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M. EL JAMALI

GENERALIZED BSDES FOR TIME INHOMOGENEOUS LEVY
PROCESSES UNDER NON-DETERMINISTIC LIPSCHITZ
COEFFICIENT

In this paper, we study the generalized backward stochastic differential equations
driven by inhomogeneous Lévy processes (GBSDELs in short). We establish the
existence and uniqueness of solution by using Picard’s iteration setting under non-
deterministic Lipschitz and monotone condition.

1. INTRODUCTION

It is well known that the general linear case of backward stochastic differential equa-
tions in the Brownian framework has been introduced by Bismut [3]. Nonetheless, the
first study presenting a systematic treatment of non-linear BSDEs is the seminal paper of
Pardoux and Peng [9]. Later, Pardoux and Zhang [I1] introduced a new class of BSDE’s,
which involves the integral with respect to a continuous increasing process. Precisely,
given a data (&, f, g) of the progressively measurable processes f and g, and the square
integrable random variable £, they proved the existence and uniqueness of an adapted
process (Y, Z) solution of the following equation:

T T T
Yi—c+ / F(s, Yo, Z,)ds + / o5, Y,)dC, — / Z,dB,,
t t t

where (Cy)i<r is a continuous real valued increasing process. These equations also pro-
vide a probabilistic formula for the viscosity solution of a system of partial differential
equations (PDEs in short) with a non-linear Neumann boundary condition by introduc-
ing a class of generalized BSDEs. Following this way, El Otmani [5] extends this class
of equations of [II] to generalized BSDE driven by a homogeneous Lévy process un-
der Lipschitz generator. Later there have been several extensions namely [I, 6]. Note
that, their motivation consists in providing the link between generalized BSDE driven
by a homogeneous Lévy process and a class of partial differential integral equations with
Neumann boundary condition.

In another context, El Karoui and Huang [7] considered the so-called non-deterministic
Lipschitz condition, where the generator is Lipschitz continuous in (y, z) but with con-
stants which are actually random processes themselves. Many works have discussed this
subject as well as [2, 12].

The main motivation of our work is that the assumptions on the driver that we consider
here are much involved in partial differential equations. We propose a model aimed at
extending the usage of model [I1] (see p.551) with non-deterministic coefficients:

t t t
(1) XP=c+t / bo(X7)ds + / 0o (X7)dB, + / Ve(XD)AK?, te[0,T).
0 0 0
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where ¢ € CZ(R?) and (XF, K¥);<7 is a pair of progressively measurable continuous
processes such that K* is increasing process. Since the parameters b; and o; are sup-
posed neither deterministic nor bounded, we cannot apply the existing results of BSDEs
under Lipschitz generator. Consequently, we are going to enhance the conditions on the
generator by considering the non-deterministic Lipschitz condition. Furthermore, we go
a step further towards generality and consider the time-inhomogeneous Lévy processes.
They are usually as easy to handle as models driven by Lévy processes but allow for
additional flexibility.

Motivated by the above contributions, we mainly prove, in this paper, the existence
and uniqueness of solutions of generalized backward stochastic differential equations
driven by the non-homogeneous Lévy process. By applying the Picard’s iteration, we
are going to construct the unique solution of generalized BSDEL where the coefficients
f is non-deterministic Lipschitz and the coefficient g satisfies the monotone condition.

This paper is structured as follows: In Section 2 the notations and several results
which are significant for our analysis are introduced. In section 3, we will prove our
main result which is the existence and uniqueness of a solution to generalized BSDELSs
in the non-homogeneous case under non-deterministic Lipschitz coefficient. Section 4 is
devoted to proving a priori estimates for the considered class of generalized BSDELs.

2. PRELIMINARIES

Let (Q, F,P) be a completed probability space on which a real-valued inhomogeneous
Lévy process (X¢)icjo,r) With cadlag paths is defined. Let F = (F})s>0 be the right-
continuous filtration generated by X: (F; = 0{Xs; s < t}) and assume that F; contains
all P-null sets of F. The non-homogenous Lévy process X is characterized by:

t
E (expmxt) = exp/ (iubs — 02—su2 + / et 1 — iua:I[{I|<1}Fs(dx)) ds.
0 R

Here by € R, ¢ € R% and F; is a measure on R that integrates (1 A |z]?) and satisfies
F,({0}) = 0. Furthermore, we assume that

(i) The drift term bs € R, the volatility coefficients ¢; > 0 and the Lévy measure Fy

satisfy
T
/ (|bs| + |es| + /(1 A |m2)FS(dx)> ds < 0.
0 R

(#4) There are two constants M, e > 0 such that
T
/ / e"Fy(dx)ds < 0o, Yu € [—(1+ )M, (1 +¢)M].
0 Jz|>1

In the sequel, we denote by X;_ = lim; ~ X, and AX; = X; — X;_. We define the
power jumps of the Lévy process X by
XV =X, and X”= Y (AX,), i>2

0<s<t

Let us put the Teugels martingales Yt(i) = Xt(i) —E[Xt(i)] for all ¢ > 1. We associate with
the non-homogeneous Lévy process (X;)o<i<7 the family of processes (H (i))i21 defined
by Ht(i) = Z;Zl ozint(j ). The coefficients a;; correspond to the orthonormalization of
the polynomials 1, x, 22 etc. with respect to the measure 7 ([0, ], dz) = fot ¢s0o(dx)ds +
fot Jg #*Fs(dz)ds. Specifically, the polynomials g,, defined by ¢, (x) = >_;_; anpz* ! are
orthonormal with respect to the measure , i.e.

/ Qn(x)Qm(x)ﬂ'(dl‘) =0ifn 7é m.
R
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Note that the martingales H() are strongly orthogonal and its predictable quadratic
variation process is

d(HD, HD), = 9711955t
where (9;);<7 is a deterministic continuous function.
Now, let 8 > 0, v > 0 and (a¢)(<7 be anon-negative F;-adapted process. We define the

increasing process A; := fot a2ds and denote by (C;);<r the one-dimensional continuous,
increasing, JFi-progressively measurable process satisfying Cy = 0. Next, we introduce
the following spaces:

) L%’ 18 the space of R-valued and Fp-measurable random variables ¢ such that

”fHQL?M —F I:eﬁAT+'YCT‘£|2j| < +00.

. Sgﬁ, SZ?Y and S;fy : the spaces of R-valued and F;-adapted continuous processes
(Y2)¢<r such that

||YH‘2S§W =E [OS?ETeBAﬁ”CﬂYtP] < 4005

T
||Y||§§: =E / 6ﬁAt+'th|ath|2dt < +o0;
* 0

<
T
||Y||§§,c =E l/ PG Y 2dC, | < +oo.
el 0

° ’H%ﬂ is the space of £2-valued and JF;-progressively measurable processes (Z;)i<r
such that

T 00 T
||Z||3_£% — E/ eBAt+'YCt HZtﬁtH§2dt — ZE/ eBAt+'YCt|Zt(k)ﬂ§k)|2dt < 400.
B 0 k=1 70

2 2, 2,c
° Mﬁ»’v = Sﬁ,»y mfﬂﬁ' ,
2 . Q2 a e 2 2 ._ 12
° Bﬁﬁ = Sﬁ,,y N 85’7 ﬂSBW X Hj ., and BB = 8570.
Let’s get back to our main problem. The parameters b and ¢ are not bounded in
general since they are stochastic. Consequently, the main objective of this paper is to
complete the above works and to study the following generalized BSDEL associated with

partial differential equation when the noise is given by the non-homogeneous Lévy
process:

T T 0o AT
(2) Y, =¢ -|—/ f(s,Ys, Zs)ds —|—/ g(s,Y5)dCs — Z/ ZdH®,  te0,T).
t t 1t

A solution of generalized BSDEL is a pair of F;—progressively measurable processes
(Y, 2) € Bf., and satisfies such that the data &, f,g and C satisfies the following
assumptions:

(A.1) The terminal value & € E%ﬁ.

(A.2) The maps f: Q2 x[0,T] x Rx ¢> - Rand g:Q x [0,7] x R — R are such that
(1) For all (y,2) € R x £2, f(.,y,z) is F-progressively measurable and

2
E/T oBAHACs f(3>070)
0

ds < 4o0.
as
(2) There exists Fi-adapted processes (pt)i<r and (q:)i<7 with values in R
such that For all t € [0,7],y,y € R and z,2’ € (2

|f<t7 Y, Z) - f(t’ylv Z/)I < pt|y - y/‘ + th(Z - Z/)ﬁllez.
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(3) For all t € [0,T], the function y — g(¢,y) is continuous a.s. Furthermore,
for all y € R, ¢(.,y) is F-progressively measurable and there exists § < 0
and s > 0 such that, for all ¢ € [0,7] and y,y’ € R

(v =¥ (g(t,y) — g(t.y") < Oly —y'[* and [g(t,y)| < U(t) + &lyl,
where the adapted process (¢(t));<r with values in [1, +-o00[ such that

T
E / BN [y (1) [2dCy < +oo.
0
(4) There exists € > 0 such that a? = p; + ¢2 > ¢, ¥V t € [0, 7).

3. EXISTENCE AND UNIQUENESS RESULT OF GENERALIZED BSDEL

Let us begin with the following uniqueness result for generalized BSDEL under
the previous assumptions:

Proposition 3.1. Under the assumptions (A.1) and (A.2), the generalized BSDEL (3)
has at most one solution.

Proof. Let (Y,Z) and (Y',Z') be two solutions of generalized BSDEL (2). We apply
1t6’s formula to e#4¢|Y; — Y/|? for t € [0,T] to obtain

T T
E [e"4|Y; — Y/|?] + BE / P4V, — Y]|?dA, +E / P25 — Z2)0s||72ds
t t

T
) / PAY, — YI) (f(5,Ys, Zs) — f(5, Y], Z1)) ds
t
T
) / P (Y, = Y7) (g(5,Ya) — g(s, Y2)) dCs
t
T

T
< ZE/ ePAep |V, — Y!|2ds + 2]E/ P q Yy = Y||(Zs — Z)0s]| 2ds
t t

T
+29E/ eBAs
t

T
< 2IE/ eBAs
t

For 8 > 2, we conclude that Y =Y’ and Z = Z'. O

Ys — Ys/|2dcs

(Zs — Z,)0s| |2 ds.

1 T
Y, — Y/|2dAs + 51E/ P
t

Let us state the main result of this paper:

Theorem 3.1. Under the assumptions (A.1) and (A.2), the generalized BSDEL (2) has
a unique solution.

We now prove the existence result under an additional assumption. We suppose that
g is k-Lipschitz, i.e. for all t € [0,7] and (y,y’') € R%:
(H.1) lg(t,y) — g(t,y)] < kly —y/'|.
Theorem 3.2. Under the assumptions (A.1),(A.2) and (H.1), there exists at most one
progressively measurable process (Y, Z) solution of the generalized BSDEL (@

Proof. We first consider the special case when the generator does not depend on (y, z),
ie.

T T o0 T
Y, =¢ +/ f(s)ds +/ g(s)dCy — Z/ ZWAg® e o,T).
t t =1t
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Using Schwartz inequality one has

T T
I3 —|—/ f(s)ds +/ g(s)dCy
0 0
1 T T

S 3{E [|£‘2] + _E / eﬁAs f(S) / e'ycs

B 1o 0

ag
The martingale representation theorem for time-inhomogeneous Lévy processes (see El
Jamali and El Otmani [§]) implies that there exists a unique predictable process Z,

verifying E r Z,|?ds < 400, such that
0

2
E

2
ds

g(s)|2dC51 } < +o0.

1
+-E
ol

T T
et [ f(s)ds + / 9(s)dC,
0 0

0o T
+ / Z®WdH®.
k=170

Let V; = E [5 + ftT f(s)ds + ftT g(s)dC’s/}}] Then the process (Y, Z) verifies the gen-
eralized BSDEL which coefficients are dependent only on time. On the other hand,
we can show that

§+/0Tf(8)ds+/OTg(s)dC’s:E

T T 2
§+/t f(s)ds+/t g(s)dCs|.7-"t

T e o i) |
pas pas f(s
/ ase” 2 e 2 s
t

eBA |Yt|2 — SAR

< 3E |PAT|g)? A

T
LB / BAC B =
t
! Lo i)
< 3E eﬁAT‘§|2+eﬁAt/ a?e_ﬁASds/ ePAs | L2010 ge
t t as

T T
T
t t

2
ds

T T
PAT|g[2 4 P / e—BA A, / (BA
t t

<3E

f(s)

T T
+/ e_"’CSdC’S/ eBAs+Cs |g(s)|2dCS{.7:t1
t t

2

f(s)

Qs

1 T
ds + ;/ ePAs+7Cs g(s)|2dCS]]-'t
0

1 T
< 3E eﬁAT\£|2+B/ eBAs
0

By Doob’s maximal quadratic inequality, we deduce that E [Supogth efA \Yt|2] < 400.
Moreover, using Itd’s formula to e?4¢|Y;|?, we have

T T
BE/ e'BAS|YS|2dAS+]E/ eP4s
0 0

T
<E [e#47|¢]?] + QE/ P4
0

0o T
> / Py, ZWdH®
k=171

Z |72 ds

T
Ys\|f(s)|ds+2E/ P4, 1g(s)]dC,
0

+ 2E sup
0<t<T
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2

A g A 1 g A, | f(s)
S R o e L A P R
0 67 1 0 Qs
17
+ f]E/ ePAH7Cs g (5)2dC, +2(1+02)]E{ sup eBAthP]
v 0 0<t<T

1 T
N §]E/o 4| Z:0s || ds.

We conclude that the pair (Y, Z) is a solution of generalized BSDEL ([2]) which coefficients
are dependent only on time.

Now, we define the sequence (Y™, Z") as follows: (Y°, Z%) = (0,0) and (Y"1, Z"+1)
is the unique solution of the generalized BSDEL

T T e o] T
y :§+/ f(S,YS”,Z;‘)ds—i—/ g(s,YS")dCS—Z/ ZEn L GHE)  f e (0,7,
t t k=1 t

We shall prove that (Y, Z™) is a Cauchy sequence in the Banach space 8/2377 with the
norm

2 2 2
IV 2)3 = 1Yo + 1215 -
Note that for f > 3 and v > 1 + 2x?, we can show that

2

ft.0,0

T
sup ||(Yn7Zn)||?32 < oy {E [eﬁAT+'YCT‘€|2} +E/ e,BAt+'YCt
n>0 By 0 Qg

T
E / eﬁAtHCw(t)?dct}.
0

Forn >m > 1, let us put ™™ =n"—n™ for n =Y, Z. We apply Ito’s formula to obtain

T T
BE/ e,BAs+’YCS st+1,m+1|2dAs + ,YE/ 65A3+7C5|}/\gn+1,m+1|2d03
0

0

T
—l—E/ eBAs-MCS||Z;z+1,m+1198||32d8
0

T
< QE/ eﬁAer’st an+1.,m+1| ‘f(S,Ybn, Z;L) _ f(S,Ysm, Z;n)| ds
0

T
+ QE/ eﬂAs+st Y—Sn+1,m+1| \g(s,YS") o g(s7ysm)‘ dC’S
0

T
< (,6 _ 1)E/ eﬁASJr'st

0

}/SnJrl,m+1 IQdAs

1 T
B [ O (VI RAA, 1230, )

T 2 T
+ (v — 1)IE/ At Coyntlm+l 2g0 4 il ]E/ ofAAACs
0 ’ y—=1 J;

}/Sn,m|2dcs'

Choosing 8 > 2 and v > 1+ x2 then & = max{1/(8 —1);k?/(y — 1)} €]0;1[. We deduce
that

”(Yn,m7 Zn,m)”%;w S Rm+1|\(Y"_m7Z"_m)H%2 N 0.

B,y n,m—-+4o0o

Which implies that (Y, Z") is a Cauchy sequence and converges to (Y, Z) € Bgﬁ satis-
fying . O



GBSDELS UNDER NON-DETERMINISTIC LIPSCHITZ COEFFICIENT 7

Proof of Theorem[3.1l Let g,,(t,y) = (pn *g(t,.))(y) with p, : R — R* is a sequence of
smooth functions which approximates the Dirac measure at 0 and satisfies [, pn (z)dz =1

and sup,,>¢ [p [#]pn(2)dz < 400
Remark that g, is uniformly Lipschitz in y :

lgn(t,y) = gn(t, )] = (o0 * g(t,)) (W) = (pn * g(t,.)(¥)]
[ out@)lattu =) = a(t.5’ = o)l ds

IN

IN

wly=o/| [ puade = sy — /|
Moreover, it satisfies (\A.2)(3). Indeed

(y = y)gn(ty) — gn(t,y)] )[(pn xg(t, ) (y) = (pn * g(t, ) ()]

/ — (¢ — ) (glty —2) — gL,y —2))d
< Oly—yP / w(@)de = Oy —y' 2.
and
ot = lpa* ot < [ pu(@laltoy—o)lda
< B / o)z + 5 [ pu(@ly = alds
< WO +rl) [ pula)da s [ falpua)de = 0(0) + syl

Hence, there exists a unique solution (y™, z™) of the generalized BSDEL

T T o0 T
y;L =&+ / f(s7y?7zg)dg —|—/ gn(87y?)d05 — Z/ ng)degk)
t t k=17t

Applying 1t6’s formula and taking an expectation on both sides, we obtain that
T
E [eﬂA‘+70t|yf|2} +B]E/ e,BAs+wCs|ygL|2dAs
t

T T
+’y]E/ ePAHCa 1240 —I—E/ P4
t t

T
-F [eBAT+’YCT|£|2:| + 2]E/ eﬁA5+705y?f(s,y;’, 2M)ds
t

2
sll7=ds

T
1 9E / BAHICayny (5 4mYdC,
t
T
B[O 28 [ A0y f(5,0,0)ds
t
T T
+2E/ 65A5+705p8|y2|2ds—|—2ﬂ4:/ ePAATCs g || 200 || 2 ds
t t

T
+ 20E / efA
t

T
<E [eﬁAT+'VCT|§|2] + 3E/ eBA:
t

T
"2dC, —|—2E/ ePAsTICoyng (5,0)dC,
t

yrPdAs
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2

f(s,0,0) ds

1 T T
+,]E/ eﬂAS+WCS|\z?193||%2ds+E/ ePAs+Cs
2/, + Qg

T T
2
+%E / eﬂASMCSIy?|2dCS+;E / P AFIC | (5)[PdCs.
t t

Which implies that

Yo [PdA,

T
E [eﬂAt+’YCt|y;’L|2} + (ﬂ _ S)E/ eBAs+Cs
t

v T 1 T
t t

200 ||%2 ds

f(s,0,0)

T
t as

2 T
2
<E [P HCT¢)?] + E / P At Cs ds+ ~E / P4t 4 (5)[dCs.
vYoJe

Therefore, Burkholder-Davis-Gundy’s inequality leads to

T
sup E{ sup eﬁAt+’YCt|y€L|2:| —HE/ ePAs+Cs
n>0 0<t<T 0

yr[PdC,

T
y?|2dAs+E/ eBAs+Cs
0

T
+E / el At Ce zgﬁsnjzds}
0

2

[(.0,0) [ -

Qs

T
<c {]E [6ﬁAT+VCT|§|2] + E/ ePAs+7Cs
0

T
+E / (BAHIC ¢(5)|2dcs}.
0

Defining U* = f(t,y7,2) and V] = gn(t,y7"). We deduce from the above and our
assumptions that

T T T 9
3 0,0
n>0 0 0 ﬂ ‘ as
T 3 T
+ 2]E/ eBA+YCs Y(s)[2dC, + sup E BE/ eBAs " 2dA,
t n>0 t

3 T

+ =E / ePAs < +00.
B Ji

The sequences (¥™)n>0, (2™)n>0, U™ )n>0 €t (V")n>0 are bounded. By Bolzano-Weier-

strass theorem (Bartle and Sherbet [4], Theorem 3.4.2, p.78), we can extract a convergent

subsequence such that

T
z?ﬁSH%st + 2&2/ eﬁAS'MCS|y?|2dCS
0

(y™, 2" U™ V) ——— (Y, Z,U, V).

k—+oo

It is then easy to deduce that

T T 00 T
Y, :§+/ L{sder/ vsdcsz/ ZWaH®).
t t =1/t

Now, to reach our goal, it remains to show that U; = f(t,Y;, Z;) and V; = g(¢,Y;). Let
(Pe)i<t, (Qi)e<r and (X)i<7 be three progressively measurable processes such that

T
E [/ eﬁAt(|,Pt|2 + HQtﬂt”?Q)dt < +00.
0

T
< +oo and EV P x,|2dC,
0
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In view of the non-deterministic Lipschitz condition of f and the monotonicity condition
of g, we have

Ftyes 2i) — (6P, Q) — pelyy — Pl — qell (28 — Qi) Vil e
<Ny 2) — f(6Pe, Q)| — pelys — Pel — qell (28 — Qi)Velle2 <0,
and (7 — X;)(gn(t, y") — gn(t, X)) < 6ly? — Xi|? < 0. Therefore

E

T
/ Py — Pl (F(toyp, 21) — f(t,Pey Qr) — pelyy — Pel — qu| (2 — Qt)ﬁtlpdt]
0

T
+E / e (yp — Xi)(gn(t.yp) — gn(t, Xp))dCy | < 0.
0
Note that E [fOT el g, (t, &) — g(t, Xt)\QdC’t} — 0, we get
T
(3) limsup E / Ay — Pul(f(typ 27) — F(t, Pe, Qi) — pelyy — P
n——4o0o 0
T
— @l|(2" — Qt)V¢lle2)dt] + E / Ay — X,) (gn (t,y1) — g(t, X;))dCy | < 0.
0

On the other hand, It6’s formula implies that
T T
[y |* = 4711 — 5/ Ay PdA, + 2/ PAyR f(typ, =) )dt
0 0

T
+2/ eﬁA‘yl‘gn(tyyf)dCt—/
0 0

T 0o T
ePA Hzfﬁtﬂizdt -2 Z/O eﬁAtyfz,gk)’ndHt(k).
k=1

Using the fact that y ——— Y in R, and that the mapping Z — E fOT eBA | Z40¢ || 2 dt
n—-+oo

is convex and continuous in 7-[%70, hence
T N B
2
[ e (s s - Sai ) a
0

T
/ eﬁAthtmn%zdt]
0

g B
/ ePAry, <ut - 2a§y;> dt
0

Combining together with yields

lim inf 2E

n—-+oo

T
1 oF / SAyng. (6, y)AC,
0

> |Yo|? —E [#47|€%] + E

T
(4) =2E +2E / LAY V,dC,

0

T
E l/ €ﬁAt|Y} — Pe|(Uy — f(t,Pr, Qt) — pe|Ye — Pe| — qe||(Ze — Qi)I¢||e2)dl
0

T
+ / SAY, — X)(V, — g(t, X))dC, | < 0.
0

We choose Py =Y —e(Uy — f(t,Y:, Z4)), Qe = Zy and Xy = Vi —e(Vr —g(t, Yz)) for e > 0,
then divide by € and let € — 0, the following holds

T T
EV BN, — [(t, Y, Z0)Pdt + / AN, — g(t, Y)PdC: | <.
0 0
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Which leads to the conclusion of this section, i.e. (Y,Z) is the solution of generalized
BSDEL . The proof of theorem ([3.1]) is now complete. O

4. A PRIORI ESTIMATES

In this part, we state the priori estimates on the bounds of the solution (Y, Z) with
respect to the data (&, f, g, C).

Proposition 4.1. Assuming that (A.1) — (A.2) hold. Let (Y,Z) be a solution of gener-
alized BSDEL with data (&, f,g,C), then there exists a constant ¢ depending on > 3
and v > 0 such that

Y2 Y220 + |V ][220 + || Z]2
[ IISg,ﬁII ”Sé:ﬁ” IIS;S.WHI IIH;M

2

f(t,0,0) gt

T
< cg 4 {E [eﬁAT+'YCT|§|2] + E/ eBAtrCe .
0 t

T
<2 e“**”“irb(tﬁd&} |
0

Proof. Applying Ito’s formula (Protter [I0], Theorem 33, p.81) to e54++7C%|Y;|? yields
that

T
eﬁAt-i"YCt |YH2 + 6/ eﬁAs-l-’YCs |Y9|2dAs
t

Z 0|2 ds

T T
Jrfy/ eBAs+YCs Ys|2dcs +/ eBA+YCs
t t

T
:eBAT+7CT|§|2_A'_2/ 65A5+7035/;f(5,Y;7Zs>d5
t

T o0 T
+2/ ePAHIC Y g (5, Y,)dC, —22/ ePAFCoy, Z (B g ),
t k=1 t

On the one hand, using the assumption (A.2)(2) and (A.2)(3 —4) respectively, we obtain
2Vaf(5,Ye, Zs) < 2Yi[[£(5,0,0)] + 2pa|Yal* + 204 Y[ Z50s |2

f(s,0,0)]* 1
T +§|\Zs19sH?2;

IN

3a2|Yy|” +

v 2
Wag(s, V) < WP +2Tallg(s,0)] < IV + ZRo(s)]*

Consequently, we deduce that

Y. [2dA,

T
(5) eﬁAt+'YCt|Y't‘2+<ﬁ_3)/ eBAs+Cs
t
T
+l/ (FAACs
2 J

T
< eBAT+'yCT|£‘2+/ eﬁAs+wcS
0

1 T
Ys|2dcs + 5/ eﬁAs+’ch
t

Z0,||%ds

2

f(.0,0)°

Gs

T © T
+g/ eBAs-&-stW(S”?dCS_QZ/ eﬂAs+"’CsYsZ§k)dH§k).
7 Jo =1t

Thus, taking an expectation in above both sides, yields
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T T .
v E/ TR ]E/ P AHC |y, P, JrE/ PAHC 1 7.9, |2 ds
0 0 |
T 2
< CB,y {E [eBAT+'YCT|§|2} + E/ e,BAer’YC'S M ds
0 Qg
T
+ E/ eBAs+YCs b(s)|2dCs b .
0

To reach our purpose, we take the supremum over ¢ € [0, 7] in 7 we get that

f(s,0,0)

Qs

T 2
E|: sup eBAt,+’YCt|1/;|2:| < E [eﬁAT+’YCT|§|2] +E/ eﬁAS-i-'yCS ds
t

0<t<T

o

Y(s)[2dC, + 2E sup
0<t<T

2 T t
+2E / BAAACs / (PA+Cry, 7 ) g (b)
t

k=170

From Burkholder-Davis-Gundy’s inequality, there exists a positive universal constant c

such that
1
00 t T 2
9F sup / ePAF1Cy, ZzWdH R | < 20K / BAANCa Y 2| 2,9, | 2 ds
0<t<T v Jo 0
1 T
< E{ sup eBAt+A’Ct|Yt|2} +2C2E/ A0 2,09, % ds.
2 lo<i<T 0

Henceforth, we have

(7) IE{ sup eﬂAt+7Ct|K|2]
0<t<T
2

f(¢,0,0) di

T
< By {EeﬂAT+’YCT|£|2 _|_]E/ eﬁAt"r’YCt
0 ag

T
+ E/ eﬂAtﬂth(t)?dct}.
0

Finally, the desired result is obtained by @ and :

T
E{ sup eBAt+WCt|Yt|2] —HE/ eBA"'*'"’CS|Y5|2dAS
0

0<t<T

Z 0|2 ds

T T
4 E / eFAACy A0, + R / BAAAC,
0 0

2

f(.0,0)[ -

as

T
< B {E [eﬁAT+'YCT|£|2} JrE/ eBAs+YCs
0

T
+ E/ ePAtCs ¢(s)|2dos}.
0

O
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