solution of the equation

∑n
i=1 C(t−Xi) =

n
2 , t ∈ R.

Another application of Example 6.1 yields

√
n(m̃n − a)

D→ N(0,
π2

3
).

Even though the class of estimators in Example 6.1 is already really big, it does not
contain the Lp-estiamtor at least for p ̸= 2. However, our next result includes also this
one.

Example 6.4. Suppose that (79), (83) and (85) hold and that ζ > 0. Let φ be contin-
uous and strictly increasing, concave on [0,∞), convex on (−∞, 0) with φ(0) = 0 and
differentiable on R\{0}. Then there exists a unique minimizer m ∈ R of U . If in addition

(87)
1

t
(φ(t)− φ(−t))R([m,m+ t]) → 0, t ↓ 0,

(88)
1

t
(φ(t)− φ(−t))R((m− t,m]) → 0, t ↓ 0,

and R is not discrete, then the integral
∫
R\{m} φ

′(m − x)R(dx) is a positive and finite

real number and

√
n(m̃n −m)

D→ N(0, τ2) with τ2 =
l2ζ

(
∫
R\{m} φ

′(m− x)R(dx))2
∈ (0,∞).

If actually φ′ > 0 on R \ {0}, then the non-discreteness assumption can be omitted.
In case that conversely φ is convex on [0,∞) and concave on (−∞, 0), then all state-

ments remain valid.
As to (weak) sufficient conditions for the validity of (87) and (88) we refer to Remark

6.2 below.

Proof. The existence of an unique m ∈ R with property (A1) follows exactly as in the
above proof. And also that V is continuous and strictly increasing. By Proposition 5.1
it remains to show that V is differentiable at m with a positive derivative. To see this
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observe that for every t > 0,

V (m+ t)− V (m)

t
=

∫
R

φ(m+ t− x)− φ(m− x)

t
R(dx)

=

∫
(−∞,m)

φ(m+ t− x)− φ(m− x)

t
R(dx)

+

∫
[m,m+t]

φ(m+ t− x)− φ(m− x)

t
R(dx)

+

∫
(m+t,∞)

φ(m+ t− x)− φ(m− x)

t
R(dx) =: I + II + III.

If x ∈ (−∞,m), then 0 < m− x < m+ t− x, whence

1(−∞,m)(x)
φ(m+ t− x)− φ(m− x)

t
↑ 1(−∞,m)(x)φ

′(m− x), t ↓ 0

as φ is concave on [0,∞), confer Theorem 23.1 of Rockafellar [18]. Therefore

I ↑
∫
(−∞,m)

φ′(m− x)R(dx), t ↓ 0,

by the Monotone Convergence Theorem upon noticing that the functions on the left side
are integrable for all t according to (79). (Later on we will see that the integral on right
side is finite.) If x ∈ [m,m + t], then the integrand of the second integral II is greater
than or equal zero and less than or equal (φ(t)− φ(−t))/t. Thus

0 ≤ II ≤ 1

t
(φ(t)− φ(−t))R([m,m+ t]) → 0, t ↓ 0 by (87).

As to the third integral III notice that if x > m+ t, then 0 > m+ t− x > m− x. Recall
that the difference quotients by convexity of φ on (−∞, 0) are increasing in the variable
t > 0, confer Theorem 23.1 of Rockafellar [18]. Consequently

0 ≤ 1(m+t,∞)(x)
φ(m+ t− x)− φ(m− x)

t
≤ φ(m+ t− x)− φ(m− x)

t

≤ φ(m+ t∗ − x)− φ(m− x)

t∗
∀ t ∈ (0, t∗],

where t∗ is any fixed positive real number. Thus the Dominated Convergence Theorem
yields that

III →
∫
(m,∞)

φ′(m− x)R(dx) ∈ [0,∞), t ↓ 0.

This shows that V is right differentiable at m. For the derivation of left differentiability
we start with

V (m− t)− V (m)

−t
=

∫
R

φ(m− t− x)− φ(m− x)

−t
R(dx)

=

∫
(−∞,m−t]

φ(m− t− x)− φ(m− x)

−t
R(dx)

+

∫
(m−t,m]

φ(m− t− x)− φ(m− x)

−t
R(dx)

+

∫
(m,∞)

φ(m− t− x)− φ(m− x)

−t
R(dx) =: A+B + C.

Since

0 ≤ 1(−∞,m−t](x)
φ(m− t− x)− φ(m− x)

−t
≤ φ(m− t∗ − x)− φ(m− x)

−t∗
∀ t ∈ (0, t∗],
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it follows by the Dominated Convergence Theorem that

A→
∫
(−∞,m)

φ′(m− x)R(dx), t ↓ 0,

where the integral is a finite real number as announced above. The summand B can
be treated as the summand II above resulting with (88) in B → 0. Finally, with the
help of the Monotone Convergence Theorem one shows that C ↑

∫
(m,∞)

φ′(m−x)R(dx),
where it is already known that the integral here is finite. Summing up we arrive at
V ′(m) =

∫
R\{m} φ

′(m− x)R(dx). That this quantity is in fact positive follows as in the

proof of Proposition 6.1. Here, in the definitions of the sets A and B one simply has
to replace R by R \ {m}. If convex and concave reverse their roles, the derivation of
V ′(m) =

∫
R\{m} φ

′(m− x)R(dx) follows similarly. □

Remark 6.1. If in Examples 6.1 and 6.4 above the length l = 1, then the condition ζ > 0
there is automatically fulfilled provided R is not equal to the Dirac-measure at point m.
To see this recall that ζ =

∫
φ(m − x)2R(dx) in case l = 1. Assume that ζ = 0. Then

1 = R({x ∈ R : φ(m−x) = 0}) = R({m}), because φ is strictly increasing and φ(0) = 0.
It follows that R = δm in contradiction to our assumption on R.

Remark 6.2. (1) Assume that F has left- and right derivatives atm. Then in particularly,
F is continuous at m and thus condition (87) is fulfilled, because

1

t
(φ(t)− φ(−t))R([m,m+ t]) = (φ(t)− φ(−t))F (m+ t)− F (m)

t
→ 0, t ↓ 0.

Similarly, one sees that condition(88) is satisfied as well.
(2) If φ in Example 6.4 is differentiable at zero with φ′(0) <∞ and if F is continuous

at m, then (87) and (88) are again fulfilled. If actually φ′(0) = 0, then F need not be
continuous at m.

Example 6.4 enables us to handle the Lp-estimator.

Example 6.5. (Lp-estimator) For p > 1 let ϕ(t) = |t|p, t ∈ R. (p = 1 corresponds to
the median and will be examined later on.) Then ϕ is differentiable on R with continuous
derivative φ(t) = p sign(t) |t|p−1. Moreover, if 1 < p < 2, then φ is concave on [0,∞),
convex on (−∞, 0) and φ(0). If p ≥ 2, then concave and convex reverse their roles. It
follows with the cr-inequality in Lemma 7.4 below that∫

|φ(t− x)|R(dx) = p

∫
|t− x|p−1R(dx) <∞ ∀ t ∈ R,

if and only if
∫
|x|p−1R(dx) < ∞. Conclude from Lemma 6.1 that U has a unique

minimizing point m ∈ R with V (m) = 0 = V (m−), which satisfies the equation∫
(−∞,m]

(m− x)p−1R(dx) =

∫
(m,∞)

(x−m)p−1R(dx).

Another application of the cr-inequality yields that

(89)

∫
φ(t− x)2R(dx) = p2

∫
|t− x|2(p−1)R(dx) is finite for all t ∈ R

provided
∫
|x|2(p−1)R(dx) < ∞. From (89) it follows that (83) is fulfilled, but also (85)

upon noticing that (φ(m+ t− x)− φ(m− x))2 ≤ 2(φ(m+ t− x)2 + φ(m− x)2).
Finally, assume that F is left- and right-differentiable at m. Then by Remark 6.2(1)

the conditions (87) and (88) are fulfilled. In case p > 2 these conditions are satisfied for
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any distribution function F according to Remark 6.2(2). (The case p = 2 is treated in
Example 6.1.)

In summary we obtain: If
∫
|x|p−1R(dx) is finite, then the minimizerm of the function

t 7→ E[|t − k(X)|p] exists and is uniquely determined. Let m̃n be the Lp-estimator, i.e.
m̃n solves the equation∑

i

1{k(Xi)<t}(t− k(Xi))
p−1 =

∑
i

1{k(Xi)>t}(k(Xi)− t)p−1, t ∈ R.

If actually
∫
|x|2(p−1)R(dx) <∞, then

√
n(m̃n −m)

D→ N(0, τ2) with τ2 =
l2ζ

p2(p− 1)2
(∫

R\{m} |m− x|p−2R(dx)
)2 .

Notice that Example 6.4 in particularly guarantees the existence of the integral in the
denominator. In case l = 1 the variance τ2 is equal to∫

|m− x|2(p−1)R(dx)

(p− 1)2
(∫

R\{m} |m− x|p−2R(dx)
)2 .

If in addition S = R and k(x) = x, then we obtain the result of Hjort and Pollard [11].

In our next example, φ is not continuous, but has a jump at point zero. Recall that
F is the distribution function of k(X).

Example 6.6. (U-quantiles) For every fixed α ∈ (0, 1) consider ϕ(t) = t(1{t≥0} − α).
It follows that φ(t) = 1{t≥0} − α and therefore

V (t) = F (t)− α.

Thus (78) yields that all minimizers m of U are exactly those satisfing the inequalities
F (m−) ≤ α ≤ F (m), i.e. Argmin(U) is equal to the set of all α-quantiles of F . Let

Fn(x) :=

(
n

l

)−1 ∑
1≤i1<...<il≤n

1{k(Xi1 ,...,Xil
)≤x}, x ∈ R.

Notice that Fn is the empirical distribution function pertaining to the sample

{k(Xi1 , . . . , Xil) : 1 ≤ i1 < . . . < il ≤ n}

of sizeN =
(
n
l

)
. By (81) the induced estimator m̃n is an α-quantile of Fn, i.e. Fn(m̃n−) ≤

α ≤ Fn(m̃n). In general it is not unique. A conventional choice is F−1
n (α), the smallest

α-quantile. The condition (10) becomes

(90) δn(x) =
√
n(F (m+ anx)− α) → δ(x) ∀ x ∈ D.

It follows easily that (A0)-(A4) are fulfilled. Here, (A1) holds, if F is continuous at
m and (A3) holds in case l = 1, because then ζ = α(1 − α). If l ≥ 2, then ζ =∫
S
P(k(x,X2, . . . , Xl) ≤ m)2P (dx) − α2, whence ζ = 0 leads to P(k(x,X2, . . . , Xl) ≤

m) = α for P -almost every x ∈ S, which usually results in a contradiction. Assume that
(90) is valid with δ(x) → ±∞ as x→ ±∞. Then by Theorem 1.1 we know that (9) holds
with H being a distribution function, that belongs to the four classes class1-class4.
Infer from Theorems 3.1-3.3 that m is uniquely determined in case that H lies in one of
the first 3 classes. If δ(x) is bounded on [0,∞) or on (−∞, 0], then H is a sub distribution
function and we obtain distributional convergence to a R-valued random variable with
distribution function (for the extended real line) H(x) = Φσ(δ(x)).
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In Example 4.3 of Ferger [5] one finds distribution functions F such that an = n−
1
2β

with some β > 0 and H has the shape (11), (12) or (13). Another F there yields
an = 1/ log(n) and a limit H as in (14). As a further example consider

(91) F (x) :=
1

2
+ sign(x)|x|(log |x|)2 for all x ∈ [−ϵ, ϵ] \ {0}

with ϵ > 0 sufficiently small. Notice that F is continuos, if F (0) := 1
2 . Infer that m = 0

is the unique median of F . It is not differentiable at 0 and F ′(x) → ∞ as t → 0. One

easily checks with Theorem 3.3 that F lies in class3. In fact, if an := n−
1
2 (log

√
n)−2,

then for all x > 0 and for eventually all n ∈ N we obtain:

δn(x) =
√
n(F (anx)−

1

2
) = x

(− log
√
n− 2 log log

√
n+ log(x)

log
√
n

)2

→ x

Since V (t) = −V (−t) for every t ∈ [−ϵ, ϵ], it follows that δn(x) → x for all x ∈ R.
Consequently,

√
n(log

√
n)2m̃n

D→ N(0, l2ζ).

If F is differentiable atm, then so is V = F−α and we obtain the square root asymptotics
of Proposition 5.1 and Remark 5.1 with V ′(m) = F ′(m). In particularly,

(92)
√
n(m̃n −m)

D→ N(0, l2ζ/F ′(m)2),

where l = 1 yields the well-known limit N(0, α(1− α)/F ′(m)2).

The above Example 6.6 in the special case S = R, l = 1 and k(x) = x contains the
whole theory on quantile-estimators of Smirnov’s [20] fundamental paper. It includes his
equivalent conditions that the underlying distribution function F of the data lies in the
repective domain of attraction (symbolically: F ∈ D(H)). In fact, in Theorem 3.1- 3.4
the function V is given by V (t) = F (t)− α. In contrast to Smirnov [20] we also specify
the normalizing sequence (an). For instance, it follows from Theorems 3.1 and 3.3 that a
possible choice is an = F−1(α+ 1√

n
)−F−1(α) for F ∈ D(H) with H ∈ class1 or class3.

Another special case in Example 6.6 is α = 1
2 resulting in the median of F . Here,

the corresponding ϕ can be rewritten as ϕ(t) = 1
2 |t|. The factor 1

2 in front of |t| is
obviously unneceessary and therefore will be ommitted in the sequel. So now we look at
h(x, t) = |t− k(x)| and additionally consider S = R.

Example 6.7. (Hodges-Lehmann estimator) Here, k(x1, . . . , xl) := l−1(x1+. . .+xl).
For l = 2 the estimator m̃n is a median of the so-called Walsh-averages {(Xi +Xj)/2 :
1 ≤ i < j ≤ n}. This is a variant of the Hodges-Lehmann estimator, where the Walsh-
averages with i = j are added to the sample.

If in the above example the function k more generally is given by k(x1, x2) = βx1 +
(1 − β)x2 with β > 0 a fixed constant, then the resulting median is a variant of the
estimator due to Maritz, Wu and Staudte [15].

Example 6.8. (Bickel-Lehmann estimator) This estimator is defined as a median
of the sample {|Xi −Xj | : 1 ≤ i < j ≤ n} and corresponds to k(x1, x2) = |x1 − x2|.

In our next example S = R2.

Example 6.9. (Theil-Sen estimator) Let Xi = (Yi, Zi), 1 ≤ i ≤ n, and {k(Xi, Xj) :=
Zi−Zj

Yi−Yj
: 1 ≤ i < j ≤ n}, which is a sample of well-defined real random variables, if for

instance Y1 is continuously distributed. Then the median of the sample is known to be
a robust estimator for the slope β in the simple linear regression model Zi = α+ βYi.
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The function φ(t) = 1{t≥0} − α, which induces the α-quantile has a jump at point
zero (and is continuous elsewhere). Let us more generally consider monotone increasing
functions φ, continuous on R\{0} and with a jump at zero. Assume that κ+ := φ(0) ≥ 0
and κ− := φ(0−) ≤ 0 and that κ∗ := min{κ+,−κ−} > 0. Then κ := κ+ − κ− > 0 is
the jump height. Notice that φ still satisfies the assumption of Lemma 6.1, whence there
exists a unique m ∈ R with V (m) = 0 = V (m−) so that (A1) is fulfilled. Moreover,∫
φ(m − x)2R(dx) ≥ κ2∗ > 0, so that (A3) is fulfilled at least in the important special

case l = 1. Introduce

(93) φc := φ− κ+1[0,∞) − κ−1(−∞,0).

Observe that φc(0+) = φ(0) − κ+ = 0 and φc(0−) = φ(0−) − κ− = 0. Thus φc is
continuous at zero and φc(0) = 0. Geometrically, the graph of φc is created from φ by
moving the two branches to the left and right of the ordinate to the origin and connecting
them there. Notice that φ meets the requirements (79) and (83) if and only if this is true
for φc. Indeed, it is convenient to formulate our conditions in terms of φc rather than
for φ. Moreover from (93) we obtain a decomposition of V as follows:

(94) V (t) = κF (t) + Vc(t) + κ−,

where Vc(t) =
∫
φc(t− x)R(dx). Thus δn has the following shape:

(95) δn(x) = κ
√
n(F (m+ anx)− F (m)) +

√
n(Vc(m+ anx)− Vc(m)).

Assume that

(96) δ̄n(x) :=
√
n(F (m+ anx)− F (m)) → δ̄(x) ∀ x ∈ D,

where D is a dense subset of R and δ̄ belongs to one of the four classes in (33)-(36). In
other words, F ∈ D(H). If φc satifies the smoothness-conditions of the φ’s in Examples
6.1 or 6.4, then our proofs show that Vc is differentiable at m with V ′

c (m) =
∫
φ′
c(m −

x)R(dx) ≥ 0. Suppose that √
nan → ρ.

Then by (95)

δn(x) = κ
√
n(F (m+ anx)− F (m)) +

√
nan

Vc(m+ anx)− Vc(m)

anx
x

→ κδ̄(x) + ρV ′
c (m)x = δ(x) for all x ∈ D.(97)

Notice that ρ ≥ 0.

Example 6.10. If ρ = 0, then all statements of Theorem 1.1 hold with δ = κδ̄.

If for instance F is as in (91), then
√
nan = (log

√
n)−2 → 0. Or if an = n− 1

2β , then
ρ = 0, whenever β < 1.

Example 6.11. Consider 0 < ρ <∞. Observe that for every x > 0 we have:

F (m+ anx)− F (m)

anx
=

δ̄n(x)

κ
√
nanx

∀ n ∈ N.

Assume that δ̄ has the shape (33). Taking the limit n→ ∞ shows that F has a positive
right derivative D+F (m) = δ̄(x)/(κρx) > 0, because δ̄(x) > 0. Rearranging the last
equality leads to δ̄(x) = κρD+F (m)x for all x > 0. Consequently, δ in (97) is given by
δ(x) = ρ(κD+F (m)+V ′

c (m))x, if x > 0 and equal to −∞, if x < 0. Thus with Theorem
1.1 and Slutsky’s Theorem we arrive at

(98)
√
n(m̃n −m)

D→ Y,



26 D. FERGER

where

P(Y ≤ x) =

{
0 , x < 0

Φσ

(
(κD+F (m) + V ′

c (m))x)
)

, x > 0.

Analogously, we can treat the two cases δ̄ of shape (34) or (35) and obtain the
√
n-

distributional convergence (98). Here in case (34),

P(Y ≤ x) =

{
Φσ

(
(κD−F (m) + V ′

c (m))x)
)

, x < 0

1 , x > 0.

and otherwise

P(Y ≤ x) =

 Φσ

(
(κD−F (m) + V ′

c (m))x)
)

, x < 0

Φσ

(
(κD+F (m) + V ′

c (m))x)
)

, x > 0.

Thus, if F is differentiable at m, then

√
n(m̃n −m)

D→ N(0, τ2) with τ2 =
l2ζ

(κD−F (m) + V ′
c (m))2

.

Formally, for κ = 0 we obtain the asymptotic normality in Examples 6.1 and 6.4, because
then φc = φ and hence V ′

c (m) is equal to
∫
φ′(m − x)R(dx) or

∫
R\{m} φ

′(m − x)R(dx)

according as φ is differentiable at 0 or not.
Finally, assume that δ̄ is of type (36). Then by (97)

δn(x) → δ(x) =

 −∞ , x < −c1
ρV ′

c (m)x , −c1 < x < c2
∞ , x > c2.

(c1, c2 ≥ 0,max{c1, c2} > 0)

and by Theorem 1.1 the limit H(x) = Φσ(δ(x)) is a distribution function not degenerated
at 0. By the second part of Theorem 1.1 H can only belong to the four classes class1-
class4. This results in a contradiction when V ′

c (m) is positive. However, if (and only if)
V ′
c (m) = 0, then we obtain that

m̃n −m

an

D→ Y,

where Y is uniformly distributed on {−c1, c2}.

Example 6.12. Assume that ρ = ∞. If V ′
c (m) > 0, then it follows from (97) that

δ(x) = ∞ and δ(x) = −∞ according as x > 0 or x < 0. Thus Theorem 1.1 yields that

(m̃n−m)/an
P→ 0. However, if V ′

c (m) = 0, then all statements of Theorem 1.1 hold with
δ = κδ̄.

Example 6.13. Finally, we would like to consider convex functions ϕ, which are piece-
wise linear. The corresponding ”generating” function φ is a step-function. For the sake
of simplicity let us consider a three-step function φ = α1(−∞,0) + β1[0,r) + γ1[r,∞) with
r > 0 and α < 0 < β < γ. We obtain V (t) = α + (β − α)F (t) + (γ − β)F (t − r). By
Lemma 6.1 there exists a unique m ∈ R such that V (m) = 0. Therefore,

δn(x) =
√
nV (m+ anx) = (β − α)δn,0(x) + (γ − β)δn,r(x),

where δn,0(x) =
√
n(F (m+anx)−F (m)) and δn,r(x) =

√
n(F (m−r+anx)−F (m−r)).

If δn,0(x) → δ0(x) and δn,r(x) → δr(x) for all x ∈ D, then

δn(x) → δ(x) = (β − α)δ0(x) + (γ − β)δr(x) for all x ∈ D.

Suppose for instance that δ0(x) or δr(x) converge to±∞ as x→ ±∞, then δ(x) → ±∞
as x→ ±∞, so that H(x) = Φσ(δ(x)) is a distribution function. If H is not degenerated
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at 0, we obtain from Theorem 1.1 distributional convergence with H in one of the four
classes.

7. Appendix

In this section, we derive results that may seem purely technical, but are extremely
useful for our purposes.

Lemma 7.1. If (A0) and (A1) hold, then

(99) E[D+h(X1, . . . , Xl,m)2] = E[D−h(X1, . . . , Xl,m)2].

If (A4) holds, then

(100) E[
(
D+h(X1, . . . , Xl,m+ t)−D+h(X1, . . . , Xl,m)

)2
] <∞ ∀ t ∈ [t0, t1].

Proof. Let X := (X1, . . . , Xl). First notice that D+h(X,m) and D−h(X,m) both are
integrable by (A0). Deduce from (A1) and (5) that E[D+h(X,m) − D−h(X,m)] = 0,
whence

(101) D+h(X,m) = D−h(X,m) P− a.s,

because D+h(x, ·) ≥ D−h(x, ·) for all x ∈ Sl by Theorem 24.1 in Rockafellar [18].
Consequently, E[D+h(X,m)2] = E[D−h(X,m)2].

Let t ∈ [0, t1]. By Theorem 24.1 in Rockafellar [18] D+h(x, ·) is increasing for each
x ∈ Sl . It follows that

0 ≤ D+h(X,m+ t)−D+h(X,m) ≤ D+h(X,m+ t1)−D+h(X,m)

and thus 0 ≤
(
D+h(X,m + t) − D+h(X,m)

)2 ≤
(
D+h(X,m + t1) − D+h(X,m)

)2
.

Conclude from (A4) that

E[
(
D+h(X,m+ t)−D+h(X,m)

)2
] <∞ ∀t ∈ [0, t1]

In the same fashion one treats the case t ∈ [t0, 0]. □

Lemma 7.2. If (A0)-(A4) hold, then so do (B0)-(B4). Moreover, ζ = ζ−.

Proof. Assume that (A0)-(A4) are true. Obviously, (A0) and (A1) imply (B0) and (B1),
respectively. Infer from (99) of Lemma 7.1 that (B2) is satisfied.

To see the validity of (B3) we first simplify our notation: f±(x) := D±h(x,m). A
reformulation of (101) yields: P l(N) = 0, where N = {x ∈ Sl : f+(x) ̸= f−(x)}.
An application of Fubini’s theorem yields that 0 =

∫
S
P l−1(Nx1)P (dx1) with Nx1 =

{(x2, . . . , xl) ∈ Sl−1 : (x1, x2, . . . , xl) ∈ N}. As the integrand is non- negative, so that
P l−1(Nx1) = 0 P -almost surely, i.e. P (E) = 1, where E = {x1 ∈ S : P l−1(Nx1) = 0} =
{x1 ∈ S : P l−1(N c

x1
) = 1}. Here,

N c
x1

= {(x2, . . . , xl) ∈ Sl−1 : (x1, x2, . . . , xl) /∈ N}
= {(x2, . . . , xl) ∈ Sl−1 : f+(x1, x2, . . . , xl) = f−(x1, x2, . . . , xl)}.
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With these preparations we can conclude as follows:

ζ− =

∫
S

[

∫
Sl−1

f−(x1, . . . , xl)dP
l−1(x2, . . . , xl)]

2dP (x1)

=

∫
E

[

∫
Nc

x1

f−(x1, . . . , xl)dP
l−1(x2, . . . , xl)]

2dP (x1)

=

∫
E

[

∫
Nc

x1

f+(x1, . . . , xl)dP
l−1(x2, . . . , xl)]

2dP (x1)

=

∫
S

[

∫
Sl−1

f+(x1, . . . , xl)dP
l−1(x2, . . . , xl)]

2dP (x1)

= ζ.

Especially (B3) holds true.
As to (B4) recall that E[D±h(X, t)] = D±U(t) for every t ∈ R by (5) and that the

function U is convex. Thus by Theorem 24.1 of Rockafellar [18] D+U and D−U both
are increasing. Moreover, D−U ≤ D+U and the set J := {t ∈ R : D−U(t) < D+U(t)} is
denumerable, confer Niculescu and Persson [16], p. 20. Consequently, the complement
∆ := Jc = {D+U = D−U} is dense in R and E[D+h(X, t) − D−h(X, t)] = 0 for all
t ∈ ∆, where the integrand is non-negative. Therefore

(102) D+h(X, t) = D−h(X, t) P-a.s. for all t ∈ ∆.

By denseness we find points u0 ∈ [m+t0,m) and u1 ∈ (m,m+t1] such thatD+h(X, u0) =
D−h(X, u0) and D+h(X, u1) = D−h(X, u1) a.s. Put s0 := u0 − m and s1 = u1 − m.
Taking into account (101) we now have that

D+h(X,m+ s0) = D−h(X,m+ s0), D
+h(X,m+ s1) = D−h(X,m+ s1)

and D+h(X,m) = D−h(X,m) with probability one. Together with (100) this ensures
(B4), because t0 ≤ s0 < 0 < s1 ≤ t1. □

Recall that δn(x) =
√
nD+U(m+ anx) and δ

∗
n(x) =

√
nD−U(m+ anx).

Lemma 7.3.

(1) There exists a subset D1 = Ac, which is the complement of a countable set A
such that δ∗n(x) = δn(x) for all x ∈ D1 and for all n ∈ N.

(2) Assume that

δn(x) → δ(x) ∈ [−∞,∞] ∀ x ∈ D,

where D lies dense in R. Then there exists a dense subset D2 with D2 ⊆ D1

such that

δ∗n(x) → δ(x) ∈ [−∞,∞] ∀ x ∈ D2.

Proof. (1) Recall form the above proof that J = {t ∈ R : D−U(t) ̸= D+U(t)} is denu-
merable. Notice that δn(x) ̸= δ∗n(x) if and only if x ∈ {(y−m)/an : y ∈ J} =: An. Here,
An is denumerable and so is A := ∪n∈NAn. Thus D1 := Ac = ∩n∈NA

c
n is a dense subset

of R. Moreover, if x ∈ D1, then δn(x) = δ∗n(x) for every n ∈ N.
(2) Conclude from the assumption that Fn(x) := Φ1(δn(x)) → Φ1(δ(x)) =: F (x) for

all x ∈ D. All involved functions are increasing. Therefore by Lemma 5.74 in Witting
and Müller-Funk [22] one has that Fn(x) → F (x) for all x ∈ CF . Since Φ1 is invertible,
we now know that δn(x) → δ(x) for all x ∈ CF . By monotonicity of F the complement
DF of CF is countable and so is A ∪DF , whence D2 := (A ∪DF )

c = D1 ∩ CF is dense.
Conclude with part (1) that δ∗n(x) = δn(x) → δ(x) for each x ∈ D2. □

The following inequality is a well-known result from analysis, which we state for the
sake of convenience.
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Lemma 7.4. (cr-inequality) |u+v|r ≤ cr(|u|r + |v|r) for all u, v ∈ R and for all r > 0,
where cr = 1 or cr = 2r−1 according as r ≤ 1 or r > 1.
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