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V. K. YUSKOVYCH

ON ASYMPTOTIC BEHAVIOR OF SOLUTIONS OF STOCHASTIC
DIFFERENTIAL EQUATIONS IN MULTIDIMENSIONAL SPACE

Consider the multidimensional SDE
dX (t) = a(X(t))dt + b(X (¢))dW (¢).

We study the asymptotic behavior of its solution X (t) as ¢ — oo, namely, we study
sufficient conditions of transience of its solution X (¢), stabilization of its multidimen-
sional angle X (¢)/|X (¢)|, and asymptotic equivalence of solutions of the given SDE
and the following ODE without noise:

dz(t) = a(z(t))dt.

1. INTRODUCTION

Usually, there are two modes of behavior of SDE solutions as ¢ — oco: transience and
recurrence. In this article, we study the transience of solutions.
Consider a one-dimensional SDE of the form

(1) AX (1) = a(X(£))dt + b(X (£))dW (¢).

)

Gikhman and Skorokhod (see § 16, 17 of Part I in [4]) were the first who started study-
ing its non-random asymptotics, i.e., a function x(¢) such that X(¢) ~ z(t), t — oo,
a.s. Later this problem was studied by Keller, Kersting, and Résler [7]. Buldygin, In-
dlekofer, Klesov, Stainebach, and Tymoshenko (see [2], [1]) considered some types of
non-autonomous SDEs and studied asymptotic behavior of their solutions; in particu-
lar, they considered the problem of asymptotic equivalence of SDE and ODE solutions.
Pilipenko, Proske, and Pavlyukevich (see [12], [10]) considered SDEs with non-Gaussian
noise.

Unlike the one-dimensional case, the asymptotic behavior of the multidimensional
SDE solution differs even provided its transience. Friedman [3] and Khasminskii [§]
studied conditions of transience and recurrence for systems of linear SDEs. Friedman
also studied the behavior of the polar angle of the two-dimensional SDE solution (see §
12.7 in [3]). Spitzer [14] studied the limit distribution (as t — co) of the polar angle of
the Wiener process on the plane. Samoilenko, Stanzhitskii, Novak [13] and Pilipenko,
Proske [11] studied the transience of solutions to multidimensional SDEs.

Consider an n-dimensional (n > 2) autonomous SDE of the form

2) AX(t) = a(X (£))dt + b(X ())dW (L), X(0) = zo € R,

where a: R" — R", b: R™ — R™ ™ are locally bounded and W is an m-dimensional
Wiener process

In this article, we study the asymptotic behavior of solutions X (t) of the SDE (2) as
t — oco. Namely, we search for sufficient conditions such that:

e the solution X () is transient, i.e., almost surely
| X (t)] = o0, t — o0;
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e the angle of the solution’s growth stabilizes, i.e., there exists a random variable
O, (the limit angle) such that the limit
X(®)
lim ——=— = ®
100 [ X (1)) ~
exists almost surely;
e there exists a non-random function of two variables 7,(t), ¢ € R", ¢ > 0, that
describes the asymptotics of | X (t)], i.e., almost surely

(X (@) ~ ra(t), t = o0,

where ®, is the limit angle.

For convenience, denote | X (t)| =: R(t) and X (t)/|X (¢)| =: ®(t). We will call R(t) the
radius process and ®(t) the angle process.

It is known that if the diffusion is non-degenerate (inf, det (bb) (z) > 0) then the
solution of a multidimensional (n > 2) SDE starting at xg # 0 never hits zero with
probability 1. Without loss of generality, we will assume that X (0) = zg # 0. Applying
the It6 formula to the radius and angle processes, we get
(3)  dR(t) = u(R(t), ®(t))dt + o (R(t), D(t))dW (t), R(0) = ro = |zo| >0,

x
(4) de(t) = v(R(t), ®(1))dt + x(R(t), ®())dW (t), (0) = @0 = ﬁ
where p: RXxR" - R, 0: RxR" - R™, v: RxR"” - R”, x: R xR"” — R are some
functions.

Let’s write down formulae for coefficients p, o, v, x of equations (3)—(4) in terms
of coefficients a, b of the initial SDE (2). For this, define the radial and tangential
components of the vector field a at the point = # 0 by

T

Urad () := %a(a&), Atan (2) := a(x) — araa (),

respectively. Similarly, define the radial and tangential components of the matrix field b
at the point « # 0 by

2T
braa(z) = |x?b(ac), bian () := b(x) — braa (),
respectively. Then
1(r, ) = ¢  araa(re) + W7 o(r,¢) = ¢ braa(re),
V() = atan7ET<p) _ (Q(b(w)bT(w));a:Q) + Ibtan(w)\g)w’
X(r, ) = LHY@)-
Further, we focus on studying the system of SDEs
() dR(t) = p(R(t), ®(1))dt + o (R(t), (¢))dW (t), R(0) = 70,
(6) de(t) = v(R(t), ®(t))dt + x(R(t), ®(t))dW (t), (0) = o,

considering coefficients p, o, v, x to be arbitrary (not related to the coefficients a, b of the
initial SDE (2)). Nevertheless, we will keep calling the processes R and ® the radius and
the angle, respectively. Results about R(t) and ®(t) obtained below will describe the
asymptotic behavior of the solution X (¢) to the SDE (2).

Notice that the problems stated previously now can be reformulated in terms of the
radius and the angle processes; namely, we search for sufficient conditions such that the
following hold almost surely:
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e R(t) — 00, t — o0;
o Jlimy 00 D(t) =: Poo;
o Ir,(t): R(t) ~re(t), t = oo.

This article has the following structure. In Section 2, we prove a general theorem
about the asymptotic equivalence of SDE and ODE solutions in the one-dimensional
non-autonomous case. In Section 3, we state sufficient conditions that guarantee the
transience of the radius. In Section 4, we prove a theorem about angle stabilization. In

Section 5, we prove the main result about radius asymptotics. The Appendix contains
some auxiliary results.

2. ASYMPTOTIC BEHAVIOR OF ONE-DIMENSIONAL SDES

Let (Q, F, (Fi)t>0,P) be a filtered probability space, B be a one-dimensional (F);-
adapted Wiener process.
Let’s prove the next lemma about the asymptotics of Itd integrals.

Lemma 2.1. Let b = b(t,w) be a progressively measurable stochastic process and C > 0,
B8 > 0 be constants such that

EbV?(t) < C(1+t27), t > 0.
Then for any v > [+ %, almost surely

¢
i/ b(s)dB(s) = 0, t — oc.
7 Jo

Proof. Let € > 0, k € Ny. Then using Doob’s martingale inequality, the It6 isometry,
and Fubini’s theorem, we have
ZE}S

1

P sup —

ok <t<ok+1 tY
Ze}S

> 52““} <

/Ot b(s)dB(s)

b(s)dB(s)

0

1
<P sup
{2k<t<2k+1 (2k)7
t
<P sup /b(s)dB(s)
o<t<2k+1 [Jo
1 Qk+1 2 1 ok+1
<——F b(s)dB =——F b2 (s)ds =
= (e27k)2 </0 (®) (S)> £2227k /0 (s)ds

1 ok+1 1 ok+1
_ 2 2 _

1 2k+1 26+1
<2k+1 + ( ) > —

T 2ok 28+ 1
2 1
_ 2000, _2PC g
g2 (28 +1)e?

Hence, for any n € N,

P {lim sup — /0 "b(s)dB(s)

t—00 tY

/0 b(s)dB(s)

Zs}é

Ze}é

1
> s} <P { sup —
t>on 7

oo 1 t
S,;IP{ sup — /0 b(s)dB(s)

QkStS2k+1 t’Y
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+1 o0
£ 22(1 Mk 2201 Z 9(28—-2y+1)k
€2 £ (28 +1)e2

The last two series converge to 0 as n — oo (since 27 — 28 —1 > 0 by condition) so the
right-hand side converges to 0 as n — co.
Since € > 0 is arbitrary,

lim su
t—o00

Therefore,
{ t—o0 - } -
that is
{ lim — / b(s)dB(s }
t—oo t
and the lemma is proved. ([l

Let X be a solution of the one-dimensional non-autonomous SDE
(7) dX(t) = a(X(¢),t,w)dt + b(X(t),t,w)dB(t), X(0) =g € (x1,2),

where a = a(z,s,w),b = b(x,s,w) are such that for any ¢ > 0, their restrictions to
R x [0,%] x © are B(R) x B([0,t]) x Fi-measurable.
The next theorem generalizes the results of Gikhman and Skorokhod (see § 17 of Part
Tin [4]).
Theorem 2.1. Suppose that:
e the coefficient a is bounded and

lim a(z,t) = A a.s.,
Tr—+00
t—o0

where A > 0 is a positive random variable;
e there exist constants B € (O7 %) and C > 0 such that

P{vz € RVt >0 |b(z,t)| < O(1 +|al)} = 1;
e X(t) = +o0 a.s.

Then almost surely
X(t) ~ At, t — oo.

Remark 2.1. Here, X(t) is a weak solution, not necessarily unique.

Proof. Consider SDE (7) in the integral form:

X(t):onr/O a(X(s),s)der/O b(X (s),s)dB(s).

Estimate the expectation of X?2(t):

EX2(t) = E ((m + /Ota(X(s),s)ds> + /Ot b(X(s),s)dB(s))2 <

<9E (mo + /Ot a(X(s)7s)ds>2 +9E (/Ot b(X(s),s)dB(s))z.

Since a is bounded, for the first expectation we have the estimate
2

E (960 + /Ot a(X(s)7s)ds> < (Cit + Co)?
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for some C; > 0, C5 > 0. Estimate the second expectation using the Ito isometry and
Jensen’s inequality:

E (/Ot b(X(s)7s)dB(s)>

for some C3 > 0. Hence, we obtain the estimate

2 t
< 03t+03/ (EX?(s))"ds
0

EX?(t) < (Cyt + C5)? + Cs /Ot(]EXQ(s))Bds
for some Cy, C5,Cg > 0, or denoting u(t) := EX?(t),
u(t) < (Cat + Cs)? + C /t u? (5)ds.
Using a generalization of Gronwall’s inequality (Lelflma 6.1 in Appendix), we get

u(t) < C ((1— B)t + (Cut + 05)2*23)ﬁ

for some C' > 0. So
u(t)

lim sup N <Cy

t—o0
for some C7 > 0. From the last inequality and local boundedness of the function wu, it
follows that

u(t) = EX%(t) < Cg(t* 4+ 1)

for some Cg > 0. Then using Jensen’s inequality,
ER(X(0).0) < (C 1+ BIX(0)F))” <202 (1+ BIXO)°) <
<202 (1+ (EX?(1))?) < 2C% (14 (Cs(t* +1))7) < Co(1 +127)

for some Cq > 0.
Hence, by Lemma 2.1, almost surely

1 [t
z/ b(X(s),s)dB(s) = 0, t — oo.
0
Therefore, almost surely for large ¢,
X({t) w1

0 _ = +;/0 a(X(s),s)ds—i—%/o b(X(s), 5)AB(s).

Going to the limit as ¢ — oo, we get almost surely

lim 7X(t) =A

t—oo t

and the theorem is proved. O

The next theorem states that the previous one holds if the coefficients have those
properties for large x.

Theorem 2.2. Suppose that:

o the coefficient a = a(z,t) is bounded for x > x, > 0, t > 0 and there exists the

lomat

lim a(z,t) = A a.s.,
x,t—00

where A > 0 is a positive random variable;
e there exist B € (0,%), C > 0, and z, > 0 such that almost surely for any

x>z >0andt >0,

|b(z,t)| < Ca”;

o X(t) = +00 a.s.
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Then almost surely

X(t) ~ At, t — co.

Proof. Construct a twice continuously differentiable function f such that

@) = {O, T < Ty,

T, T > 20,.

fFX@®):

Apply It6’s lemma to the process X (t) :=
a(t)dt + b(t)dB(t),

X(t)=

where

1
a(t) == a(X(t),t) f'(X (1) + *bz(X(t)J)f”(X(t)%
b(t) = b(X (t),t) ' (X(t)).
Considering each of the cases X (t) < x4, x. < X(t) < 2z, and X (t) > 2z, it is easy
to see that a is bounded, almost surely

tlgglo a(t) = tlgglo a(X(t),t)=A
and almost surely

b(t)| < const (1 4+ XP(t)).
It is clear that X (t) — oo, t — oo, a.s. iff X(t) — oo, t — 00, a.s.

Applying the previous theorem to X, we obtain X (¢ (t) ~ At, t — o0, a.s., which implies
that X (t) ~ At, t — oo, a.s.

O

The following theorem lets to find the asymptotics of the solution in the case when
the drift coefficient has power growth.

Theorem 2.3. Let a € (—1,1). Suppose that:

(A) there exists a positive random variable A > 0 such that almost surely

a(z,t) ~ Ax®, x,t — o0o;
(B) there exist constants K > 0 and z, > 0 such that
a(z,t) < K%, & >z, t > 0;
(C) there exist constants C > 0, B € (0, %), x, > 0 such that almost surely for any
T 2> T, £ 20,
|b(z,t)] < Ca”;
(D) X(t) = 400, t = 0, a.s.
Then almost surely

X(t) ~ (1 - a)At)T= .
Remark 2.2. Notice that the asymptotics of X is nothing but the asymptotics of the
following ODE solution x:

dx(t) = Az®(t)dt

Proof. Construct a twice continuously differentiable function f such that

-«
f@)=1— o>
Apply It6 lemma to the process X (t) := f(X(t))
a

where
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For large ¢,
s — UK. a0
Xt 2 Xoti(t) '’
b(t) =

We have almost surely

Ca(X(1,) . AXO()

R S O GO
and
(X, . CPXP(1) 5 1
O ey = AR ey = B xamemrg =0

since « — 28+ 1 > 0 and X(t) — oo, t — 00, a.s. by condition. Hence, almost surely
tliglo a(t) = A.
For sufficiently large t,

N 10 SON)]
b0l = Z g <€

XA(t)
X(1)

= OXPo(t) = C ((A(l - a)f((t))ﬁ)ﬂ_a -

= const - ()N((t))?—;: =: const - (X (t))”.

Hence, we have the following equivalences:

~ 1 b—a 1 a+1
- -&20-2 l-a&
B<2 1—a<2 I} a < as f< 5
It is clear that X () — oo, t — oo, a.s. iff X(t) = oo, t — 0o, a.s. Applying the
previous theorem to the process X, we obtain X (t) ~ At, t — oo, a.s., i.e., f(X(¢)) ~
At, t — oo, a.s.

For sufficiently large t,

1

i =(Q-ap)T=,
which is a power function. Applying f~' to both parts of the last equivalence, we obtain
almost surely

FHAX@) ~ f7HAY), t— oo,
i.e., almost surely

X(t) ~ (1 — a)A) T | t — 0.

Similarly to the proof of the previous theorem, one can prove the following result.

Theorem 2.4. If conditions (B), (C), and (D) hold then a.s.

(1 - 4™ <timint X <pimanp X0 < (1 - apa,) 7,

t—o00 ti-a t—oo ti-a

where the random variables A_ and Ay are defined as follows:

A_ = liminf M, Ay :=limsup a(z, t).

zt—oo ¢ ztooo LY
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3. TRANSIENCE OF SOLUTIONS

Consider the system (5)-(6) again:

dR(t) = p(R(t), ®(t))dt + o (R(t), ®(¢))dW (), R(0) = ro,
de(t) = v(R(t), ©(t))dt + x(R(t), ®())dW (t), ©(0) = o,
where coefficients p, o, v, x are arbitrary (not related to the coefficients a, b of the initial

SDE (2)).
Define the next operators for the radius SDE (3):

LoVI() 1= ulr, @)V () + 3 lo(r @) V(). 7> 0, €R™, V € C2(0,00),

where |o| := Voo™ is a norm of the vector o, C2(0, 00) is the set of all twice continuously
differentiable function on (0, c0).

Theorem 3.1. Suppose that:
(1) for any starting point (ro,¢0), To # 0, there exists a unique solution (R, ®) of
the system (5)-(6), which is a strong Markov process;
(2) w,o are continuous, |o(r,p)| > . >0, r >0, p € R";
(3) there exist a non-decreasing function Vo and § > 0 such that Vp(0) = —oco and

Vr € (0,8) Vo € R" L, [Vol(r) < 0;

(4) there exist a decreasing function Vo and a constant A > § such that |V (00)| <
oo and
Vr > A Vo e R" L,[Vy](r) <0.
Then almost surely:
(1) R(t) >0, t >0;
(2) R(t) — o0, t — 0.

Remark 3.1. If coefficients u,o,v,x are locally Lipschitz and have linear growth at
infinity then it is known that the SDE solution exists, is unique, and is a strong Markov
process (see § 10 of Part I in [4]).

Remark 3.2. Notice that there are no requirements for the behavior of the generator in
the interval r € [§, A]. It may be possible to find a common function V in the interval
(0, 00) instead of two functions Vy and Vu such that V(0) = —oco, V(o0) € R, and

Vr >0 Ve eR" L,[V](r) <0.

Proof. Notice that since coefficients p, o are continuous, they are bounded on compact
sets, hence, by Corollary 6.1, the process R exits any interval [a,b] C (0,00) almost
surely. Define 7, := inf{t > 0: R(¢t) =r}, r > 0.

Step 1. Suppose first that R(0) = r¢ € (0,6). Let € € (0,79). Since the solution exits
any interval a.s. (by Corollary 6.1), 7. A 75 < 0o a.s. Then by Lemma 6.3, we have

Vo(ro) — Vo(e)
Vo(6) = Vo(e)
Therefore, 75 < oo a.s. and P{ry < 75} = 0. This implies (by virtue of continuity of R)
that P{R(t) >0, t >0} = 1.

Step 2. By the strong Markov property, the distribution of the process' (R(75 +
), ®(75s + t))r>0 is the same as the distribution of the process (R;(t), ®¢(t)), where
& ~ ®(75), € is independent of ®(75). Therefore, without loss of generality, we suppose
now that R(0) = 6. Let A > A. Since p and o are continuos and || > o, > 0, u and o are

P{rs <7} > —1, e —0.

1By Rs we denote the solution of the corresponding SDE with the starting point R(0) = §. Similarly,
we define ®¢.
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bounded for 7 € [6/2, A] (|| < M, |o| < % for some M, ¥ > 0). Choose some decreasing
function V such that L,[V](r) < 0 for r € [§/2,A] and ¢ € R” (e.g., V(r) = 6_22%17’).
Since the solution exits any interval a.s. (by Corollary 6.1), 7x A 75/2 < 00 a.s. Then by
Lemma 6.3,

V() —V(6/2)
V(A) - V(5/2)

A) —
VA =VO) g
V(A) =V (6/2)
Using the strong Markov property & times, one can show that the probability of exiting

Pg{TA<T5/2}Z =:p >0,

Ps {T5/2 < TA} >

the interval [g, Al k times from the left end and returning into the interval [6, A] is not

greater than (1 —p)¥ — 0, k — oo. Thus, 75 < o0 a.s.

Step 3. By the strong Markov property, the distribution of the process ((R(7x +
t), ®(Tx +1))): is the same as the distribution of the process ((Rx (t), P¢(t)))e>0, where
& ~ ®(7) and ¢ is independent of ®(7). Therefore, without loss of generality, we suppose
now that R(0) = A. Let L > A and A* € (A, A). Since the solution exits any interval
(by Corollary 6.1), 7, A Ta+ < 00 a.s. By Lemma 6.3,

PA{TA* <TL}§

As L — oo, we obtain

P {nf 0 < &} < =P

Then we have the following estimates:

Py {ntxgng(t) < A*} <P4; {ggg R(t) < A*} < ‘ZZO(S)—_&((AA*)) =

VOO(A) B VOO(A*) o
Vae(00) = Vao(&7) P&
Notice that pz — 0 as A = 0. As A — oo, we obtain

=1-

P {liminf R(t) < A*} =0.
t—o00
As A* — oo, we obtain

P {hmmfR(t) < +oo} —0= ]P’{liminfR(t) = +oo} —1=

t—o0 t—o0

= P{tlggoR(t) - +oo} ~1.

Example 3.1. Consider the following n-dimensional (n > 2) SDE:
dX (t) = | X (8)|* X (t)dt + dW (t), X(0) = z¢ # 0,
where —1 < a < 1, W is an n-dimensional Wiener process.
If for x € R™\{0} and —1 < a < 1 we denote x® := |x|*~ 'z, then the previous SDE
can be written in the following form:
dX(t) = X¥(t)dt + dW (¢).
Let’s prove that almost surely:
o Vi >0 X(t) #0;
o | X(t)| = o0, t = 0.
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Proof. Since the coefficients of the SDE are locally Lipschitz and have linear growth at
infinity, there exists a unique solution until it hits 0. One can obtain the SDE for the
radius R = |X| of the process X using the general formula given in Section 1:

n—1

dR(t) = (Ra(t) + 0

where W) is some one-dimensional Wiener process.
The scale function for this SDE is
T 2(1 — uo+1)
= du.
s(r) /1 T OXP —— 1 U
Since |s(0)] = oo and |s(400)| < 00, classic results imply that the process R never hits

zero and R(t) — oo, t — oo, almost surely. This means that the process X never hits
the origin and | X (¢)| — oo, t — oo, almost surely. O

)dt—l—dW(l)(t),

Example 3.2. Let’s perturb the drift coefficient of the SDE from the previous example:
dX (t) = (X*(t) + f(X(2)))dt + dW (1),
where the function f is such that:
o fraa@l=0(f): 2l =0, [fraal@)] = o(|2]?), [a] = oo;
o | fran(2)| < Colz|*~¢ for large |x|, where Cy >0, € € (0,1 + «).
Check that the solution of this SDE has the same properties as the one from the previous
example.

Proof. Notice that
[fraa(@)] = o(|2]?), |2l w00 = |(f(x),2)] = o(|z|"%), 2] — 0.

The SDE for the radius |X| has the form
(f(X(@®), X(#) n—-1

dx () = <|X(t)|°‘ + ) dt + dW(2).

| X ()] 21X (8)]
Use Theorem 3.1 to prove that the solution does not hit zero and goes to infinity.
Consider a Lyapunov function Vy(r) := ——tr, which is increasing, V(0) = 0, and a

Lyapunov function Vi (r) := 2, which is decreasing, |Va(+00)| < co. We have:

n—1 n-—1 1
L‘/o(’/‘) S pn—o - 2rn+1 to (Tn+1) S O

for r — 0,
1 n—3

r2-o 273

LV (r) < — +o(r*7?) <0

for r — oco. Hence,
P{X(t)#£0, t >0} =1, P{|X(t)] = o0, t = o0} =1.

4. STABILIZATION OF THE ANGLE
Consider SDE (6) for ®.

Theorem 4.1. Suppose that:
(1) P{¥E > 0 R(t) > 0} = 1;
(2) liminf;_, P;(f) > C* for some random variable C* > 0 and some non-random
constant v > 0;
(8) lv(r,o)| < THT*N Ix(r,p)| < TX* for all p € R™ and large r, where v*, x* > 0,6, >

52
1 1
;,62 > 37
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Then there exists the limit lim_, o P(t) a.s.

Proof. Rewrite SDE (6) in the integral form:

®(1) =<Po+/0 V(R(S),‘P(S))dsﬂL/o X(R(s), (s))dW (s).
Then the limit
P =<P0+/0 V(R(t)v‘I’(t))dtJr/O X(R(t), @(t))dW ()

exist a.s. if the integrals in the right-hand side are convergent.
To prove convergence of the first and the second integrals, use conditions 2 and 3 of
the theorem:

1
51>;:s517>1:s/ <oo;>/ ®(t))]dt < o0 a.s.;
1
52>%:>2527>1:>/ Wdt<%:>/{) X2(R(t), ®(t))dt < oo a.s. =

= / O(t))dW (¢) is well-defined.

Example 4.1. Consider the SDE from Example 3.1. Let’s prove that almost surely:
o IX(0)]~ ((L=a)) ==, t = oo,
o Jlimy o .
o0 [X(0)]
Proof. Let’s find the asymptotics of the process |X| using Theorem 2.3 being applied
to the SDE for R = |X|. The drift coefficient p(r) = r® + 2L ~ 7% r — oo (here
A =1, a = a), the diffusion coefficient ¢ (r) = 1 < 7 (here C = 1, § = 0) and a.s.
| X (t)] = o0, t — c0. Then by Theorem 2.3 almost surely
X (@)~ (1= a)t) =, = oo,
Let’s prove that the angle Ii({—l stabilizes using Theorem 4.1. From the general SDE
for the angle (see Section 1) one can obtain the SDE for the angle in our case:
X(#) 2hian(X(t)) + 1 Tian (X (1))

1
RO~ axep O TR

dw (t),

where I is a unit n X n matrix and I, (z) = I — % The first condition of the

theorem is satisfied. The second condition (existence of the lower asymptotics) follows
from existence of the exact asymptotics (here v = t2—). Check the third condition (find
estimates for the coefficients):

‘ 2Lian(z) +m —1 ‘ 2vn—14+n—-1
_ x| <

2|zf? 2z[? ’

Itan(aj) . vV — 1
|z| ||
i.e., 81 = 2, do = 1. The third condition of the theorem is satisfied since for such 41, ds,

1
51>
{ 71’ sa>—1.

)

and v = =,
52 >

Hence, by Theorem 4.1, there exists a limit lim;_, I XE ;l almost surely. [l
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Example 4.2. Consider the SDE from Example 3.2. Check that the solution of this
SDFE has the same properties as one from the previous example.
Proof. Let’s find the asymptotics of | X|. Since
(fre).re) _ Crlrel™ ™ o ace

T )
r r

the drift coefficient

-1
o) = r LD oL
T T
ere A =1, a = «), similarly to the previous example, by Theorem 2.3 we have almost
here A =1 imilarl h i le, by Th 2.3 h 1

surely

(X~ (1= a)) ==, ¢ = oc.
Let’s prove that the angle % stabilizes. From the general SDE for the angle one can
obtain the SDE for the angle in our case:

g X (ftan(X(t)) _ 2 (X (@) +n -1 Tian (X (1))

X (@) (X (@) 21X ()P X @)
Like in the previous example, the first and the second conditions of Theorem 4.1 are
satisfied. Check the third condition (find estimates for the coefficients):

fran(®)  2Lian(x) +n —1 < Cy 2vn—1+n-—1 < Cs
|| 2|z|? T zltete 2|z[? T z|tete

for large |z|, where C's > 0 (since 1 —a+¢ < 1),

X(t)) dt + AW (),

Lian(z)|  Vn—1
|| 2|
ie., 1 =1—a+e¢e, 6o =1. The third condition is satisfied, because for such 41, o, and
v =1,
{61 > %, {8 > 0,
b > % a > —1.

Hence, by Theorem 4.1, there exists the limit lim;_, o éégl almost surely.

5. ASYMPTOTICS OF THE RADIUS

Let (R, ®) be a solution of (5)-(6).
Using the Lévy theorem (see § 7 of Chapter II in [6]), one can find a one-dimensional
Wiener process W) and a function oV : R x R” — R such that

a(R(t), ®()dW (t) = oW (R(1), (£))dW D (¢).
Hence, the SDE for the radius process can be written as follows:
(8) dR(t) = p(R(t), ®(t))dt + oM (R(t), @(t))dW(l)(t).
Theorem 5.1. Consider SDE (8) for the radius:
dR(t) = p(R(t), ®(t))dt + oD (R(t), @(t))dW D (2).
Suppose that the following conditions hold:

(1) there exist a continuous bounded function M: R™ — (0,00) and a constant a €
(—1,1) such that for any vy € R™,
i P %)

r—>00 ro
P—r$0

= M(po);
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(2) there exist constants C > 0, B € (0,%4L), r. > 0 such that for any r > r.,
p e R",
lo(r, )| < Cr7;
(8) R(t) = o0, t = 00, a.s.;
(4) IPo = limy 00 P(t) a.s.
Then )
R(t) ~ (1 —a)M(Px)t) ==, t — 0.
Proof. Notice that u(r,®(t)) ~ M(®Poo)r®, r,t — oco. Applying Theorem 2.3 to the
process R, we obtain the statement of the theorem. ([l

Remark 5.1. One can check that Theorem 5.1 holds for Example 4.2 with M(p) = 1.

6. APPENDIX. AUXILIARY RESULTS
Consider the following generalization of Gronwall’s inequality (see § 1.7 in [9]).

Lemma 6.1. Let u: Ry — Ry be a continuous function satisfying the inequality

u(t) < alt) + c/o W (5)ds,

where C' > 0, 0 < B < 1, the function a: Ry — R, is non-decreasing and continuous.
Then

~ 1 ~ 1
u(t) < C((1—B)t+a=P(1) 7, where C := CT-5.
Let X be a solution of the following one-dimensional non-autonomous SDE:
(9) dX(t) = a(X(t),t,w)dt + b(X(t),t,w)dW (¢), X(0) = xg € (x1,22),

where a = a(z, s,w),b = b(z, s,w) are such that for any ¢ > 0, their restrictions to
R x [0,¢] x Q are B(R) x B([0,¢]) x F;-measurable. For this SDE, define a family of
operators

(10) Li[u)(z) := a(z, ) (z) + L0 (2, t)u” (z), x € [z, 22], t >0,
and the exit time
T:=1inf{t > 0: X(¢) ¢ (x1,22)}.
The following lemma allows to prove that under some conditions, an SDE (9) solution
exits any interval (x1,x2) after a finite time.

Lemma 6.2. Let the functions a and b be bounded on [x1,xs]. Suppose that there exists
a non-random function u such that

Lifu](z) < =1, = € [x1,22], t > 0.
Then® EgyT < 2maXyefy, ) [u(@)]. As a consequence, almost surely T < oc.
The proof of the lemma is standard (e.g., see § 3.7 in [8]).

Corollary 6.1. Let the functions a and b be bounded on [x1, 2] and b > 6 > 0 on [z1, x2]
for some § > 0. Then T < oo almost surely.

Proof. Let u(x) = —eP*, x € [x1,x2], where p > 0. By condition, |a| < C on [z1, 2] for
some C' > 0. Write

Lu#)(w) = alar, 0 () + 5%, 0 () = —ala, Ope?® — L (o, Dpe”
= peP?® <—a(m, t) — ;bQ(a:,t)p> < peP* (C’ — ;521)) .

2Notation Es, and P;, emphasize that X(0) = .
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Choosing p > 2¢, we obtain Ly[@](z) =: —e(z) < 0 for some e(z) > 0, therefore
Lifa)(z) < —e on [x1,22], where £ = minge(y, 4p)€(2). Then for u(z) = La(xz),
Li[u](x) < —1 on [z1, x2]. Thus, by Lemma 6.2, 7 < oo almost surely. O

The next lemma allows to estimate probabilities of exiting through the left ot the right
end of the interval [y, z2].

Lemma 6.3. Let the conditions of Lemma 6.2 hold. Besides this, suppose that there
ezists a decreasing function V' such that
LiV](z) <0, z € [x1,z2).

Then
V(zo) — V(z2) V(z1) — V(o)
Vi) = V(za)’ Vi) = V(za)

Proofs of these lemmas are standard and exploit Itd’s lemma on the interval [0, 7] (for
the proof ideas, see § 16 of Part I in [4]).

Pwo{X(T) = 33‘1} < Pwo{X(T) = xZ} >
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