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A. BABENKO AND E. BELITSER

ORACLE WIENER FILTERING OF A GAUSSIAN SIGNAL

We study the problem of filtering a Gaussian process whose trajectories, in some
sense, have an unknown smoothness 3y from the white noise of small intensity e. If
we knew the parameter By, we would use the Wiener filter which has the meaning
of oracle. Our goal is now to mimic the oracle, i.e., construct such a filter without
the knowledge of the smoothness parameter Bp that has the same quality (at least
with respect to the convergence rate) as the oracle. It is known that in the pointwise
minimax estimation, the adaptive minimax rate is worse by a log factor as compared
to the nonadaptive one. By constructing a filter which mimics the oracle Wiener
filter, we show that there is no loss of quality in terms of rate for the Bayesian
counterpart of this problem - adaptive filtering problem.

1. INTRODUCTION

Suppose we observe a continuous-in-time signal f(¢) € L2[0, 1] in the white noise model
(see Ibragimov and Khasminski (1981), Evromovich (1999), Johnstone (2004), Tsybakov
(2008)):

(1) dX.(t) = ft)dt +edW(t), 0<t<1,

where X(-) is an observation process, W (t) is a standard Wiener process, € is the noise
intensity. The goal is to recover the signal f(tp) at a point to € [0, 1], based on the
observation (X(9(t),t € [0,1]), in the asymptotic setup as ¢ — 0. From now on we
will skip the index € in the notations. The estimation quality of an estimator f(to) is
measured by the (quadratic) risk function R(f(to), f(to)) = E|f(to) — f(to)|?, where the
estimator f (to) is a measurable function of observations and the expectation depends on
whether the unknown signal f(¢) is deterministic or random.

Recall that, given an orthonormal basis {¢;, ¢ € N} in L»[0, 1], the model (2) can be
translated into an equivalent sequence model
(2) X;=0;+¢€, i€eN,
with the observations X; = fol @i (t)dX(t), the unknown Fourier coefficients of the signal
0; = fol ¢;(t) f(t)dt, independent Gaussian noises &; = fol ¢;(t)dW (t). While interesting
in communication theory in its own right, in case of deterministic f model (1) also
provides a good approximation to a variety of curve estimation problems, for example
regression estimation and density estimation problems. For such problems e = n=1/2,
where n is the sample size.

The prior knowledge about the signal f(t) can basically be modelled in two ways:
either the signal f is assumed to be deterministic and to belong to a given functional
class Fj, where the parameter 3 typically has a meaning of the signal smoothness; or the
signal f(t) is assumed to be random according to a certain prior distribution 7, i.e., it is
a stochastic process with distribution 7g. Both approaches are actually connected to each
other within the decision theoretic framework: according to the von Neumann minimax

theorem, the minimax risk over F (which is 7(Fp) = inf;sup;cz, R(f(to), f(t0))) in
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the first setting is equal to the Bayes risk corresponding to the so-called least favorable
prior 7g in the second setting.

This interplay between minimax and Bayesian frameworks has been studied by Li and
Zhao (2002) and later Babenko and Belitser (2009) for the case of a Sobolev ellipsoid
Fp C L3[0,1] and a certain choice of normal prior mg (a family of priors in Babenko
and Belitser (2009)). The signal f(t) from the Bayesian perspective becomes a certain
Gaussian process of smoothness (in some sense) (3, the estimation problem becomes the
problem of filtering of this Gaussian process of smoothness 8 from white noise and the
corresponding Bayes estimator is nothing else but the Wiener filter. It was shown that
this Bayes estimator attains this minimax rate over the Sobolev ellipsoid Fg, i.e., the
prior 7 is least favorable (at least in terms of the convergence rate) for the problem of
minimax (over F3) pointwise estimation of the signal value f(tp). In a way, this means
that prior w3 adequately models the deterministic condition f € Fg and the problem
of filtering of this Gaussian process from white noise mimics the problem of pointwise
minimax estimation of a regression function f from the Sobolev ellipsoid Fg.

The construction of the minimax Bayes estimators in Li and Zhao (2002) and in
Babenko and Belitser (2009) is based on the knowledge of the smoothness parameter (3.
If the parameter § is unknown, then the problem of adaptive estimation of the signal
f(to) at point to arises. In the minimax setup, Lepski (1990, 1991, 1992) showed that
a penalty log factor in the minimax risk is unavoidable for the problem of adaptive
pointwise estimation and proposed an adaptive estimator attaining this adaptive (i.e.,
degraded by the log factor) minimax rate.

In this note we consider a Bayesian version of the adaptive pointwise estimation of
the signal f(tp), which is in fact an adaptive filtering problem. We assume that the
signal f(t) is distributed according a prior mg, with an unknown “true smoothness” (.
Clearly, the Bayes estimator fg,(to) = E(f(to)|X), which is the Wiener filter, cannot be
used because 3y is unknown. We regard fg,(to) as a Bayesian oracle (or oracle Wiener
filter) and its risk becomes our benchmark, which we call the oracle Bayes risk. The main
goal is then to mimic the Bayesian oracle, that is to find such a procedure f (to) without
using the knowledge of 3y whose Bayes risk with respect to the prior mg, is within the
constant factor of the oracle Bayes risk. The same type of Bayesian adaptation problem
but for the global Ly estimation of the signal f was studied by Belitser and Enikeeva
(2008). It was shown that the empirical Bayes approach mimics the Bayesian oracle
whose rate coincides in this case with the nonadaptive global minimax rate. In the
pointwise minimax estimation, there is a peculiarity as earlier mentioned: the adaptive
minimax rate is worse by a log factor as compared to the nonadaptive one. In this paper
we show that a better situation occurs for the Bayesian counterpart of this problem:
there is no log penalty factor for the Bayesian pointwise adaptation. We construct a
marginal likelihood (an empirical Bayes) estimator B for the smoothness parameter [
which leads to the plug-in procedure fﬁ(to) for the signal value f(tg) and show that it
mimics the Bayesian oracle without any loss in the convergence rate.

Of course, one could study this problem from the Bayesian perspective from the very
beginning, without relating it to the pointwise minimax estimation. Then the considered
problem has the following interpretation: we want to filter a Gaussian process whose
trajectories have an unknown smoothness 3y from the white noise. If we knew parameter
Bo, we would use the Wiener filter, which has the meaning of oracle. Our goal is now
to mimic the oracle, i.e., construct such a filter without the knowledge of smoothness
parameter By that has the same quality (at least with respect to the convergence rate)
as the oracle.
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2. PRELIMINARIES

Recall the sequence observation model (2) and that we are given a basis {¢;, i € N}
so that our signal f(t) has a Fourier representation:

(3) f(t) = Zez—m(t), tel0,1],

with the Fourier coefficients 6 = (01,02,...) € {5.

Assume from now on that sup,c(g 1) [#i(t)] < 1. Next assume that 6 is a Gaussian
element from the space ¢ with the distribution mg s for a 5> 1/2 and § < 26— 1, where
the distribution 7g s is determined as follows: 6 ~ mg s means that

(4) 0; " N(0,72(8,0)), T2(B,0) =T(3,6,€) =i 2PHOS/B . jeN.

Remark 2.1. All the results of this paper can be easily generalized to the case
72(83,68,€) = A(i,e)i P98 eN,

where 0 < A; < A(4,¢e) < Ay < oo uniformly in i € N and € > 0.

Remark 2.2. Suppose that § = 0 (i.e., 7;(3,0) = i=2#) and {¢;, i € N} is the trigonomet-
ric basis. The parameter § has a meaning of smoothness since the fractional derivative
(in Weyl sense) of process (3) of order 3—1/2—+ for any v > 0 is a well defined Gaussian
process.

For a fixed 8 > 1/2, we thus defined a family of distributions {ngs, § < 28 — 1}.
Clearly, the signal f(t) is a well defined centered Gaussian process with the covariance
function Cov(t,s) = > 2| 72(8,6)¢:(t)¢i(s). If the basis functions ¢;(t)’s are continuous
on [0,1] and Ls[0,1]-orthogonal, then (3) is a Karhunen-Loe¢ve decomposition of the
Gaussian process f(t). If {¢;, i € N} is the usual trigonometric basis of Ls5[0, 1], the
resulting Gaussian process f(t) is also stationary. Notice that the only prior which does
not depend on the parameter € is 73 9, the one considered in Li and Zhao (2002).

To measure the quality of an estimator f(to), we use the risk function

(5)  Ra(f(t0) = R(f(to), [(t0)) = B(f(to) = (to))” = ExEa(f(to) = f(t0))”,

where by FEy we denote the expectation with respect to the conditional distribution of
X given 0, by E; the expectation with respect to the distribution m = mg s of 6 defined
by (4) and by E the expectation with respect to the joint distribution of (X, 0). If f(t)
is a Gaussian process described by (3) and (4), the optimal estimator f(ty) with respect
to the risk R, is the Bayes estimator

(6)  flto) = falto) = fa(to,6,X) = E(f(to)|X) = Z@ to)E(0:]X) =D ¢ito)0s,
=1

Ti2 (ﬁv 6)Xz
T2(83,0) + €2’
Let us relate the above problem of filtering the signal f(¢) to the problem of minimax
estimation of the signal over a Sobolev class of smoothness 3. For a 8 > 1/2, introduce
the Sobolev functional class

Fo=F5(@) = {1(t), te 0.1 29 éi(t), 0 € 05(Q)

0; = 0,(8,6,X) = E(0;|X) = E(6;|X;) = i€N.

where

0,(Q) = {03702 < @}

i=1
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is the Sobolev ellipsoid in space £>. Suppose that the signal f is deterministic and f € Fg.
In this case, the risk of an estimator f(to) = Y .0, 6i¢i(to) is

(7) R3(f(to)) = R(f(to), (t0)) = Eo(f(to) — f(t0))*, 6 € ©5(Q).

Now we remind a result concerning the properties of the estimator fg(to), obtained in
the paper of Babenko and Belitser (2009) with e = n=1/2,

Theorem 2.1. Let 8 > 1/2, the risks R and R} be defined by (5) and (7) respectively,
where a prior m = w5 is from the family defined by (4) with § < min{28 — 1,3+ 1/2}.
Let f5(to) be the corresponding Bayes estimator defined by (6) and supsefoq |9i(f)] < 1,
i € N. Then

sup R} (fg(to)) < C1e@B-D/B and Rﬂ(fﬁ(to)) < 026(2,6—1)/,6’
re7s(Q)

where constant Cy depends only on (3, 6 and @ and constant Cs only on B and J.

Remark 2.3. The precise description of the values of the constants Cy7 and Cs, can be
found in Babenko and Belitser (2009): the assertions of the above theorem hold for any

25— —25
) )
an
b= 260 = (26— 0)sin(r/(26 - 0))’
for all sufficiently small ¢ < ¢y = €o(Cy,C3), where B(a, 3) fo 11 — u)P~du,

a, 3 > 0, is the beta function.

The above theorem implies that the chosen prior adequately reflects the requirement
f € F3(Q): both frequentist and Bayes risks of the Bayes estimator fﬁ(to) have the
same convergence rate uniformly over the Sobolev class Fg(@). It is known that, under
appropriate assumptions on ¢(tg) = (¢1(to), d2(to), . . .), this rate is in fact minimax: the
minimax risk 7. (F5(Q)) = inf ;supe 7, () R5(fa(to)) is of order e?~1)/5 and it is sharp
(see Donoho and Low (1992)), i.e., there exist 0 < C; < Cy < oo, such that

C1 < liminf e~ 0D/ 0r (F5(Q)) < lim sup ¢ (=010r (F5(Q)) < Ca.

The lower bound in the above relations holds only for the so called “nonparametric”
¢(to); a simple example is |@; (to)| > x > 0, i € N. We should mention here the difference
of the pointwise (quadratic) minimax rate with the global Lo-minimax rate (with respect
to the risk E¢||f — f||2, where || - || is the usual norm in Ls0, 1]) over the Sobolev ellipsoid
Fpa, the latter being ¢*0/(2641) " However, if the smoothness parameter (§ is unknown,
Lepski (1990, 1991, 1992) (see also Tsybakov (1998)) showed that a penalty log factor
is unavoidable: the so called adaptive (quadratic) rate of convergence (see the exact
definition in Tsybakov (1998)) is (€ log(l/e))(zﬁfl)/m.

This lower bound holds also for the minimax risk over the periodic Sobolev functional
class of smoothness 3 (which is a subset of the usual Sobolev functional class, so the same
lower bound holds for the Sobolev class); see Evromovich (1999) and Tsybakov (2009).
In this case, ellipsoid @5 ={0: 302, k*P(03,+06%,,,) < Q} is used instead of O5(Q)
and the sequence ¢(tg) = (¢1(t0) $2(to), - ..) is such that ¢3, (to) + @3, (to) = 2, k € N.
If {¢x, k € N} is the standard trigonometric basis: ¢;(t) = 1, ¢ox(t) = /2 cos(2mkt),
Gorr1(t) = V2sin(27kt), k € N, the above relations on ¢(ty) = (¢1(to), d2(to),...),
k € N, are indeed fulfilled.
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3. ADAPTIVE FILTERING BY EMPIRICAL BAYES

In what follows, we consider a Bayesian version of the adaptive estimation of the
functional ®(0), which is in fact an adaptive filtering problem. Namely, we assume that
0 ~ mg, i.e., 0 is a random element distributed according a prior mg with unknown “true
smoothness” .

We restrict ourselves to the simplest (and the most natural from the Bayesian point
of view) prior mg = w0 from the family of priors {ms s, 6 < 26 — 1}, i.e., we take 6 =0
in the expression of the variances 72(f3, ). Slightly abusing the notations, we denote

2(8) = 12(8,0) =i %, ieN,

in what follows. It is possible in principle to consider the general case § < 20— 1 as well,
but the mathematical treatment becomes more involved.

From now on we denote by By > 1/2 the true value of the unknown parameter (3.
Since [y is unknown, the Bayes estimator fﬁ(to) given by (6) cannot be used and it plays

now a role of the Bayesian oracle. We call its risk R,(f3(to)) the oracle Bayes risk.
Instead, we are going to use a plug-in estimator f;(to) for the signal value f(Zo), where

[ is an estimator of the smoothness parameter (.
Recall that from the Bayesian perspective,

(8) Xi "N, 77 (B0), i€N,
where 3y denotes the true value of the unknown smoothness parameter. Let L.(3) =
L.(8,X) be the marginal likelihood of the data X = (X;);en:

1 exp{ _ X—2}
i=1 277(72'2(5) + 62) 2(7—1'2(5) + nil) .

Maximizing the function L () is equivalent to minimizing Z.(8) = —2log L.(5). To
avoid complications in defining the minimum of Z, (/) under the events {Z.(3) = o0},
for some fixed reference value 5 > 0 it is convenient to introduce Z.(8) = Z.(38,8) =

—2log igg;, which is finite almost surely. For any set S. C (0, 400), define the marginal

likelihood estimator of 3 restricted to the set S.:
9) B = B(Se) = B(Se, X, ) = arg min Ze(5),

This means that Z.(8(S¢)) < Z.(8') for all 3’ € S,, or equivalently Z.(3(S.),5) < 0 for
all 3/ € S.. We will use a finite set S, so that the above estimator is well defined.

8

LG(/B) =

Remark 3.1. Certainly, this is not the only possible way to estimate the smoothness
parameter. The estimator is easy to implement in practice and it has an appealing
feature that it is based on the fundamental principle in statistics: maximization of the
likelihood. However, the analytic treatment of this approach is somewhat involved, even
in our case for conjugate pair of normal model and normal prior. One can in principle try
to find another estimator for 8 (for example, by using the method of moments), which
should be good enough to plug in fg(to) and is easier to treat.

Remark 3.2. The problem of estimating the smoothness parameter §y is an auxiliary
problem, but it is of interest on its own right. This a peculiar problem of parametric
estimation with infinitely many non-identically distributed normal observations and a
peculiar asymptotics: in our case ¢ — 0 some information parameter involved in the
variances of the observations, and not the traditional size of the observation sample.
In fact, we use a version of the maximum likelihood method. Similar approach was
previously considered by Belitser and Enikeeva (2008) for another estimation problem,
the signal estimation in the ¢s-norm.
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Remark 3.3. The accompanying problem of estimating the smoothness parameter Gy by
the empirical Bayes procedure 3 can be seen as a Bayesian counterpart of the inference
problem on the smoothness parameter §y. In the minimax frequentist setting, it is
impossible to estimate the smoothness in any meaningful sense, while it is a well defined
problem from the Bayesian point of view as the problem of estimating a parameter § of
the prior distribution mg,.

From now on we define the set S, to be as follows:
(10) Se={1/24 k¢ + ké., k=0,1,..., M. — 1},

where the positive sequences k. — 0, §¢ — 0 and M, € N, M, — oo so that M., — oo,
as e — 0. .
The next lemma describes the quality of the smoothness estimator 3.

Lemma 3.1. Let (3 be defined by (9), S by (10) with 6. = o(1/log(1/€)) as e — 0. Then
there exist ¢1 = ¢1(fy) and eo = €9(Bo) such that for any € Sc such that |5 — Fo| > 26,
the inequality

P{B =B} < exp{ — c162(log 1/e)) e/}
holds for all € < €.

The proof is rather tedious and lengthy, but we omit it since it essentially follows the
same line as the proof of Lemma 2 in Belitser and Enikeeva (2008), with the substitutions
€2 and By — 1/2 instead of quantities n~! and By respectively in Lemma 2 of Belitser and
Enikeeva (2008).

Next, denote f (to, B) = fa(to) and introduce the empirical Bayesian plug-in estimator
for the signal value f(to):

F = to. B = $i(to) 7 (B)Xi 3)X;
11 = t , - )
) F = o, 0) = o) = 3 SO
with f3(to) defined by (6), 3 = 3(S.) defined by (9) and S. defined by (10).

To avoid uninteresting cases (when the signal value f(to) is close to zero), we assume

that

R (f5,(t0)) = ce®

for some ¢, > 0. This requirement is not restrictive since it will be fulfilled if there
exists an i € {1,2,..., e 2]} such that ¢?(to) > 2¢ > 0. Indeed, as By > 1/2, then

- e 2
Re(fao(t0)) = % > et

i=1

The next theorem claims that, under the above condition and very mild conditions on
the choice of the set S, the adaptive empirical Bayes estimator f mimics the Bayesian
oracle, i.e., its Bayes risk is asymptotically not worse than the Bayesian oracle risk.

Theorem 3.1. Suppose R,r(fﬂo (to)) > ce* for some c,a0 > 0. Let f(to,ﬁ) be defined by
(11), constant ¢c1 = c1(Bo) be from Lemma 3.1, and the sequences k., 0. and M. from
the definition (10) of the set Sc be such that &, = o(1/log(1/e€)) and

ko 'Mcexp { — 0153(10g(1/e))26_1/50/2} = o(e%)
as € — 0. Then for some C = C(By, a)
R (f(to, ) < Re(fo(t0)) (4 + 0(1)) < Ce®PmD/P(1 4 0(1)) as e — 0.



22 A. BABENKO AND E. BELITSER

Remark 3.4. Many choices of sequences d., k. and M, satisfying the conditions of the
theorem are possible. For example, ¢ = 1/(log(1/¢€))?, ke = 1/log(1/e) and M, =
(log(1/€))? will do. In fact, there is no need to take a sequence k. converging to zero
faster than 1/log(1/e€) since already for Sy = ke = 1/log(1/¢€) the risk will not converge
to zero. Neither does it make sense to take the sequence M, converging to infinity faster
than a sequence for which log(1/€) = o(M.d.), since already for Sy = log(1/¢) the risk
will have the unimprovable parametric convergence rate €2.

Proof. Write

Re(f(t0.8)) = E(f(to. ) = £(10))? = E[(f(t0.8) — J(t0) *1{13 = ] > 25}
+ E[(f(to. ) = F(t0)*H{I3 — fol < 26.)] =T + T,

First notice that

= B|(F(to. ) ~ £(t0))*I{13 — fol < 26.})]
< > E(f(to, B) — f(t0))”

BESe: |B—Po|<2en

12 <4 max  E(f(to,B) — f(to))?

(12) <4 maxB(f(to. )~ f(to)

since there are at most 4 3’s from the set S, such that |3 — By| < 26.. Now, recall that
E(X; —6;)? = € and E0? = i=2/0. Therefore,

E(f(to, B) — f(t0))* = ExEg(f(to, B) — f(to))?
_ — ¢ (to) ;! 5) 2¢z to
X )+ er >2 <Z Tra)

e ( 4/3 280

— @7 (to)e”
=§:: 20 1 ¢2)2 Z (128 + €-2)2

=1
(48280 _ ;28)

¢ (to)
(13) Z 7 + e—2 - Z B 25 +e2)2

Next, let K, = [e~/(260=1=7] for some fixed 7 > 0 (for example, take v = 1). Then,
as € — 0,

i —260 < i i 2(Bo—=25¢) =o(e") = O(Rn(f,ﬁo(to)))
i=Kc+1 i=Ke+

due to the condition Ry (fg,(to)) > ce®. Using this relation and the elementary inequality
a—1>1-a""' for any a > 0, we obtain that, uniformly over |8 — (| < 26 with

de = o(1/log(1/€)),

to ‘145 2Bo0 _ ; 5|

¢2
Z 25-’-6 2)

S 1)i)i~20 — i)
(%0 4+ €72)2
)i

2 (to)i — 28|
(i2 0+45,+6—2)2

.P“ﬂg

©
Il
-

,pﬂg

©
Il
-
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2 (to)i j~2(5- o),

Z (i2Bo+45. 1 ¢—2)2

. (§40¢ ) 0
1 1
Z z2ﬁo+62 +_Z %fz 728
=1 i=K+1 i=Ke+1
K g
SO(UZZ% +6 5 T Z 22(/30 25.)
=K. +1

(14) = o(Rx(f50(t0)))

ase—0.
Since R (f3, (t
similarly to (1

)) ce® and 0. = o(1/log(1/€)) as e — 0, it is not difficult to establish,

that
A 7 o~ DE(to) N~ i(to)
Z 28 +€_2 - ‘n'(fﬁo(tO)) = Z 28§ 2 - Z 280 4 ¢—2
i=1 i=1 i=1
= o(Rx(f5(t0)))
uniformly over |8 — | < 20.. By combining (12), (13), (14) and the last relation, we
derive that, as € — 0,

Ty<a  ax B(f(to,5) = [(to) = Re(fo(t0))(4 +o(1)).

To finish the proof of the theorem, it remains to show that, as n — oo,
Ty = o(e*) = o(Rx(fo (t0)))-

Recall the elementary ¢,-inequality |a +b|" < ¢, (|a|” + |b|") forr > 0and ¢, =1if r <1
and ¢, = 2" 1 if ¢, > 1. Using this and the Cauchy-Schwartz inequality, we obtain that

(f(t0,3) — f(t0))"
St (POE=0) __cn_yp

)
i=1 T (B) + €2 7—12( )+ €2

‘ F(B)Eie1t — ¢i(to)e*0; 14
€2 ] +8{;TZ»2(BO)—|—62]
o ) e g el

Recall the following fact. Let Z1, Za, ... be independent, Z; ~ N(0,02), with .2 02 <

o0, then =
(ZZ) <3(Z 2?)"

Apply this relation and again the ¢,-inequality (for » = 1/2) to get that

[2(7t0 - s0)'] .
¢2 to e4j—200
<Y Gy S

)+ €2)2

< 24/6M ( (2Ke)™ +1+(2ﬁo—1))
< ek /M,
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for sufficiently small e. Using the above estimate and the Cauchy-Schwartz inequality,

T = B (f(to, ) = £(t0))*1{18 = o] > 26.}]
< [B(i(t0. )~ £1t0)'] " [P1B - 0l > 28]

. 1/2
< con WM PG - ol 2 20,1
Since €, = o(1/logn), by Lemma 3.1, we have that for all € < €(5y), with ¢; = ¢1(8p)
and €y(fp) from Lemma 3.1,
P{B =B} <exp{ —c16%(log1/e))’c 1/}
uniformly over all § such that |3 — G| > 20.. Therefore,
P{p-pol >20y= Y P{a=5}
BESe: |B—PBol>26.
< Mcexp{ — c162(log 1/6))2671/@)}

for all € < €(fp). Combining the last relations with the condition of the theorem, we
obtain that

Ty < car, "M, exp { — ¢162 (log(1/€))*e /%0 12} = o(e®) = o( Rn(f3, (t0)))-

as € — 0, which completes the proof. O

1/2
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