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P. DOSTAL AND T. MACH

PROGRESSIVE PROJECTION AND LOG-OPTIMAL INVESTMENT
IN THE FRICTIONLESS MARKET

In this paper, we introduce notion of progressive projection, closely related to the
extended predictable projection. This notion is flexible enough to help us treat the
problem of log-optimal investment without transaction costs almost exhaustively in
case when the rate of return is not observed. We prove some results saying that
the semimartingale property of a continuous process is preserved when changing the
filtration to the one generated by the process under very general conditions. We also
had to introduce a very useful and flexible notion of so called enriched filtration.

1. INTRODUCTION

The purpose of the paper is (1) to motivate the problem of robust filtering by the
notion of log-optimal investment and (2) to prove some technical tools that will help us
obtain further results in the forthcoming papers. This includes Proposition [3.22] which is
the main technical result of this paper. We introduce the notion of progressive projection,
closely related to the notion of predictable projection, which helps us remove classical Lo-
assumptions in the problem of filtering.

Proposition is essentially an answer to question described below, after intro-
ducing the corresponding notions. Let F be a given filtration and let X'(F) stand here
for the set of all continuous F-semimartingales, say X, with the trend part, say VX,
having locally absolutely continuous trajectories. Let us also mention that P will stand
for the underlying probability measure here and that 14 stands for the indicator function
of a set A in general. The question here is the following.

(Q) If X eX(F) and if G is a subfiltration of F, under which conditions X € X(G)?

The answer given by Proposition |3.22] is essentially the following. It is enough to re-
quire that (i) X is G-adapted, (ii) the following measure on G-progressive sets is o-finite
G+ [ [1g(t,w)dV;*dP(w), and (iii) the filtrations F,G are enriched, which is satisfied
for example if Fy, Gy contain all null sets from the underlying probability space. The
condition (ii) is equivalent to the condition that |dV;¥ /d¢| has a G-predictable projection
finite almost surely at almost every ¢ € [0, 00), see Lemma [3.33]

We believe that, in the financial markets, it is essentially necessary to put together
the process of estimating parameters and the process of making decisions reflected in the
applied strategy, and it can be done only by using filtering techniques. In the frictionless
financial market, the investor observes the market prices and hence also their volatilities,
but one thing, which is crucial, is not observed. It is the rate of return. To observe
the rate of return is equivalent to the observation of so called log-optimal proportion. If
the investor has such information, he/she can use something which we call log-optimal
strategy and which corresponds to what is in [I§] called the numéraire portfolio.This
strategy simply keeps the vector of proportions of wealth invested in each risky asset
equal to the log-optimal proportion and maximizes the long run growth rate of the
investor’s wealth process in the frictionless market. For details see Definition and
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Proposition Also, if the investor faces small transaction fees, in order to be able
to apply some kind of an almost log-optimal strategy, one needs to know the log-optimal
proportion with respect to the filtration generated by the market (here shown to be
the projection of the log-optimal proportion to the corresponding filtration) and also its
dynamics which is not covered in this paper due its current length.

For the interested reader we can outline what type of results we obtain in the forth-
coming papers based on this one. Here, we consider the most simple example just for
illustration. Imagine the Black-Scholes (BS) model of a geometric Brownian motion of
the stock market price with zero interest rate, with unknown rate of return p and volatil-
ity ¢ > 0. Then the log-optimal proportion 6 = ¢~2u is also the unknown parameter which
we are interested in. Let us model it as a random variable independent of the standard
Brownian motion driving the (BS) model and let us assume, for simplicity, that it attains
values in a countable set. Let F stand for the filtration generated by the stock market
price (up to enrichment) and let W be the wealth process of a primary investor who
assumes that 6 = £ € R following the log-optimal strategy under this assumption. Then
the posterior distribution of @ can be expressed in terms of W as follows

P(o=)W;® Wi
Y P(o=e)WE W’

(1.1) P(0=¢F) = t€[0,00).

Note that this equation is related to so called Kallianpur-Striebel formula and also note
that the roots of the formula can be found in Lemma [3:27) and Proposition [3.28| in this
paper.

The ideas behind this and also of the forthcoming papers were derived mostly inde-
pendently of the current literature on filtering and we believe that this circumstance can
help the experienced reader look on the already known things from another perspective
and the inexperienced one to find a way how to get into the problem which can otherwise
be very difficult.

The literature compared with our results comes from the following books [14}, 23], 25].
All these sources use Lo-approach to filtering which seems insufficient to us when applied
to the model of log-optimal investment, since the corresponding arising restrictions would
be unnatural and this is also the reason why we decided to leave the classical Lo-approach
and to seek a more flexible one. The results we obtained could not be included in
a single paper unless the number of pages and provided information exceeded reasonable
boundaries.

The reader interested in older papers on filtering is referred to [IT}, 5], 16} 17, 21]
and the one interested in more recent papers to [0, [7], where further literature can
be found, similarly as in the book [2]. We refer the reader interested in log-optimal
investment in the discrete time to [1L [3, [, 5] 20], especially to [I] when interested in the
asymptotic optimality principle, to [4] in order to see that the log-optimal investment
(almost) minimizes the expected time necessary to reach a large amount of money, and
to [B] for the Bayesian approach to log-optimal investment in the discrete time. Note
that maximizing of the geometric mean in the long run is also called Kelly criterion,
named after the author of [20].

The paper is organized as follows. In Section [2| we introduce basic notation, used
also in appendix, including the notion of enriched filtration, absolute convergence in
a metric space. We encourage the reader to start reading from the third section and
consult Section [2] as necessary. Section [3] is devoted to trading in frictionless market
and especially to the log-optimal trading. As we will show in the forthcoming paper,
the wealth process of a log-optimal trading strategy (starting with unit initial value) is
closely connected to the density of the posterior distribution of the unobserved random
variable, which we are interested in, w.r.t. the prior one. Here, the log-optimal trading
serves primarily as the motivation for our task, but later on in another paper, we will
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show how important the concept of log-optimal trading without transaction costs is,
cf. .

The main result of Section |3|is Proposition which gives an answer to question
from the beginning of this section. The main concept of Section [3| especially of
Subsection [3.1] is based on a new notion called progressive projection which is shown to
be related to the notion of dual predictable projection, see Example In Subsection
we show that the progressive projection is very closely related to the (extended)
predictable projection considered in [I2].Very interesting is also Proposition which
tells us how the progressive projection changes if we replace our probability measure by
another one that is locally absolutely continuous w.r.t. the original measure.

The last result, used in the forthcoming paper, is Proposition based on Propo-
sition [3:22] which among other things says that if our market is regular and log-optimal
proportion has a progressive projection to the (enriched) filtration generated by the
market, then the market is regular also w.r.t. its own filtration and that the progressive
projection of the log-optimal proportion plays the role of log-optimal proportion w.r.t. to
the (enriched) filtration generated by the market. Section [4]is devoted to proofs and the
last section serves as an appendix.

2. ELEMENTARY NOTATION AND ENRICHED FILTRATION

Notation 2.1. Let (€2, A) be a measurable space. We denote by L(.A) the set of all
real-valued A-measurable functions and by L(.A,S) the set of all measurable maps from
(92, A) to a measurable space (S,S). By C we denote the set of all continuous functions
on R* 2f [0, 00) endowed with a complete and separable metric

r(z,y) & Y2 ale-yli,  where o]} & suplay,
keN s<t

and by € = (%; )0 we denote the canonical filtration, i.e.,
t < o(ps; s €[0,t]), where pi(z) < 24, whenever z€C,¢2>0.

Note that %~ is just the Borel o-algebra on C w.r.t. the metric r and that it is usually
referred to as the cylindrical o-algebra. Further note that a map X : Q - C belongs
to L(A, %) if and only if X; 2 p; 0 X € L(A) for every ¢ > 0, i.e., if X = (X;)is0
is a (continuous) real valued random process on (£2,.4). This view leads us to a more
intuitive notation C(,.A) 2 (A, €., ) for the set of all continuous processes on (9, A).
We also denote the set of all positive continuous functions on R* equipped with the
canonical filtration as follows

C & Cn(0,00)0%) G 9 (4)0, where % 2 {CNC;Ce%,}, tel0,00).
If F = (F)iz0 and 2 < (D) 150 are filtrations, we put
(2.1) F P Lt (yt ® .@t)tzo.

In this paper, every vector is (by default) assumed to be column and even (z,y) denotes
the same column vector as (j) whenever z,y are (column) vectors or just numbers. The
corresponding transposition of z is denoted as ' if z is a real vector or a matrix. If A is
a set and n € N, A" stands for the n-th Cartesian power defined by induction as follows
Al def g Antl def qn o A in general if not stated otherwise. One exception from this rule
is the following one. If n € N, we put ¢! 2<f ¥ and ‘5":'1 def @™ ® €. The same notation
will be used also with € replaced by €. Note that €* = {C nC™ C € €"},t > 0, and
therefore if 7 is a €"-stopping time, its restriction to C" is a €"-stopping time.
Similarly as in , we denote F @D & (F,®D)i»0 and D@ .F L (D®.F; )50 if D
is a o-algebra. If A, B are sets and a: A - R,b: B - R, we denote by a © b their tensor
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product defined on A x B as follows
(a@b)(2,y) < a(z)b(y), xeAyeDB.

In the paper, 14 stands for a function attaining the value 1 just on the set A and the
value 0 otherwise (with unspecified domain) and on the other hand T4 : A — A stands
for the identity map on A. We also use the following symbols 1,, € {1}™ € R™ and
T 2 diag(1l,,) € R™™ if m € N. Finally, if ¥ € R™™ by the inequality > > 0 we

mean that the matrix ¥ is positive definite. If z € R, we denote z* 2 max{x,0} and

x~ 2 max{-z,0}.

Remark 2.2. Let (z,)%2, € CN and z € C, then
(2.2) r(zn,xz) >0 if and only if Vt20 |z, —x|f =0

as n — oo, i.e., r generates compact-open topology on C corresponding to the uniform
convergence on compact sets. Note that the more difficult implication <=’ can be easily
shown using the Dominated Convergence Theorem while the easier implication '=’ in

(2.2)) is left to the reader.

Definition 2.3. If X,Y € L(A, %) = C(9,.A4), we have that X; - Y; € L(A) whenever
t€[0,00), and therefore also

r(X,Y) = $72,27" Asup{|X, - Yl € @n [0, k]} € L(A).
Hence, if (2,.A,P) is a probability space, we are allowed to define the distance of X,Y as
(2.3) (X,Y) % E[r(X,Y)].
As r is bounded, it is clear that is a bounded pseudometric on C(£2,.4). Note that
(X,Y) =0if and only if X £ Y and by a slight abuse of notation we will call a metric
on (9, A) interpreting the equality almost surely as equality (instead of dealing with

a pseudometric or a metric on a factor space) as is usual when dealing with L, spaces.
We will denote the convergence in by ~.

Remark 2.4. Let (Q, A,P) be a probability space and X™ Y € C(Q,.4),n €N, then
(24) (X")Y)->0 iff Vte[0,00) |[X™-Y|f -0 in probability P, n - co.
Notation 2.5. Let # = (.%;):»0 be a filtration on a measurable space ({2,.4). By M(%)
we denote the o-algebra of .Z-progressive sets, i.e.,

M(F) L A{FcQu; V20 FNQ € B ® F ),

where Q; 2 [0,t]xQ, B is a Borel o-algebra on [0,t] if ¢ € [0, 00) and Qoo 2 [0, 00) x ) =
Unen§2n- By A(F) we denote the set of all Z-adapted processes and by

CA(F) ¥ C(Q, Foo) N A(F) S L(M(F)),
Clp(F) & {X € CA(F) non-decreasing ; Xo =0},
CFV(ZF) &f {X € CA(F) with locally finite variation }

the set of all continuous .#-adapted processes, and its subsets of non-decreasing processes
starting from zero or with locally finite variation, respectively. Whenever %, 2 are
filtrations, we put

A(F, D) % npo (P, D) CL(F oo, Doo)  so that  A(ZF,€") = CA(F)F, keN.
If (Q, A, P,.%) is a filtered probability space, we denote by
CM(.Z) f CMP (F) &f (X € CA(.Z) is an .F-martingale under P},
CMioe (F) 4 CME () 4<f {X e CA(F) is a local .Z-martingale under P},
CS(Z) & CSP(F) & (X +Y; X e CML (F),Y e CFV (%)}
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the set of all continuous .#-martingales, continuous local .#-martingales and continous
Z-semimartingales, respectively. If K € Clo(%#), put

(2.5) ME(F) 2= (G e L(M(F)); VEeN [FGPdK <o}, pe[l,o0),

and similarly, we define /\;l’;((,? ) but with the integrability w.r.t. K required only almost
surely. Further, we omit the lower index K in the notation in case K; =t,t > 0.

2.1. Enriched filtration. In this and the forthcoming papers, we need a filtration, say
F, that admits a continuous adapted version of any process which is a limit in  of
processes from CA(F). Note that the classical approach, based on ensuring that all null
sets from F., are also in Fy, is insufficient here, since we need to ensure that we can
move from one probability measure to another one, which is locally equivalent, without
losing the desired property of the filtration.

Definition 2.6. Let % be a filtration on a measurable space (2,.4). Probability mea-
sures P, @ on A are said to be locally .7 -equivalent if P|.F; ~ Q| F; are equivalent measures
whenever ¢ > 0. Note that “~” is used for equivalence of measures and it means that the
measures have the same null sets and domain.

Notation 2.7. If B and D are o-algebras on the same set, we denote BvD 2 ¢(BuD).
Let (2, A,P, %) be a filtered probability space. We introduce a system of negligible sets

(2.6) N TP At N e Z :3F e F,P(F)=0,F 2N}, te[0,o00),
(2.7) NTP Aot 142 N N, € A 7P neNg}.

We also introduce enriched filtration as

(2.8) FP At (FP)s0, where F 2f 7, VU(«/VOO‘?’P).

We will omit upper indices if there is no doubt which filtration or which measure
is considered, respectively. If X € L(A, %)”, k € N, we introduce the corresponding
canonical filtration and its enrichment

(2.9)
gztxdéfJ(Xs;sst):{[XEC];Ceﬁk}a ffﬁpd:d}\txvg(ﬂofp)v tG[0,00),

where A XP def JVOO?X’P. If 4 = (4,)»0 is a filtration such that .%; ¢ ¢, ¢ A whenever
t € [0,00), we also introduce a filtration

FZI 9t gFAPsuch that  F P 9 Fy v o (NI, te[0,00),

and we call it a relative enrichment of F by ¢4 under P (or a relatively enriched filtration).
If the filtration .# is generated by a process Y and ¢ by X, we will use also the following
notation F¥X d<f F7.¥ Finally, in the special case when (Q, A,P,.7) = (C*, €%, v, €"),
we put
k
Cy Lt 4T, te[0, 0],
whenever v is a probability measure on (C*, €% ),k e N.

Remark 2.8. If the underlying probability space (€2,.4,P) is complete and if 4, = A
holds for every t € [0,00), then the relatively enriched filtration FZ¥ corresponds to
the smallest complete extension of % considered in [I3]. It also corresponds to what is
called the augmentation in [I9, Definition 2.7.2] if % = %o = A,t € [0,00), and if the
underlying probability space is complete, but the reader have to keep in mind that in
that definition it is assumed that the filtration .# is generated by a Brownian motion.
Here, we need a notion that is more subtle, since we want to be able to replace the
original probability measure P by a measure which is not equivalent with P, but only
locally .#-equivalent. This is the reason why .4, does not have to contain all P-null sets
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from ¥, and for other (technical) reasons, we do not restrict ourselves to the case when
F=9.

Remark 2.9. Let us consider the same context as in Notation Then FZ9 c 4.,
and JVf ‘P is closed under countable unions and it contains %..-measurable subsets of its
elements. Further, all its elements are ¥%,.-measurable P-null sets. In particular,

(2.10) NEIP -G €G; G S U Ny, Ny €9, P(N,,) = 0,1 € N},

Remark 2.10. Let F = (F7)150 be as in Notation As F is an extension of &
by the system o(AZF) of P-trivial sets (independent of any subsystem of A), we get
from Theorem 1.4.3 in [10, part III] that CM;,.(%) € CMyoc(F) and then also CS(.F) ¢
CS(F) as obviously CVF(.%) c CVF(F). Finally, as .# is a subfiltration of F, the same
theorem can be used in order to obtain that CMj.(F) N CA(F) € CMjpc(F), i.e., we
have that

(2.11) CMioe(F) = CMioo(F) nCA(F), CS(F)c CS(F).

Notation 2.11. Whenever X is a continuous semimartingale, (X ) will stand for a version
of its quadratic variation that is non-decreasing, continuous, adapted to F~ and that
starts from (X)g = 0. See Corollary in order to agree that such process exists. Note
that this assumption is assumed in the whole paper except in the proof of the corollary
and that we do not deal with the quadratic variation in the appendix until the corollary
is stated.

Similarly, we will assume that the result of stochastic integration is a continuous pro-
cess adapted to a given enriched filtration such that the integrator is a (multidimensional)
continuous semimartingale and the integrand is progressively measurable. To justify this
assumption, see Lemma for the case of integration w.r.t. a (multidimensional) local
martingale. Similarly, we may and will assume that the stochastic integrals start from
0. Note that in the whole paper, we use the following notation.

Notation 2.12. The stochastic integral is in this paper understood in the It6 sense
except for one special case, when the integrator is of locally finite variation. In this
case, the integral is understood in Lebesgue-Stieltjes sense, which is consistent with the
above-mentioned It6 sense defining the integral uniquely only up to a null set.

(i) Let M € CMyo.(F)* and H e L(M(F))*, k e N. We consider the integral

(212) [H'AM % _lim [1gmge H'AM  if  [Jtr{HH A(M))} < 0o, t€[0,00).
Note that without this extension the integral [ H 'dM is well defined if and only if
(2.13) Sy (HOP AM©P) < oo, te[0,00),

and if is satisfied, we have equality almost surely in on the left. Moreover,
if the components of M are uncovariated, then is equivalent to the condition in
on the right. (ii) Generally, let M = L+1~-J € CS(F)*, where L € CM;,.(F)* and
I,J € Cly(F)* be such that

(2.14) HD ¢ My, ;00 (F), i<k

Then [H "dM is well defined by (2.12) if the corresponding condition on the right is
satisfied and obviously [ H'dM € [ H'dL + [ H'dI - [ H'dJ in that case.

3. LOG-OPTIMAL TRADING IN A FRICTIONLESS MARKET AND FILTERING

We consider an investor that may invest in the money market and also in the stock
market with m stocks. Let us consider a fixed filtered probability space (£2,.4,P,F),
where F = (Ft)i0 is an enriched filtration.
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Definition 3.1. By a (frictionless) market we mean S = (S®)1,, where S is a positive
continuous F-semimartingale whenever ¢ € {0,...,m}. In that case, there are continuous
F-semimartingales V@ 2= In(SO/S{”) + L (InS?) adapted to F°, see Notation
such that

(3.1) d§W =8Dav . V¥ =0, ie{0,...,m}.

The process S® represents the price of the i-th asset in the market. If i = 0, it is called
bond and its price describes the value of money in time and this way it represents the
money market. If ¢ = 1,...m, the i-th asset is called the i-th stock. Further, we denote

8 2 (SO),.

Definition 3.2. A pair (¢, ) is called a trading strategy in the frictionless market
(8©,8) if = ()" and if ¢ is an F-progressive process for each i = 0,...m.

In this paper, the process <p,(f) stands for the random variable describing the number
of shares of the i-th asset held by the investor at time ¢ € [0, 00).

Definition 3.3. Let (¢”,¢) be a trading strategy in the market (S,S). The corre-
sponding wealth process W is defined as follows

W deE §i o080 = 08V + oS

If the wealth process W is positive, we are allowed to introduce the i-th position in the
market for i =0,...m and the position process as follows

(D def (p(i)S(i)W’l, o def (ﬂ.(w)?zl.
Definition 3.4. A trading strategy (¢, ) in the market (S, S) is called self-financing
if W is a continuous F-semimartingale with the differential

(3.2) AW = £ 9dSD = T oD SWav e,

i.e., the changes of the wealth process are simply generated by the changes of the market
prices of the assets without any additional income or costs.

Remark 3.5. Let (9@, ¢) be a self-financing strategy in the market (S®,S) and let D"
be the absolute variation of the drift part of S® from the decomposition on the interval
[0,t]. As the stochastic integral from the expression in on the right has to be defined
correctly, we get from in Notationthat the self-financing condition is satisfied
only if

(3.3) fottr[goapTd((S))] oo, te[0,00), 0@ € /\;l}:)(i)(]:), i=0,...,m.

Definition 3.6. A market (S”,S) will be called regular if there exist an m-dimensional
standard F-Brownian motion B, {a®}i") ¢ M'(F) and (¢©?)7"_; € M*(F)™ ™ with
values within the set of all regular matrices such that

(34)  SOESY+ [a08"dt, SV ESY + [SP(afdt+ X0 dB).

Remark 3.7. The reader interested in the question of existence of an arbitrage in regular
markets should look at Example 4.6 in [I8] which offers an example of an arbitrage (on
the interval [0,1]). Example 4.7 in [I8] may be also interesting from this point of view.

Notation 3.8. In the context of Definition we put
(35) adf (), o (0N, R (ZE)N A oot e MY(F)™,

and by diag(z) 4 x e R™™ we denote a diagonal matrix with x*/ = 2 1[,_;).
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Remark 3.9. Note that the SDE in (3.4) on the right can be equivalently rewritten in
the form

(3.6) dS; = diag(Sy)[a¢ dt + 0, dB;] = diag(S;) dV;,  where V & (V)
Further note that we are able to express (V© V) in the regular market as follows

(3.7) VOE [0dt, VE [audt+ [odB.

Lemma 3.10. Let () be a self-financing strategy in a regular market with the
position w. Then

7 Yr, 1@a® e MY(F), i=0,...,m.
Proof. See Subsection [I.1]in section Proofs. O

Remark 3.11. If (o, @) is a self-financing strategy in the regular market (S, S) with
the wealth process W and with the position process 7, we get from (3.2}f3.7)) the following
SDE for the wealth process in terms of the position process

dw, = Z cptSt(i)th(i) =W, Z Wéi)d‘/;(i) = Wt[(wéo)af&o) + 7TZ ay)dt + 7rz o¢dBy]
i=0 i=0

and we get from Lemma an almost surely unique solution in the form
W, EWpexp{ [j7 0dB + [ (0 + 10 - i X, )ds}.

Hence, we have a decomposition of the logarithm InWW of the wealth process (up to the

initial value) into the local F-martingale part M, 4<f fothcrdB and the drift part almost
surely equal to

D, & [th(ﬂs, o9 a,,B,)ds,  where q(z,ra,A) < 2'a - %LETA.’E +r(l-2 1),

t > 0. Here, we have used an obvious equality 77,%0) =1- WZlm. Since the market is regular
by assumption, we get that X; = ataz is always a positive definite matrix, and therefore
we obtain the maximum of ¢ in = simply by differentiating which leads to the equation
0=a- Az -rl,,. Hence, the maximum is attained at = = A~ (a - r1,,).

Definition 3.12. In aregular market (S, S), we define the log-optimal proportion 6 as
(3.8) 0; 2= ¥ (o - a”1,,), t20.

A self-financing strategy (¢, ) with the position process 7 is called log-optimal if

7 = 6, holds for almost every t > 0. This definition is justified by Proposition .3’13|a see
also Remark [3.15]

Proposition 3.13. Let (8©,8) be a regular market, let (¢, @) be a log-optimal strategy
with the wealth process W. If (¢, @) is a self-financing strategy with a positive wealth
process W, then

(3.9) limsup%ln(Wt/Wt)?O.
t—o0
Proof. See Subsection in section Proofs. The proof uses Notation O

Notation 3.14. Let us consider a regular market (S©,8). In order to avoid dealing
with the value 7 =1 - 7" 1,,, we introduce notation for the process playing a similar
role as V' but for the discounted market prices. It is defined as

(3.10) V 2 - [afPdtl,, e CS(F)™.
Then the wealth process W of a self-financing strategy with the position 7 satisfies

(3.11)  dW; = Wi[aVdt + m,dV;], ie., Wi E Woexp{ [y (o - L mSemy)ds + [y AV},

2



PROGRESSIVE PROJECTION AND LOG-OPT INVESTMENT 45

t >0, by Lemma since V € CS(F)™ is such that (V)); £ (V) £ fotsts. Further,
(3.12) VE [0dB+ [ (as-a1,,)ds T [odB + [X,0,ds,
where 6 is the log-optimal proportion introduced in Definition

Remark 3.15. The log-optimal strategy corresponds to what is called the numéraire
portfolio in [18]. Tt does not have to exist in a regular market. It is sufficient to consider
the case when

a® 90, a2 o 2 (1- )2+ L.

def

In this case, the log-optimal proportion is of the form 6, < (1 - 5)’11[s<1] + 1s51], but
no log-optimal strategy exists in this case, since its wealth at time ¢ = 1 would have to
be oo almost surely which is something we do not allow. This example also shows that
the condition of no unbounded profit with bounded risk, considered in [I8], does not hold
in regular markets in general.

3.1. Filtering. This subsection serves as a technical background for Subsection [3.3
where we will cope with the difficulty that the log-optimal proportion is not observed
directly from the market.

Definition 3.16. Let v be a measure on a measurable space (7,7). Let f € L(7) and
H < T be a o-algebra such that v|y and ([ |f]dv)gen are o-finite measures. Put

p ([ f e and  pO ([ fTdv) pen
A function f e L(H) is called a v-projection of f to H if the following equality holds v-a.e.

s 5 o du® au®
(3.13) f=25(f) = 35\7-[ - ilum'

Note that if v is a probability measure, then f is just the conditional expectation of f
given H under v, i.e., f £ E,[f|H], where E,, here stands for the (conditional) expectation
w.r.t. v.

Remark 3.17. Note that the fractions in (3.13)) on the right stand for the Radon-Nikodym
derivatives. The reader interested in an elementary proof of the Radon-Nikodym Theo-
rem (in a finite case) or in the references to its various proofs can look at [22].

The following lemma summarizes the basic properties of the v-projection.
Lemma 3.18. Let (T,T,v), f,H, be as in Definition , (i) Then f e L(H) is a v-
projection of f to H if and only if
(3.14) [y fdv = ]Hfdu holds for every H eHy < {H e H; [,|f|dv < oo},

and if holds, then
(3.15) [ylfldv < [ |fldv, HeH.
(i) If f,g € L(T) have v-projections f and § to H, respectively, then f + g has a v-
projection f+ g to H, i.e.,
PL(f+9)=25(f)+ 2% (g) holds v-almost everywhere.
(i) If f € L(T) has a v-projection ftoH, and g € L(H), then fg has a v-projection fq

to H, i.e.,
P4 (fg) =925, (f) holds v-almost everywhere.
(iv) Let K ¢ H be sub-o-algebras of T. If f € L(T) has a v-projections f = @,’é(f),f =
23,(f) of f to K and to H, respectively, then f is a v-projection off to K, i.e.,
(3.16) Pr(f) = P(P5,(f)) holds v-almost everywhere.
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Proof. See Subsection [£.3]in section Proofs. O

Notation 3.19. Let % stand for the Borel o-algebra on [0,00) and let £ stand for
the Lebesgue measure restricted to ([0,00), %o, ). Let G be a filtration on (Q2,.4). Then

1ef £ ® P restricted to M(G) is a o-finite measure. A process H € L(%« ® A) has
a -projection to M(G), from here on called the -progressive projection of H to the
filtration G, if and only if the measure

(3.17) e L (JolHId ger(g) is o-finite.

M(G)

This happens for example if [|H,|ds is an integrable process. A -progressive projection
of H to G is further denoted also as

PG (H) % Py gy (H).

We will use = for equality up to a set M with zero measure (M) = 0, where = £®P. Note
that the meaning of this equality does not change if PP is replaced by an equivalent measure
Q. Even if @ is only locally .#-equivalent to P and M e M(.%), then (£®P)(M) =0 has
the same meaning as in the case, where P is replaced by Q. For example, if (£8Q)(M) =0,
then (£® Q)(M,,) = 0 holds with M,, ¢ M n Q,, € B, ® %, and as Q,P are locally .Z-
equivalent, we have that (£® Q)|%, ® %, ~ |8, ® %, which ensures that (M, ) =0,
n €N, and finally that (M) =0.

Remark 3 20. By Lemma [3.18] if ( - ) holds and if G is a G-progressive process, then
also (3.17) holds with H replaced by GH and if Hisa -projection of H to G, then GH
is a pI‘OJGCthH of GH to G. In particular, if G € M(G) attains only non-zero values,
the -progressive projection H of H to G exists if and only if HG has a -progressive

projection to G and in both cases the -projection of GH to G is equal to GH up to
a -null set

Example 3.21. Let 0 < H € M!(F) be such that the process U < [ H,du is integrable.
First, as mentioned in Notation the condition (3.17)) is satisfied in this case. Hence,
we have that H has a -progressive projection H € M!(G). Note that we have from the
assumption H > 0, the definition and uniqueness of the progressive projection that also
H > 0 holds -almost everywhere which means that we may assume (without loss of
generality) that H = H* >0 holds. Then we have from (3.15) in Lemma that
(3.18) E[[,°Hlgde] > E[[;°HlgdL], GeM(G)
and that we have the equality in (3.18)) if the expression on the left is finite. In particular,
if0<s<t<ooand G e G, we get from the choice G ¢ [s,t) x G € M(G) that

E[U; - U; G =E[U; - U,;G], where U % [ H,du.
Further note that if U is even uniformly integrable, i.e., co > [EwaHudu = [Efomlfludu7 then
U is also uniformly integrable. In this case, we have that (U,U,G) satisfy the conditions
on (U*,U,.#) in Theorem 3.1.4 in [I4], which means that U is something which is in [14]

later on called the dual predictable projection of U. For the relation of the progressive
projection and the (extended) predictable projection, see the next subsection.

The main technical result of this paper reads as follows.

Proposition 3.22. Let M € CMy,.(F) and let H € M*(F) satisfy ([3.17) with an en-
riched subfiltration G of F such that

(3.19) X < M+ [H,dueA(G).
Then there exists a -progressive projection He MY(G) of H to G such that
(3.20) M 4 X — [ H, du e CMy,c(G).
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Proof. See Subsection [£.4] in section Proofs. O

Remark 3.23. Recall that in the whole section F is assumed to be an enriched filtration
on the probability space (€2,.4,P). Note that this assumption is not essential in Proposi-
tion @ It can be seen as follows. Let .Z be a filtration, M € CMy,.(F), H e M*(F)
and let (3.17I3.19) hold. Then obviously H € M*(.#) ¢ M!(F) and by in Re-
mark 2.9 also M € CMjoc(F) € CMype(F), where F is an enrichment of .%. Then it is
enough to use Proposition [3.22] in order to get that it holds also with F replaced by
. We conjecture that also the assumption that the filtration G is enriched could be re-
moved if certain technical details were generalized in this paper, but the above statement
is sufficient for our reason in this form.

The following lemma tells us how to verify that a progressive process is a progressive
projection of another process if we face no problems with integrability.

Lemma 3.24. Let & be a subfiltration of F and let H e M*(F) be such that [|Hg|ds
is an integrable process. Further, let H € L(M(%)) be such that

(3.21) H, 2E[H,|%,] holds for a.e. ¢>0.
Then H is a -progressive projection of H to 9.
Proof. See Subsection [£.5] in section Proofs. O

Remark 3.25. Later on, we will use the following obvious property. If P, Q are equivalent
measures, then also <f £® P is equivalent to 2f £® Q and g— z %.
Indeed, the set {G € Zoo ® A; (G) = [Gé% d } is a o-algebra containing sets of type
B x F, where B € B+ and F € A, where A ¢ dom(P) = dom(Q).
The following lemma says that any progressive process playing the role of the cur-

rent density between two equivalent measures P, () is just the density between the two
measures introduced in Remark w.r.t. the progressive o-algebra.

Lemma 3.26. Let 4 be a subfiltration of F and let Q be a probability measure equivalent
to P and let 0 <D e L(M(¥)) be such that

A as dP|¥4
(3.22) D, 20
Then
5 ae d(EeP)|M(Z)
(3:23) " A2eQIM@)
Proof. See Subsection [4.6] in section Proofs. O

Part (ii) of the following lemma says how the problem of seeking for a progressive pro-
jection transforms itself if we switch from one probability measure to an equivalent one.

Lemma 3.27. Let ¥ be a subfiltration of F and let Q be a probability measure equivalent

to P with ® = dp“?‘:. Put % LRP and <L L£®Q. (i) Then D also plays the role of

d |Boo®F oo
4 [#®F

A det d IM(9) _ d(L8P)M(Y)
(3.24) D= TM@) = Ace0IM@)

is a -progressive projection of ® to Y.
(ii) If H e M'(F), then there exists its -progressive projection Py (H) to 4 if and only
if there exists -progressive projection Pé?(@H) of OH to 9, and if they exist, then

DPy(H) % PY(DH).




48 P. DOSTAL AND T. MACH

In particular, as Q ~ P, we have that |M(¥) ~ |M(¥) ensuring that there exists
a positive version of ®, and then we get that Piy(H) = Pg(’DH)/’D holds -a.e.

Proof. See Subsection [£.7]in section Proofs. O

The following proposition says how the progressive projection can be actually com-
puted in a special model.

Proposition 3.28. Let (D,D) be a measurable space, (Q, A,P,F) be a filtered proba-
bility space. Let 9 be a subfiltration of F and Q be a probability measure equivalent with
P. Let Y € L(%#y, D) be Q-independent of Yoo and 0< & € L(M(¥) ® D) be such that

529 ALY -

Then there exists a £ ® Q-progressive projection E>0 of &Y to 4 such that
&% [£74Qy (v).

(i) If h e L(M(Z) ® D) is such that H 2 h(Y') e M (.F) has a -progressive projection
H to¥, where < £®P, then

(3.26) H% [ h(y)&"dQy (y)/é.
In particular, the integral in (3.26|) on the right is well defined and finite -a.e.
Proof. See Subsection [£.8]in section Proofs. O

3.2. Relation between the progressive and the predictable projection. First of
all, we consider the definition of the (extended) predictable projection from [I2, Theo-
rem 1.2.28]. We have to point out that the point (b) of the theorem simply does not
hold as the process X there does not have to be adapted to the considered filtration.
Moreover, the proof of the theorem contains a gap which has to be fixed. Finally, the
corresponding filtration is assumed to be right-continous there, which is something that
we do not assume here. These several reasons lead us to the conclusion that we have to
re-prove its essential part.

Definition 3.29. Let .% be a filtration on a measurable space (€2,.4), then every element
of L(P, B[-o0, 00]) will be called an F-predictable process, where B is the smallest o-
algebra on Q. such that Y € L(*) holds whenever Y is a left-continous .#-adapted
process and where B[-o0,00] stands for the Borel o-algebra on [-oco,c0], similarly as
B(-o00,00] will stand for the Borel o-algebra on (—oo0,00] later on. A random time
7:Q - [0, 00] is called .7 -predictable if (1[,<)t0 is an F-predictable process.

Theorem 3.30. Let (Q, A,P,.#) be a probability space and X € L(Bo ® A, B[—00,00]).
Then there exists PX € L(PBoo ® A, B[00, 0]), called the F -predictable projection of X,
such that

(i) PX is F -predictable,

(i) for all F -predictable times T

(3.27) (*X)rlfrcoo) £ lim  lim E[n A X, v m;7 < 00| Z,_],

mM—>—00 N—>00
where F,_ ¥ Fovo{An[t<T];Ae Fyte[0,00)} €. F,.
Proof. See Subsection [4.9]in the Section Proofs. O

We also have to re-prove the uniqueness of the predictable projection, see Remark[3.32]
and for this purpose, we need the point (iii) of the following lemma which uses the
notation F* L (F,, )0 if F is a filtration. Note that then the filtration .Z* is already
right-continous.
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Lemma 3.31. (i) If 7 is an .F*-predictable time, then T < T + colj,_g) is an .F -
predictable time.
(ii) Let X be an F -predictable process, then (X¢1j4501)t=0 is an F -predictable process.
(iii) Let X be an .F-predictable process such that XT1[7'<00] £ 0 holds whenever T is
F -predictable time. Then X £ 0.

Proof. See Subsection in the Section Proofs. O

Remark 3.32. If PX,PX are two .Z-predictable projections of X, then Y (") 4f (_p)v
PX An—((-n) vPX An) are .Z-predictable processes such that YT(")l[T<°°] Z 0 whenever
7 is an #-predictable time, and it gives us by Lemma (iii) that Y™ £ 0,n e N.
Hence, we have that X £ PX.

Finally, we can decide whether a process has a progressive projection, depending on
the predictable projection of its absolute value, and in the positive case, the progressive
projection can be easily obtained from the predictable projection.

Lemma 3.33. Let (2, A,P,9) be a filtered probability space. A process H € L(Bo @ A)

has a 4 -progressive projection if and only if the &-predictable projection of |H| is finite
-a.e., and in that case any 4 -predictable projection H ofH s finite -a.e. and m(ﬁ)

plays the role of the ¢ -progressive projection, where R(x) 2 xl[mR if v € [—00,00].

Proof. See Subsection in the Section Proofs. O

Corollary 3.34. Let (Q,A,P,9) be a filtered probability space and let H € L(%Bs ® A)
have a ¢ -progressive projection. If H has a finite & -predictable projection H, then H is
also a & -progressive projection of H.

Example 3.35. There exists a filtered probability space (AP 4)and H € L(PBe ®A),
which has a ¥-progressive projection, such that H # H almost surely whenever H and
H are a 9- predictable projection and a ¢-progressive projection of H, respectively.

Let Y be the canonical random variable on Q 2¢f N and consider H <=f (Yl[t:O])t207

P(A) <t if AcN, and A< dom(P), % & {3,Q}, te[0,00).

1
neA n(n+1)
The process H has a ¢-progressive projection 0 and a ¢-predictable projection of the
form H 4<f (colp=0])ez0- Then if H is any of its ¢-progressive projections, then H, =
0o # Hy € R almost surely, hence [P’(H' + H ) =1 and the same conclusion holds if His
any ¥-predictable projection by Remark

3.3. Trading in a filtered market. At the beginning of this section, we considered
an investor who wants to maximize the long run growth rate of the wealth process, which
means to keep the proportion of the wealth process invested in the i-th asset equal to
0@ if i =1,...,m, where 6 is the log-optimal proportion introduced in Definition 13.12

The practical problem is that the we do not know the value of the log-optimal propor-
tion. So, we assume that we have some a priori information and that we obtain additional
information from the market while also assuming that we have access to no information
from any other source.

Let S = (8@, 8) be a regular market on a filtered probability space (€2, A, P, F). Put
(328) ﬁi d;f ySA f‘ def fS fg ? ﬁ d;f f?,]: — th'of},j': — fj:’j_:

Note that the last two equalitieb in (3.28)) can be verified as follows. The first of them
follows from the point (2) of Lemma which says that A7 F = 4 7, P and as . is



50 P. DOSTAL AND T. MACH

a subfiltration of F, we get first that ,/V(f Pc JVf P and then also that
3.20)  FIT = Fvo( NI PV o(NTP) = Fiva(NTP) = FTT | te[0,00).

Remark 3.36. From (3.28) and from in Remark we get that
CMioe(F) = CMyoe(F) nCA(F), CS(F) c CS(F).

The following lemma clarifies the relationship between L(M(F)) and L(M(F)), and be-
tween X (F) and X (F) if we use the notation introduced just above at the beginning
of the paper.

Lemma 3.37. (i) If CS(F) > X £ X e CA(F), then X ¢ CS(F).
(ii) If X e CS(F) is such that

CA(F)>X =M+ [H,du, where M eCMyo(F),H e M'(F),

then there are M € CMyoe(F) and H € MY (F) such that X = ]\Zf+ff{udu € CS(F).
(iii) Let (S, &) be a measurable space and H € L(M(F) ® &), then there exist

(3.30) HeL(M(F)®&), Ne#TT  suchthat 0=l [y Lm-mmdt.

(iv) The point (i) holds also if we omit “®@S” in both its occurrences there. In partic-
ular, if G € M(F), then there exists G € M(F) such that 1g = 1g.

Proof. See Subsection in section Proofs. O

The next lemma clarifies the relationship between progressive projections to F and to F.

Lemma 3.38. (i) If H € L(M(F)) has a -progressive projection H to F, then H is
also a -progressive projection of H to F.

(i) If H € L(M(F)) has a —progressz've projection H to F, then H has also a -
progressive projection H to F such that H% H.

Proof. See Subsection [4.13]in section Proofs. O

The following lemma says that we may more or less assume that certain coefficients
of the regular market are progressive w.r.t. ForF depending on what we may afford
to neglect. They are the coefficients that are essentially observed in the market, namely
the interest rate and oo, where o is the volatility matrix. Note that if the volatility
matrix were assumed to be positive definite, we could (more or less) assume that it is
progrebswe w.r.t. F or F as well. In the statement and the proof of the following lemma,
we write = for equality almost everywhere w.r.t. the Lebesgue measure on [0, 00).

Lemma 3.39. Let S = (S©,8) be a reqular market on a filtered probability space
(AP, F). Then there are & ¢ M (F),@® ¢ MYF) and 0 < ¥ e M(F)™m,
0<S e MYF)™™ such that

dOEGO L0 gpd RET LR L o4

In particular, there exist & € M*(F) and 0 < 3 € MY(F)™™ such that 6 % o and
SEY
Proof. See Subsection in section Proofs. O

In order to be able to follow the log-optimal strategy corresponding to the information
coming just from the market, we need to study the progressive projection of the rates or
return of the risky assets that are not observed directly from the market.
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Definition 3.40. A regular market (S, 8) from Definition [3.6|is called filterable if
(3.31) (X la®]d JFepm(#) s a o-finite measure, where << L@ P.

It can be easily shown with the help of Lemma that that (3.31) holds if and only if
the process ||a|| has an F-predictable projection finite -almost everywhere.

Remark 3.41. A regular market (S, 8) is filterable for example if there exists 0 < a €
L(M(F)) dominating ¥, |a”| on M(F) in the following way
(3.32) fixmla®ld < frad, FeM(F),
since then the measure from (3.31) of F,, % {(t,w) € Qn;lar(w)] < n} € M(F) is not
greater than n? < oo if n € N and these sets unite to U,F, = Q. The market is also

filterable, for example, if Y1, |a?| is an integrable process, cf. the text just below (3.17)
in Notation [3.19

Definition 3.42. Let (S©,S) be a filterable market and let @, be as in Lemma@

Then for each i = 1,...,m there exists a -progressive projection &® to F and the
corresponding m-dimensional process
(3.33) & & ()" e L(M(F))™

will be called a -progressive projection of «a to F and the m-dimensional process

(3.34) 62 S (a-a"1,,) e LM(F)™,

cf. , will be called an ]:"—log—optimal proportion in the market S. Note that
a% a1, +36.

Definition 3.43. A trading strategy (¢, ¢) is said to be F-progressive if {o®}7, <
L(M(F)). An F-progressive self-financing trading strategy with a positive wealth process
is called f—log—optimal if its position process 7 is equal to the ]:'—log—optimal proportion
6 from -almost everywhere.

In the following proposition, we show that the self-financing strategy keeping the
position on the projection of the log-optimal proportion is asymptotically optimal within
the set of f—progressive self-financing strategies. The reason behind this is that the
projection of the log-optimal proportion plays the role of the log-optimal proportion
w.r.t. a new model obtained by filtering the original one w.r.t. the filtration generated
by the market, driven by so called innovation process introduced in Definition [3.45

Proposition 3.44. Let (S©,8) be a filterable market. (i) Then S,V € CS(F)™ and
CS(F)™ sV EV & v - (4741, e CS(F)™

where & € MY (F)™ is as in Lemma .

(i) Let ($©,p) be an F-log-optimal trading strategy with the wealth process W, let
(F©,3) be another self-financing trading strategy adapted to the filtration F with wealth
process W > 0. Then

(3.35) limsup + In(W,/W,) 0.
t—o0
(iii) If o € M?(F)™ ™ there exists a standard m-dimensional F-Brownian motion B s.t.
(3.36) V E [adt + [odB,
cf. , where & € Ml(]:')m is a -progressive projection of o to F.
Proof. See Subsection in section Proofs. O
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Definition 3.45. The m-dimensional standard F-Brownian motion B from Proposi-
tion point (iii) is called an innovation process (or innovation standard F-Brownian
motion) in the market (S©,8), cf. Definition 8.1.1 and Theorem 8.1.4 in [14].

Note that the results of this paper are going to serve primarily as the technical back-
ground for the forthcoming papers on robust filtering based on Bayesian approach.

4. PROOFS
4.1. Proof of Lemma [3.10L

Proof. 1. As the position 7 is well defined by assumption, the wealth process W can
attain only positive values. Then W' e CA(F) c L(M(F)) has locally bounded trajec-
tories. Therefore it is enough to verify that Wr®@a® and W?r" £ belong to M (F)
whenever i € {0,...,m}.

2. See (3.4) in order to agree that D from Remark is of the form

(4.1) DY E [HaP|SOds, t20,i=0,...,m.

Since Wr® = p®W8®  we get from that

(42)  fyWenPal’ds £ [flal 9| SOds E [1p]dDO oo, 1€ [0, 00).

From in Remark we get that the tensor quadratic variation of S is of the form
(43) () = (<s<> sV ) = [ diag(8,) 5 ding(S)r.

As Wa® = pDSD we get from and from in Remark [3.5] that
(4.4)

W n Sreds = [y o0 <p( VpNSISDTENAs ¥ [Ytr[pg’ d((S)] L oo, te[0,00).
Since the desired processes from the statement are F-progressive and satisfy 1,
the rest of the proof follows by step 1. ([l

4.2. Proof of Proposition (3.13

Proof. Let 7 be the position of (¢, ). Then the equalities in (3.11}[3.12)) give that

(4.5) m W~ W0 2 [N - 0) AV - L [ (RIS, - 0i5.0,) ds % Ly - 1(L),,
where L 2<f [ (7 -0)'cdB € CMjo.(F) starts from Lo = 0. By Lemma 2.27 in [9],
(4.6) limsup 1 (L¢ - (L)) €0
t—o00
and then (3.9) follows immediately from (4.5| . O

4.3. Proof of Lemma [3.18l

Proof. (i) First, let f e L(#) be a v-projection of f to H. Then, by definition, (3.13)
holds v-almost everywhere. If H € H¢, then we get that

Jufdv =p O (H) = pO(H) = [y frdv = [ f~dv = [ fdv.

Let f € L(H) be such that ( - ) holds and let f stand for the expression in on
the right. We are going to show that f f holds v-a.e., i.e., that

(4.7 v(H®)=0, ie{-1,1}, where H® &f {z¢ H;sign[f(x) - f(at)] =i} eH.



PROGRESSIVE PROJECTION AND LOG-OPT INVESTMENT 53

By Definition there exists (H,)p2; € HY} with u, H, =T and without loss of gener-
ality, we may assume that H,, € H,,; holds if n € N. Then also H{” < H, n H® € Hy
and then we get from ([3.14) and the Monotone Convergence Theorem that

(4.8) jH(f)(f_f)dV:T}i_{Eo [ng)de—/Hg)de] =0.

Then we get from the definition of H® in (4.7) that v(H®) = 0 holds if i € {-1,1}.
Further in this point, we assume that (3.13]) holds v-almost everywhere. Then we get

(3.15) as follows
£ (+) (=) B
/H|f|dV3fH(§5W + i‘;|H)d1/:[Hf+du+[Hf dv = [, |f|dv.

(ii) Since f,g have v-projections to H by assumption, we immediately obtain from the
triangle inequality that ([|f+g|dv)mep is dominated by a sum of two o-finite measures,

and hence it is also a o-finite measure. Then as f + § € L(H), we get from (i) that (ii)
holds since

[u(frg)dv= [ fdv+ [pgdv= [, fdv+ [yadv= [, (f+§)dv, HeH;nH,.
The equality between both sides can be easily extended with the help of the Dominated

and the Monotone Convergence Theorems to those H € H .4 such that sign( f+ g)=ice
{~1,0,1} holds on H and then this last condition can be easily removed.

(iii) Similarly as in the point (i), consider (H,)5>, € (HynH1)N with u, H, =T s.t. H, ¢
H,,1 holds if n € N. Then as g € L(#) holds by assumption, we get that

(4.9) Gni12Gy L {xeHylg(x)| <n} e HpgnHpnHy, UG, =U,H,=T.
In particular, ([;|fg|dv)mex is a o-finite measure. If n € N, then there exists a proba-

bility measure P,, such that v(HnG,,) = v(G,)P,(H),H € H. If n € N, we have by (4.9)
that G, € Hy and hence we also have that G, NG € H holds if G € H. Then we get from

that
V(Gn) Enlfi Gl = [gng, FAv = [gng, Fdv =v(G) En[f;G]  if G e,
Hence, if v(G,) >0, then f eLy(P,) and f = E,[f|#] holds P,-a.e. Then

Je.onfodv =v(G)Enlgf H] = v(Go)En[gEn(fIH): H] = [y, fodv, HeH,
as g € L(H) holds by assumption, and then the Monotone Convergence Theorem yields

(4.10) [y fgdv = lim meangdy: lim ananng:/Hfgd% HeHD,

holds if i € {~1,0,1}, where H % { H e #; ¥ € H sign[f(z)g(z)] = i}. Since fg € L(H),
we get that (£.10)) holds with H replaced by H® ' H n [sign(fg) = i] € H® whenever
H € Hyg. If we sum those equalities over i € {-1,0,1} we obtain (4.10]) for any H € H,,
and then it is sufficient to use point (i) in order to show that (iii) holds.

(iv) Since K ¢ H, we have that K % {K € K; [,|f|dv < 0o} € H. Further, as f is
a v-projection of f to H, we get from (3.15) that Ky ICf. Since f has a v-projection
to IC, there exist K, e Kr S Hy N ICf,n e N, such that u;”, K, =T and that K,, ¢ K,.;.

Then if K € K, we have by (i), used twice, that

(4.11)

[, fdv= [ PR(f)dv= [z fdv= [ P5(f)dv= [ fdv, K, KnK,ecKy,
n € N. If we pass n — oo in ([{.11]), we get that [ fdv = [Rfdl/, Ke K7, by the Dominated

Convergence Theorem and then we get by (i) that f is a v-projection of f to K. This
is correct once we have that ICf c ICJz and it is what remains to show. Let K ¢ ’Cf. If
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Kc[f<0lor K¢l f > 0], then we may use the Monotone Convergence Theorem and
- ) to get that [ fdv = Ji de/ In general we have this equality with K replaced by
K* 4 Kn[f20]e¢ K; and by K ¥ Kn[f<0]e ICf, respectively, which gives that

fK|f|dV = fK+fd1/ fK_fdl/ —fK+de fK_fdl/ < 2fK|f|dy < oo, ie., K¢ Ks. O
4.4. Proof of Proposition [3.22]

Lemma 4.1. Let F be an enriched filtration and let (X™)2, e CA(F)N satisfy

(112) fm_ Esup|XE2, - X2, =0

i,n—>00

for some non-decreasing sequence of random times (7,,)2_; € [0,00]N? tending to co.
Then there exists X € CA(F) such that [#.12) holds with X replaced by X.

Proof. First, we will show that (X)) is a -Cauchy sequence. Let € > 0 be given and
consider ky € N such that 27% < ¢. Since 7,, - o0 as m — oo, we get that there exists
mg € N such that P(7,, < ko) < € holds whenever m > mg. Then

E[27% A X - XDF] <E[27F Asup X0 - XD 1+ 2%, ineN, m>mg, k<ko.
s<k

Then we obtain from the Dominated Convergence Theorem and (4.12]) that

(X, XD)<2e 4 31270 A \/[E sup | X(2,  ~ XG 22, in > oo,
keN s<k

as Ysko 27F = 27k < ¢ and Zko 27% < 1. Since ¢ > 0 was arbitrary, we have that

(X™)e, is a -Cauchy sequence and hence -convergent as is a complete metric by
Proposition Then we get from Lemma (iv) that there exists X € CA(F)

such that lim,, (X™,X) =0. By Remark we can select an absolutely -convergent
subsequence of (X™)% say (YY), see Definition Then lim, r(Y™, X) £ 0
holds by Corollary [A.9] and then by Fatou Lemma
Esup|X {2y, = Xonr,, |* < liminf Esup | X, - Y0 [7 >0
s<t s<t

1—> 00
as n — oo whenever m € N. O

Remark 4.2. If G is a filtration and 7 is a G-stopping time, then (1[:<;])iz0 € A(G) is
a G-progressive process, as it is left-continuous and adapted to G. Hence, we have that

{(t,w) € Qoo;t < T(w)} € M(G).

In the following proof, we use Notation[2.11|saying that the result of stochastic integration
is assumed to be adapted to the considered enriched filtration without further remarks.
In particular, we have from Lemma [A.2§| that if we integrate with respect to a continous
local martingale, the result of the integration is again a continous local martingale.

Proof of Proposmon . 1. First, we will assume that there exists a non-negative -
progressive projection H of H to G and we will show that there exists M ¢ CMic(G) s.t.

(4.13) XEM+ [H,du,

where the right-hand side is allowed to attain also the infinite value +o0 at any (t,w) € Qoo
As X e CS(F)nA(G) and as G is an enriched filtration, we get that by Corollary
that the corresponding quadratic variation has a G-adapted version (X) € CA(G), and as
(X)o £ 0, there exists a sequence of G-stopping times (7,,,)_; tending to co such that

(X)inr,, €m, t€[0,00), meN.



PROGRESSIVE PROJECTION AND LOG-OPT INVESTMENT 55

We have that (3.17) holds by assumption and hence there exists a non-decreasing se-
quence G, n € N, from M(G)y ¢ {G € M(G); [;|H|d < oo} with U,G, = Qw. By
(3.15) in Lemma (1)

(4.14) Jo H|d < [g [H|d <oo, neN.

Since M € CMy,.(F) holds by assumption and as G, € M(G) ¢ M(F), we obtain from
Corollary that

(4.15) M™ 2=f [15 dM € CMyo0(F), and  (M)irr ${X)irr, Sm,

(416) X" 9<f 15 dX e CS(F)NA(G), and M®™ 4 X _ (15 HdL e CA(G),

where £; 9 ¢t € [0,00). By Lemma (M) Y0 € CM(F),n,m e N. We are going

to show that also (Mt(j()m)tzo € CM(G). From the above stated martingale property, we

immediately get that Mt(x)m € L; and if we use it again together with 1, ,

we obtain the equality in

[E|M(n) — MW

tATm tATm

|=E|fy" ™" 16, (H - H)d€| <2/ [H|d < oo,

while the inequalities follow from (4.14). Then we conclude that also Mt(X)Tm el

holds whenever ¢ € [0,00) and m,n € N. Further, let 0 < s <t < o0 and G € G,;. Then
G*! 4 (5,t] x G e M(G), and we obtain by Remark 4.2 that

Gyt % 67 16y 1 {(1,w) € Quoiu < T (@)} € M(G), fae [HIA < [ |Hd < oo,

As G eGsc Fy and (M), )uso € CM(F), Lemma (i) and (3.19[4.16) give that

E[M) — M, Gl =E[[, " e, (H - H)dL;G] = [ Hd = [ Hd =0,
which verifies that (Mt(/"\im )es0 € CM(G) if m,n € N. As the system {G,,}o>, is here con-

sidered to be non-decreasing, i.e., G; € G, if i < n, we get from the Doob inequality that

(417) Esup|NIL, - NIS,, | < 4E(NT® ~ NO)y,, <4E [ 1 6, d(X), n2ieN,
s<t

holds if m,n € N and ¢ > 0. Then we get by the Dominated Convergence Theorem and
(4.15) that the expression in (4.17) on the right tends to zero as i - co whenever m e N
and t > 0. Further, we obtain from (4.17)) and from Lemmathat there exists a process
M € CA(G) such that

(4.18) lim Esup |M{). Mo, [2=0,  meN, te[0,00).

Since the process (Myar, )iso € CA(G) is a pointwise IL;-limit of martingales (Mt(x)m)tzo €
CM(G), it is also a G-martingale, and we get that M € CM;,.(G). Further, since we assume
that H > 0 in this step of the proof, we get from the Monotone Convergence Theorem
the first equality in

(419)  ["HAL = lim [} " 16, HAL E P-lim (X - M)

tATm tATm

as ~
) = AXVt/\Tm - Mt/\’rm7

m € N. The last equality follows from the properties of continuous integration and from
(4.16/4.18). The middle equality in (@#19) follows from the definition of M™ in (#.16).
If we let m — oo in (4.19)), we obtain the equality (4.13]).

2. In general, the assumptions of the proposition ensure that there exists a -progressive
projection H of H to G. We will show that H*, H~ > 0 are -progressive projections of

H® défH].[FI>O] and HO def _Hl[Hso]v
respectively. As H is a -progressive projection of H to G, Lemma (i) first gives that
(4.20) [oH'd = [, Hd =[,.Hd = [(HYd, GeM(G)u,
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holds with G* 4¢f { e G;H( ) >0} and further that H* is a -progressive projection of
H® to G as the measure (Jo|H"|d )gem(g) is dominated by a o-finite measure

(JelH|d )ger(g)-

H* - HelL(M(G)) is a -progressive projection of H®) = H®) — H to G as follows
Pe(HO)EPE(HY -H)EPL(H) -Pg(H)EH -H=H".

Hence, the assumptions of thf: first part of the proof are satisfied with (X, M, H JH )

replaced by (X, M® H® H*) and the same holds with '+’ replaced by -, where
X(+) - fl[H>0] dX e CA(Q), MH) <t /1[I:I>O] dM e CMloc(‘F)v

and where X 98 X® — X € CA(G), M =¥ M) — M € CMyoc(F). So, by the first part
of the proof we get that there exist M® M) € CM;,.(G) such that

(4.21) XOEMD ¢ [Hidu, XOF MO+ [H,du.

Then H = H* - H™ ¢ /\?ll(g)7 M < MO — MO € CMye(G) and (4.13) holds. As G is
assumed to be an enriched filtration, we get from Lemma that A9 ¢ Go. Then

we have that H £ H d<f (HtlQ\N)tzo e M*(G), where
N & {weQ;IneN ]On|f~Is(w)|ds = oo} eI cGy.

Thus, we have that the process H is (similarly as H ) also a -progressive projection of
H to G, the process M € CA(G) is well-defined by (3.20) and equal to M € CM;,.(G) up
to a null set, which means that M e CMic(G) holds. O

4.5. Proof of Lemma [3.24]

Proof. Denote by bM(¥) the set of all bounded ¥-progressive processes. We will
show that

(4.22) X % (X ebM(9); ¥ te[0,00) E[[yX,H,du]=E[[) X, H,du]} = bM(9),
where H € L(M(%)) is a process satisfying (B:21).

1. First, we will show that X contains processes of the form
(4.23) X =1(5,00)xc, Where Ge%,, se[0,00).

Let t € [s,00). If u € [s,t], then G € ¥; € 4, and by (3.21) we have that [E[I;Tu;G] =
E[H,; G] holds, which together with the Fubini Theorem gives

E[Jy XoH, du] = ['E[H,;G]du= [E[H,; G]du = E[ [y X, H, du].

If t € [0, s), the desired equality holds as both sides are equal to zero regardless of H, H.
2. If X is bounded and so called ¥-simple process according to Definition then
X1gq, is a linear combination of processes of type (4.23) multiplied by 1g,. Hence, it is
enough to use simple calculations in order to obtain from the step 1 that X € X holds
also in this case.

3. As [E[f0t|Hu| du] < oo holds by assumption if ¢ € [0, c0), we get from the Dominated Con-
vergence Theorem that X is closed under bounded pointwise convergence (and bounded
convergence -a.e.). If X € CA(¥) is bounded, then the following processes are ¢-simple,
equally bounded and converging to X almost everywhere

(424) X(n) def (Z}ZoXk/n]-[k<tnsk+l])t20a ne N7
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and since {X™}22, ¢ X holds by step 2, we get that also X € X. Finally, if X € bM(9),
similar arguments can be used in order to get that X € X holds, this time with

X2 ([ X ds)iz0 € CA(), meN,

equally bounded and converging to X -almost everywhere. Hence, we have (4.22)).

4. IfHe M(¥) and [,|H|d < oo, then by the Monotone Convergence Theorem and step
3, we have that

JylH|d = lim [y, o [H|d = lim f, o sign(H)Hd < [|H|d <oo.
as sign(f{ ) € bM(G), and then we get from step 3 and the Dominated Convergence
Theorem that
fyHd =lim [X"HAd = lim [XPHd = [(Hd, X" 9 1.0 cbM(9).
Now, it is enough to use Lemma (i) in order to get that H € L(M(¥)) is a -
progressive projection of H to ¢, since the measure (fH|H| dv)per(w) is obviously o-finite

as it is finite on sets 2, € M(¥),n € N, by assumption that [|H,|ds is an integrable
process. ([l

4.6. Proof of Lemma [3.26l

Proof. Let A 2<f dom(P) = dom(Q) and put H < dP/dQ € L(A) ¢ M (), where
o 4 A te[0,00). Then H 9 D e L(M(¥)), where

~ dP|%4; as t t
D, % dQII% FEli6l4] T EQlHi %), Eqfy|Hs|ds = [jEQiGdL=t<oo, te[0,00).

Then we get from Lemma that © is a -progressive projection of dP/dQ to ¢4, where
2f ¢ ®Q, and we get from Lemma and the Monotone Convergence Theorem that

(6) = lim (6nQy,) = lim fg,q §-d

= lim fGnQn%d = lim ijQn@d :[Géd

n—oo n—oo

holds whenever G € M(%), since 3~ £ 92 where 22 £® P, see Remark O

4.7. Proof of Lemma [3.27]

Proof. (i) See Remark in order to agree that it is enough to verify that © is a -
progressive projection of ® to 4. Obviously, , are o-finite measures on Be, ® Foo, as
their measure of 2, is a finite value n whenever n € N, and similarly we get that their
restrictions to M(¥) are also o-finite. Then since M(¥) € PBoo ® oo, we obtain from the
definition of ® and from Lemma (i) that D is equal to the -progressive projection
of ® to 4 up to a -null set.

(ii) First, we get from (i) that
(4.25) p(G) & [(H*d = [(DH"d , GeM(Y),

and that the same holds with + replaced by —. If we sum these two equalities, we get
that P5 (H) exists if and only if Pg (DH) exists, since both statements are equivalent
to the statement that u*) +u is a o-finite measure on M(%). Then if these statements
hold, we get that

Q ae  du dp®)  ae a4 dp®)  \d IM(¥%) ae P =
Py (DH) = iy ~ Ty = (@) ~ T ia@)) T ey = Pa(H)D.

O
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4.8. Proof of Proposition [3.28

Proof. As & e L(M(¥9)®D) cL(M(¥®D)) c A(¥ ® D) holds by Lemmal[A.21] we get
that & € L(¥4; ® D) holds if t € [0,00) and since YV is @Q-independent of ¥, 2 ¥;, we have

by (B23) that

(4:26) o<@@deffé“”dczy(y)—[EQ[(%“’M]“‘fEQ[SS‘éH%Jfii'é'éi, 20,

as Eg[&")] =1 < co. Then we get from Lemmas and m and from (3.25)/4.26)) that

(4.27) L ae d [M(Z) L(M(%)) > & def o1 (o] * 1[2 . ae ;ae d \M(g)

d [M(Z)> d [M(9)
are -progressive projections of the following process to % and to ¢, respectively,
of dP|F oo of
D def dQ'lg ., where 2 £®Q.

Then we have from Definition and from (4.27) that also &is a -progressive pro-
jection of ® to 4. Then as M(%) c M(F), we get from Lemma (iv) that & is
a -progressive projection of &%) to ¢.

(i) Note that from the previous step of the proof we have that

42 PS@)® e, 2 RS Py

By assumption H has a -progressive projection H to ¢, which by Lemma (ii)
means that there exists a -progressive projection of H® to ¢ and that it is of the form
PgQ(HD) HD. Hence, in order to verify -, we just have to show that

(4.29) Jh(y)EVdQy (y) = P (HD).
As H® has a —progressive projection to & and as H € M (J) holds by assumption, we
get from Lemma [3.1§] (iv) and Remark [3.20 and from (4.28) that
(4.30) PQ(H@) * PePE(HD) = Py [HPQ(Q)] EPIHEM].
By Lemma 1] (1), M(¥)®D c M(¥4 ® D). Since Y is @Q-independent of ¥, and
1gxphé& € [I_(./\/l(g) ®D)cL(M(¥Y®D))cA(¥Y®D) holds if G e M(¥4), we get from the
Fubini Theorem (similarly as at the beginning of the proof) that
JHEMA = [ [ 1) (V) EVAQdt = [7° [, 16(t) [obi(y) &7 AQy (y) dQ dt
= [ Joh(y) £PdQy (y)d  if GeM(¥) isst. [G|H|EVd <oo.

Then we get from Lemma|3.18 and from (4.30]) that (4.29]) really holds. U

g y
4.9. Proof of Theorem [3.30]
Remark 4.3. If X is an % -predictable R-valued process and 7 an % -stopping time, then
X l[rcoo] € L(&,-). If the process X is left-continuous, it can be seen as follows

XT1[7'<oo] = X01[T=0] +1limy, 00 ZI?:O Xk/nl[k<n'rsk+1] € I]—(yr—)a

and then it can be easily extended to all .%#-predictable real-valued processes X.
Proof of Theorem[3.30. 1. First, assume that X;(w) = 14(w)1[ucs<0], Where A € A and

0 < u < v. From Theorem 6.27 in [I3], we get that there exists a P-null set N € A such
that the process Z 4 1\ yY; is right-continuous with (finite) left-hand limits (rcll),

where Y 2 (P[A|%;])asq20 and where Y, (w) is defined as Y, (w) at time ¢ € [0, 00) if
the corresponding limit exists. Then, see Notation

(4.31) 0 9 (3 lim U{0)), 0= Ye =2 on Q\N, where

(4.32) U def Y rzoYro-n L(kan (ke1)2-7]
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are % -predictable processes as well as (U((ﬁ)a)+)t20 if a € [0,00),n € N, since these pro-

cesses are left-continuous and .#-adapted. Then we get, with the help of Proposition[A.7]
that also the following processes are .%#-predictable

(4.33) PX % M1, ), M % (3 lim 3 lim 0D )pso = (3 1im Tgpmy+)

Mm—oo m<n—oco (t+27m=2"")*Ji>0 t>0"

Hence, (i) is satisfied and it remains to show (ii) which is in this case of the form
(4.34) V7 F-predictable time  (PX):1{rco0] = P(ALFr2) 1 [usreu)-

In order to show (4.34)), we may assume that the probability space (2,4, P) is complete.
Let F stand for the smallest complete and right-continuous extension of %, called aug-
mentation in [I3]. From the above mentioned Theorem 6.27 in [I3] and its proof, we
have that the process Z is an F-martingale, and then from Theorems 6.23 and 6.29 in
[13] we obtain that

as . as . as
(435) P(A|fT)1[T<oo] = NJ}LTEOO [E[Zn|‘7:7']1[fr<oo] = Nalrlzriloo Zn/\Tl[-r<oo] = ZT1[7'<00]
if 7 is an F-stopping time. From (4.31J4.33) we get that PX = Z_ 1, ,) on Q\N, where
Z_ ¥ (Zi 101 + Zolpi=01) e20-
As in the proof of Theorem 1.2.28 in [12], we obtain from Lemma 1.2.27 in [12] and from

({4.35) that

(436) (pX)Tl['r«m] £ (Z—)Tl[u57'<v] £ IE[ZTU:T—]l[uST«)]

(437) € E[P(A|~7:T)|'7:T—]1[usr<v] z [E[XT|]:T—]

if 7 is an F-predictable time. If 7 is an .%-predictable time, it is also an F-predictable

time, and then as (PX), € L(.%,-) holds by Remark [4.3] we get from (4.36]4.37) that
(pX)‘rl[7—<oo] £ E[(pX)TLgZT—]l[-Koo] £ lEl:[E[XT|fT—]|‘gZT—:|]‘[T<°°] = I]E[XT|¢?T_]1[T<°°]’

which corresponds to (4.34]).
2. In general, see the steps 2,3,4 in the proof of Theorem 1.2.28 in [12] in order to

get to know how to obtain the corresponding results first for bounded processes, then for
non-negative ones and finally for any [-oo, co]-valued process X. O

4.10. Proof of Lemma [3.31l

Proof. (ii) Without loss of generality, we may assume that the process X attains real
values. If it is left-continuous, then also X <<f (X¢1ps07)es0 is a left-continuous process,
and hence to verify that X is .Z-predictable, it is enough to show that it .Z-adapted,
which can be seen as follows
Xt = limy, 00 ZZO:O Xk/nl[k<ntgk+1] € u—(g\t)a te [07 00)7
since Xy e L(FF) =L(Fss) CL(F) if 0< s <t < o0. Hence, the set
X X e A(F"); (Xtlps0)) 0 is F-predictable}

contains all left-continuous .% *-adapted processes and as X is closed under the pointwise
convergence, it contains all .# *~predictable real-valued processes.

(i) Since 7 is an .7 *predictable time, the process X €= (1(,;)ss0 is .# ~predictable,
which by (ii) means that X def (I[r<t,4501)t=0 is F-predictable. Further, the process
Y 2= (11750,6501)t0 I left-continuous and .#-adapted, hence it is also .#-predictable.

Here, we have used that Y = 0 € L(.%) and that Y; € L(.%; ) € L(%#;) whenever t € (0, c0).
Thus, we have that also the product

Z XY = (1[0<‘r§t])t20 = (1[%st])t20



60 P. DOSTAL AND T. MACH

is also an % -predictable process which means that 7 is an .%-predictable time.

(iii) 1. If the filtration % is right-continuous, the statement follows from [12, Propo-
sition 1.2.18].
2. In general, since the process X is .#-predictable, it is also .% *predictable and to get
that X £ 0, it is enough by the first step of this part of the proof to verify that

(438) 0% X71[7.<00]
holds Whenever T is an .% *-predictable time.

Let 7 be an % *-predictable time. By (i) we have that 7 is an .%-predictable time. Then
0% X7 1[5co0] = X7 1[0<r<oo] holds by assumption on X. Hence, to get it remains
to show that 0 % X7 1[7=0) and it follows from Xo 2 0, which holds by assumption as 0 is
an .%-predictable time. |

4.11. Proof of Lemma [3.33l

Remark 4.4. Let (2, A, P,.%) be a filtered probability space and let X, X € L(%.®.A) be
such that X < X, then the corresponding .%-predictable projections satisfy the inequality
PX <PX almost surely. It can be seen as follows. If 7 is a .Z-predictable time, by
we have that

(PX)r1[rcco] = lim lim E[n A X, vm;T < 00| Z,_]

M —>—00 N—>00

€ lim lim E[nAX; vm;7 <00l Z:_] E (PX) 1 [r<co]

M —>—00 N—>00

which gives us that also X v PX plays the role of an .#-predictable projection of X,
and then we get from its uniqueness, see Remark [3.32 -, that PX vPX £PX ie., PX <PX
almost surely.

Definition 4.5. Let ¢ be a filtration, a set G ¢ Q. is called ¥-predictable if 1g is a ¢-
predictable process. Note that the set of all 4-predictable sets is a o-algebra, cf. Defini-
tion [3.29

Remark 4.6. If G € M(%), then there exists a ¢¥-predictable set G such that 1g = lg. It
can be seen as follows. Put 0 < H ¢<f 1g, then # << [ H, dt € CI(¥) is a ¥-predictable
process as well as

H 2 (3l [ A = Ay Do = A E H =1,

see Proposition Then G 9<f H-'{1} is a ¥-predictable set such that 1g % lg.
Proof of Lemma[3.33 1. As every left-continuous ¥-adapted process is &-progressive,

we get that any ¥-predictable real-valued process is also ¥-progressive. In particular,
any ¢-predictable set is in M(¥). Hence, as the ¥-predictable projection of |H|, say |H|,
is ¥-predictable, we have that
-1

G df O n |H| [0,n] e M(¥4),neN, G(0) def Qoo\Up, G ¢ M(9),

and from Remark 3] we have that
G\ 2t (e Qi (tw) eGM Y = [[H|, <n]n[t<n]e%. , te[0,00), mneN,

and then as [H| is a @-predictable projection of |H|, we get that

JewlHId = [E[|H]; 6] dt = [ E[[H],; [H], <n]dt <n®<oo, neN.
Hence, if |H | < 00, G is a -null set, and it gives us that H has a @-progressive
projection.

2. On the other hand, let us assume that H has a ¢-progressive projection. Then
there are Gl € M(%),n €N, that unite to Q. such that we have the first inequality in
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(4.39). Moreover, we have from Remark that there are ¥-predictable sets G} such
that 1gpm = 1g0m1,n € N, which gives us the second equality in
(4.39) 00> [ealH|d = [(TE[[H|; 6" dt = [;°E[|Hy; 6" dt
(4.40) = Jo El[H|: 6" dt = fo[H]d
while the third one follows as [H| is a %-predictable projection of [H| and as
Gl def (e Qi (tw) e G e, te[0,00),
holds by Remark From 1 , we get that |ﬁ| is finite -almost everywhere on
U, G which differs from u® Gl = O, only about a -null set. Hence, |ﬁ| < 0.

3. Let [H| < oo and let H be a ¥-predictable projection of H. Since |[H| > 0, we obtain
from the corresponding definition that the ¥-predictable projection of —|H| equals to
~[H| almost surely, and then we have from Remark [4.4] that
—oo < —[H|2H%[H|< 00, ie., REA)TH
Later on, we will need the following property
(4.41) Vte(0,00) VGy €% (E[|Hy;Gi]<o0 = E[H;Gy)=E[H;Gy)).

If the condition in (4.41)) is satisfied, then Hylg, T L1limy, o L1lim, e (nA Hyvm)lg,
and as the conditional expectation preserves the convergence in [1, we also have that

E[H:; Gi|%-] = Lylim Ly lim E[n A Hy vm; G4, ]

T lim lim E[nA H,vm|9_]1g, = Hilg,

M —>—00 N—00

as H is a 9-predictable projection of H and as ¢ is a ¥-predictable time. Then
follows immediately.
Let G e M(¥) be s.t. [;|H|d <oo. As in the previous step, we get from Remark
a @-predictable set G, which differs from G about a -null set. Then Gt e fwe Qs (tw) €
G} el(%._) by Remarknand o> [(|H|d = [¢|H|d = [[E[|H,|;G ]dt In particular,
E[|H:|; G;] < oo holds for almost every t € (0,00) and then we get from (4.41) that

(442)  [.HA = [sHd = [°E[H,;G,)dt = [["E[H; Gy ]dt = [(Hd =[Gm(ﬁ)d .
Then we get from Lemma that 9%(1/17 ) is really a ¥-progressive projection of H. [
4.12. Proof of Lemma

Proof. (i) First, we get from Lemma that X e CA(F). As0E¥ D df X - X ¢
CA(F), we get immediately from the definition that D € CMyo(F). Let A € CFV(F) ¢
C[F\/(f) and M e CMloc(f) c CMloc(f) be such that X = A+ M. Then X = M + A,
where M 2f M + D e CMyoc(F).

(ii) It follows from Proposition once we verify that

(4.43) et (1 HI|d Jeem(z) s a o-finite measure.
First, (4.43)) holds with F is replaced by F, since
w2 L Qi |H( ) <n} e M(F), neN,

are such that f@ |H|d < oo and they unite to €. Then as F = FS . we get from

Lemmas and - IA.24] (applied to 1¢, obtained from Lemma “ that there exist
C € M(% ) n € N, such that

SNz -1g |d =0 holds with G, % S7'C,, e M(F) c M(F), neN.
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Then we get that (4.43)) holds as we have a sequence (Gn)ff:o € ./\/l(]:")'\"J of “H_finite sets
that unite to Q, where Gy 2 Q. \ U, G, is a -null (and also “-null) set.

(iii) By Lemma there exist N € A.7P and h e L(M(€™)®&) such that (A.24)
holds with (X, Z,z) replaced by (S, H,h). Then we get that the equality in (3.30)) on
the right h?lds WithAI]-I] def ([h](g, s))§es and from Lemma that He L(M(F#)®6) as
obviously & € CA(.% )™+,

(iv) It is enough to omit “® &” in both its occurrences in the proof of (iii). O

4.13. Proof of Lemma [3.38l

Proof. (ii) By assumption, the measure ([g|H|d )Gem(F) is o-finite and our first goal

is to show that the same holds with F replaced by F. Let G, € M(F) be such that
J5 [H|d < oo,neN, with u®, G, = Q. From Lemma (iv), we obtain that there
are G, € M(.Z) ¢ M(F) such that lg = g, ,neN. Then [¢ [H|d <oco,n €Ny, where
Go % 0\ U=, G, e M(F) is a -null set.

Let H be a -progressive projection of H to F. By Lemma (iv) there exists
HeL(M(F)) S L(M(F)) such that H % H and then we get from Lemma (i) that

VGe M(F) e M(F)  ([ylHId <00 = [.Hd =[Hd =[.Hd ),

and by the second use of Lemma (i), Hisa -progressive projection of H to F.

(i) If H has a -progressive projection H to F, then H has also a -progressive pro-
jection to F, say H, as a measure extending a o-finite measure is also o-finite. From
(ii) we get that H has a -progressive projection H to F such that H £ H and from
the uniqueness of the projection, we have that H £ H % H e L(M(F)) < L(M(F)),
which according to the just mentioned uniqueness of the projection shows that His really
a -progressive projection of H to F. (|

4.14. Proof of Lemma [3.39]

Proof. Since a'” € M1 (F), we get from (3.4)) that
CA(F)> X % [ads £ X 2 In(S©/S{") e CA(F) c CA(F),

and then from Lemma that also X € CA(F). As X is a process with locally abso-
lutely continuous trajectories equal to X almost surely, we get from Proposition that

Oé(o) e 62(0) dof (E' lim ’I'L[Xt - X(t—l/n)*])tzo € l(M(ﬁ)),

n—oo

a® =& 9 (3 lim n[ Xy — Xo1/my+])iso € LIM(F)).

n—oo

Since a® € M!(F), we get from the definition of @ that [/]a®|ds £ [/[a®|ds =

f0t|a§°)|ds <00, t € [0,00). Further, we get from (3.6 that [Sds £ (V) Z ((InSD)m, ).
As F is defined as an enriched filtration and S € CS(F)™, we are able to obtain from
Corollary [A17] that there exists

(4.44) CFV(F)™™ 2 CFV(F)™™ 5 ¢ % ((1ns<i>,1ns<f>)):;?=1 L [¥,ds e CA(F)™™,
where the last relation comes from the assumption that ¥ € M?(F)™™. From Lem-
ma (@), we also get that [ ds e CA(F)™™ . Then Proposition gives that

S de . t T xXm
(4.45) DS (37}2{; "1y Dods) 5 € LIM(F)) ™.
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Here, 3¢ (w) € R™™ does not have to be positive semidefinite for every ¢ > 0 and w € Q,
but as the considered market is assumed to be regular, we get from (4.45) that

(4.46) 0<oo =X2%3,  and hence 0<3 df ﬂm+(i—ﬂm)l[§>0] £SO

Then 0 < 5 € L(M(F))™™ and fottr{is}ds = fottr{Zs}ds < oo,t € [0,00), and this
verifies that ¥ € M!(F)™™ since & > 0 holds by (4-46).

If we replace f(i_l/n)+23ds in by i — H(4-1/n)+ and if we consider a similar
modification as in , we obtain with the help of that there exists 0 < X €
L(M(F))™™ such that X £ 3. Finally, it is enough to put

a0 21,60 e MN(F), 0<E 2 1, + 14(8 - 1) € MY (F)™,
where A 2f [Vn e N [ (|a®| +tr{S;})ds < c0] € o(ANT) € Fo holds by Lemma @).
(]

4.15. Proof of Proposition [3.44

Proof. (i) As mentioned in Deﬁnition V € CA(F)™. Since a € M (F)™, we get from
that

CA(F)">M &V - [oudt T [odB e CMyo.(F)™,
which ensures that also M € CMj,.(F)™. Then since the considered market is assumed
to be filterable, we are allowed to use Proposition [3.22] in order to get that there exists
a -progressive projection & e M (F)™ of a to F such that

(4.47) M 2V [ G, due CMyoo(F)™,  ie, VeCS(F)™,

and then obviously also V € CS(F)™. A similar usage of Proposition would give
us with the help of that also S « CS(ﬁ)m. Just in order to make clear that all
assumptions are satisfied, it is helpful to realize first that S € CA(F)™ and o e M (F)™
ensure that (S@a)™, e M (F)™, (which is the vector of drift coefficients of S) and
second, that this process has a -progressive projection (S®@a&™ )™, which follows for
example by Lemma (iii). Finally, we get from that V £ V holds as a© % q©
and since V € CA(F)™, we get from Lemma (i) that V € CS(F)™ holds.

~ ae

(ii) Let 7 be the position of (7, %), # £ 0 be the position of (¢, ) and let & be
as in (3.33)). From (3.10) and (4.47)), we get that
v E M + [ (as -a"1,,)ds £ M +f23é3d5

since & £ a©1,, + 20 as stated in Definition From (3.11)) we get that
In (Wi/Wo) £ [(7 AV + [} (o - L7 5,7,) ds

2
and that the same holds with (W, 7) replaced by (W,8). Then we get that
Wi /W tri~ A\T t, T —~ AT A
ln(%) EIE-0) AV -L [[@ 27, -0:5,0,)ds] E L - L(L)s,

where L € CMj,.(F) is from Corollary such that L E [ (7 - 6)"dM. Then similarly
as in the end of the proof of Proposition we obtain by Lemma 2.27 in [9] that (3.35))
holds.

-1

(iii) As 0 € M?(F)™™ has regular values by assumption, we have that H 9 571 ¢
L(M(F))™ ™. Further note that (M) % (V) % [oro,dt and that [, tr{ H'HA{M )} £

tm < oo, t € [0,00), and since M € CMy,(F)™ by ([@.47)), we get that from Corollary
that there exists

(4.48)  CMyoe(F)™3BE [HAM, st. M% [odB, (B):Etl,,, te[0,00).
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Then we get by the Lévy Characterization Theorem, see Proposition that B is really
an m-dimensional standard F-Brownian motion. Finally, we get that (3.36) follows from
(14.4704.48]). O

APPENDIX A.

Lemma A.1. Let X : U—>D,Y :V > T be maps and (D,D),(T,T) measurable spaces.
Then

o(XoY) ¥ (XoY)!'C;CeDeT}=0(X)®a(Y),
where 0(X) %< {X'D;D e D}, 0(Y) &L {YIT;TeT}.

Proof. If D e D,T € T,then C < DxT eD®T and X 'DxY T = (XoY)!C ¢
o(X ©Y). Hence, we get that

o(X)®o(Y)=c{X'DxY 'T;DeD,TeT}co(X0Y).

On the other hand, H 2f {C e D T;(X 0Y)!'C € 0(X) ® 0(Y)} is a o-algebra
containing sets of type D x T, D € D,T € T. Hence, H = D ® T which means that also
o(XoY)co(X)®o(Y). O

A.1. Continuous processes and their convergence. We will now introduce the ab-
solute Cauchy property and absolute convergence in metric spaces, which will soon come
in handy.

Definition A.2. Let (E,d) be a metric space. We say that (z,,)22; € EN is an absolute
d-Cauchy sequence in E if

Z ATy, Tpy1) < 00.

neN
If such a sequence also converges to x € E, i.e., if d(z,,z) > 0 as n > oo, we say that
()22, converges in d to x absolutely and we write x,, 2bs, x,n — oo. If it is clear from
the context, we will omit the link to the considered metric d in the notation introduced
above.

Remark A.3. (i) Every absolutely Cauchy sequence is a Cauchy sequence by the triangle
inequality.
(ii) Every Cauchy sequence has an absolutely Cauchy subsequence.

Proposition A.4. A metric space (E,d) is complete if and only if every absolute Cauchy
sequence is convergent.

Proof. If the metric space (E,d) is complete, use (i) of Remark in order to verify
that every absolute Cauchy sequence is convergent by the definition of a complete metric
space. On the other hand, in order to show that a metric space is complete, it is enough
to show that every Cauchy sequence has a convergent subsequence.

Now, let us assume that every absolute Cauchy sequence is convergent and consider
a Cauchy sequence. By Remark (ii), the sequence has an absolutely Cauchy subse-
quence, and we get from assumption that this subsequence is convergent. ([l

Notation A.5. Let B be a topological vector space with the zero element denoted as 0,
with the topology generated by a metric d and with the corresponding Borel o-algebra
denoted as B. If {b™}> | c B, we put

(3 d-limp™) 2<f

n—o0o

d-lim, b™  if the limit in d exists as n — oo,
0 otherwise.

When it is clear from the context, we will suppress the dependence of the limit on the
corresponding metric in the notation.
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Remark A.6. The notation introduced above will be used only in the two following cases.
First, if B = R* is equipped with the Euclidean metric and second, if (B,B) = (C*,€%),
where k € N.

Note that if {b™}22, ¢ C, then (3lim, b™) € C, but (3limy, by")se[0,00) does not have
to be a continuous function. In particular, these two functions do not have to coincide
in general.

Proposition A.7. Let (Q,.A) be a measurable space. (i) Let (1), € L(A, 6w ). Then
I3 lim I e L(A, Cn)-

n—00

(i) Part (i) of the statement holds also with L(A, Gw) replaced by L(A).

Proof. (i) First, we will consider the set of all w € Q such that (1™ (w))5; is a convergent
sequence in C. As r is a complete metric, the corresponding set can be formally defined as
(A.1) AL e VhkeN IngeN Vmn>ng r(I™(w), 1" (w)) < 1/k}.

Since r(X,Y) e L(A) whenever X,Y € C(Q,.A), as already mentioned at the beginning of
Definition 2.3} we immediately get that A € A. Note that I 14 = I holds by the definition
of A and the definition of I. Further, we obtain from (A.1)) and the definition of r that

r(I™14,114)=0r(I",I)14 >0 as n - oo.
As every projection p; : C - R is a continuous function, belonging to L(% ), we get that

(A.2) I ' pyol=pio(I14)=lim pro(I™14)el(A), t>0.

Further note that I € C*? holds by definition, i.e., I(w) € C whenever w € . Then we get
from (A.2)) that I € C(2,A) =L(A, €), and then we get that the part (i) is verified.

(ii) The part (ii) can be shown similarly. It is more or less enough to replace L(A, €w)
by L(A), r by Euclidean metric on R and to omit the part around (A.2]). |

Lemma A.8. Let (X™)%, € C(R2, A)N be an absolutely -Cauchy sequence. Then there
erists X € C(Q,A) such that r(X™,X) -0 as n — oo almost surely.

Proof. By Proposition X &f Jlim, X™ € C(,.4). By assumption,
00> Y (XM, X )= E Y r(X™, X" ), therefore so 5 3 r(X ), X)),

neN neN neN

As r is a complete metric, there exists an r-limit Y (w) of the sequence X™(w) for P-
a.e. w € ), and then we immediately get X (w) = Y(w) holds for P-a.e. w € by the
definition of X. O

Corollary A.9. Let X 94 X, then r(X™, X) - 0 almost surely as n — oo.

Proof. By Lemma there exists Y € C(2,.4) such that r(X™,Y) - 0 as n - oo
almost surely. Then we get by the Dominated Convergence Theorem, by the definition
of and by the triangle inequality that (X,Y) < (X™, X)+E[r(X™,Y)] - 0 as
n — oo, i.e., (X,Y) =0 which means that X £ Y. |

Proposition A.10. Metric defined by (2.3) on C(Q,.A) is complete.

Proof. By Proposition[A-4] it is enough to show that every absolutely -Cauchy sequence,
say (X™)e ., is convergent in . By Lemma there exists X € C(,.A) such that
r(X™ X) - 0 as n - oo almost surely. Then we get by the Dominated Convergence
Theorem that (X, X) =E[r(X™,X)] -0 as n - oo. O

Lemma A.11. Let #,9 be filtrations on a probability space (Q, A,P) such that F; ¢
&, te[0,00). Let X € CA(F),Y € CMyoe(9) be such that X TY, then X € CMjoe(.F).
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Proof. As . is a subfiltration of ¢, we get that X € CA(.#) c CA(¥4) and as X £Y ¢
CM,e(%), we have that 0 F D 2f X — Y € CM(¥) € CM;p.(¥). Then also X = D +Y ¢
CMioc(¢) and as CMpe(9) N CA(F) = CMpe(F) holds by Theorem 1.4.3 (a), we get
that also X € CMy,.(F). O

A.2. Simple processes and elementary integration.

Definition A.12. Let (22, 4, P, %) be a filtered probability space. A process H is called
F -simple if there exists an increasing sequence (s, )i, starting from so = 0 tending to
lim,, s, = o0 as n — oo such that H,, € L(.%;,_,) holds for every k ¢ N and that
(A3) H, = ZHskl[sk,1<t§sk]v te [0,00)

keN
The set of .%-simple processes will be denoted as .(.%). Further, let X = (X;);»0 be
a real-valued random process. By

(A4)  fHAX 2 (o HAX) . with $oHAX 9 S Hy, (Xinsy — Xinsp )

keN

t>0

we denote the corresponding simple integral of the process H w.r.t. X. If it is helpful,
we are also allowed to emphasize the time variable in the notation as follows § HdX =
¢ HydX.

Remark A.13. Note that Y 2 § HdX € CA(.%) holds if H € .#(.#) and X € CA(F),

and that [ HdX ZY € CMy,.(:Z) holds if additionally X € CM;,.(.#) and that the same
holds with CM;,. replaced by CS.

A.3. Enriched filtration. Here A° will stand for the complement of a set A and AA B
will stand for the symmetric difference of sets A and B.

Lemma A.14. Let (Q,.A) be a measurable space, N € A be a family of sets closed under
countable unions and containing all A-measurable subsets of its elements and let P be
a sub o-algebra of A. (i) Then Z2vo(N)=D < {DAN;DeP,NeN}.

(i) If X e L(D), then there exists Y € L(2) such that [X #Y ] e N.

(iii) Let (S,&) be a measurable space and F € S ® D, then

(A.5) IFeSG®2 INeN FAFcSxN.

Proof. (i) Since any o-algebra is closed under the symmetric differences, we immediately
get that D ¢ 2 v o(N). Since our assumptions ensure that @ € A N 2, we get that
2 UN ¢ D, and hence the only thing we have to show in order to verify (i) is that D
is a o-algebra. As already stated @ € 2 € D and D is easily shown to be closed under
complements. Indeed, if D € 2 and N € N, then (D A N)°=D°A N €D as D€ 9.
Hence, it is enough to verify that D is closed under countable unions. Let D, € 2, N, e N’
whenever n € N. We will show that also

(A.6) D<f v, D,eD, where D, % D,AN,, neN.

As 9 is a o-algebra containing D,,,n € N, we have that also D Uy Dy e 9. Put
N ¥ DAD. As N, =D,, AD,,neN, we get that A5 N cu’>;N, and as N,, e N, we
get from assumptions on N that also N € N. Thus, (A.6) is verified since we have that

D=D AN, where De % and N e N.

(ii) Since X € L (D), we have that [X < ¢] € D holds whenever ¢ € R, and then from
(i) we get that there exist D. € 2, N, € N such that [X < ¢] & D. = N.,c € Q. Then
N € Ueeg No e N and

y &of (Inf{c eQuwe DC}) q €L(2), where InfA L inf A Ifprar) if ACR.

we

Since also X = Inf{c € @; X < ¢} € L(A), we get that A5 [X # Y] € UeeqN. = N € N,
which by assumptions on A of the lemma ensures that also [X # Y] e V.

def



PROGRESSIVE PROJECTION AND LOG-OPT INVESTMENT 67

(iii) We will just show that S® D ¢ F & {F ¢ G ® D; holds}. If S € & and
D € D, then we have from (i) that D = D A N for some D € 2 and N € N/, and then
FLSxDe&®Z is such that (Sx D) AF = Sx N ¢S x N, which verifies that
F 4f Sx D e F. Since this kind of sets generates the o-algebra & ® D, it remains to show
that F is also a o-algebra. We already have that @ € F. Further, we will show that F is
closed under complements and finally under countable unions. Let F € F, and let F, N
be as in . Then FCe E®D,FCFe6® %P and FFAF =FAFcSxN,ie., FCeF.
Finally, let F,, e 5®D,F, e 5®D,N, e N bes.t. F, AF, €S x N,,neN, then

Fif 2 Fre6eD, F2f U, F,e609, N U, N,eN
and FAFcu®,(F, AF,)cu,SxN, =S x N. Hence, we have that F € F. [l

Lemma A.15. In the context of Notation[2.7, whenever t € [0,00) we have that
(1) F % 777 is equal to
G X {FAN;FeZ NeNIP\={G;IF ¢ F,,F 5 Ge NITY},

(2) ATP N, & (FeFP(F) =0} c #ZP = 4 TP cF,.

(3) Let F, ¥4 be as in and let the filtration 9 be enriched, i.e., let o( N2 F) ¢ 4.
IfCA(9)> X TY e CA(F), then also X € CA(F).

(4) Let X be a filtration on (Q,A,P),keN, X € CA(X)*. Then for each t € [0, 00)

FErP (X eClaN;Ceq),Ne P}, #P={[XeD];DeCix}.

Proof. (1)) Let t € [0,00) be fixed. The first equality follows from Remark and
LemmajA.14 (i) and the second equality from the following simple observation. If A, B,C
are sets, then the following statements are equivalent

(A7) A=BaC, B=AAC, C=AAB.

Since @ € %y, we immediately get from the point that AP c Fy. As stated in
Remark all elements of AP are P-null sets. Hence, we get that ,/Vtg’p c NIPC
No € N; holds whenever t € [0, 00).

Now, let G € My, ie., G € F; is a P-null set. By there exists F' € .%; € ¥, ¢ 9., such
that N < GAFe 4% c4,. Then F=G A N is similarly as G and N a P-null set
and as it is also .Z; € %-measurable, we get that F e 47" ¢ 49 P Since N e #ZP
and AZ® is closed under (countable) unions, we get that also FUN € .A4,%"" and as the
system A.7F contains also %..-measurable subsets of its elements and FUN 2 F A N =
G €Y., we get that also G € 7P,

Since the last relation in has already been shown, it remains to verify that 4P =
NP Since NZFP ¢ o(Fyu NIF) = Fy, we get that each N ¢ AZF is a P-null
set from Fy, which by definition ensures that N € %}-,p c #FP and we have that
NEP c N TP,

On the other hand, let M e 4.7 °P. Then there are M,, € %f’”m such that M = uy> (M,
and by definition there are P-null sets G,, € F, such that M, ¢ G,,. By Lemma
point there are F), € %, and N, € 4" such that G, = F,, A N,,n € Ny. Then
9,2 %, 5 F, =G, AN, is also a P-null set (similarly as G,, and N,,), and we get that
F,e /2P c 2P Since also N, € A2 we have that

Do 2 Foo 3 M c U (FyUN,) e #ZF

which by Remark ensures that also M e AP, Hence A 2" c ¥ TP c 4ZP
Since .% is a subfiltration of ¢ which is already enriched, we get from that also

(A.8) Fo=F77 = Fiva(NEPY G vo(NIP) =4, te]0,00).
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We just have to show that X € A(F), i.e., that [X; < ¢] € F; holds whenever ¢ € [0, 00)
and ceR. Since CA(¥)3 X £Y e CA(F) c CA(¥) by (A.g8), we have by (2] that

N &t X, <c]alVi<e]le /2P cF, e, [Xi<c]l=[Vi<c]ANY eF,.
See point of the lemma and in order to agree that it is enough to show that
(A.9) NP ={[XeD];DeClx}.
If t € [0, 00), we get immediately from the definition that
NP (N=[XeD];Nc[XeCl,Px(C)=0,CeCF Des’}
2{[XeD;6L>DcCeél,Px(C)=0}={[XeD];DeC{*}

and then the “2” relation in (A.9) follows immediately from the definition of CLX and
AXP . On the other hand, let N € A4.XF ¢ ZX then it is of the form

N=[XeD]=U>yN,, where De%r N,es5P

Then there exist P-null sets .Z.X 3 F,, 2 N,,,n € Ny, of the form F,, = [X € C,],C, € €%,
and as 0 = P(F,) = Px(C,), we get that C, € Ct* and that C' ¥ U, C, e Chx c ¢F.
Finally, we get that N = [X e Cn D], where CnD e C5X, as [X e C] = U, F,, 2 U,N,, = N.
Hence, also the “c” relation in is verified. (I

In the next lemma, we will see that the enrichment of a filtration is independent of
a locally equivalent change of measure, and that the measures remain locally equivalent
also after enrichment of the filtration.

Lemma A.16. In the context of Notation[2.7, let P, Q be locally 4 -equivalent probability
measures.
(i) Then N & N IP = 4 2Q F &t FZIP - FF9Q,

(i) The measures P,Q are also locally F-equivalent.
(iii) If X, Y € CA(F) and X =Y holds P-a.s., then also X =Y holds Q-almost surely.

(v) Whenever {X™}2°, c CA(F) is a sequence convergent in the metric , there exists
a process X € CA(F) such that (X™,X) -0 as n — oo.

Proof. (i) If n € N, then P|%, ~ Q|%, holds by assumption, and therefore A,7F = %@,
Then we get that also

NP =29 and FOIP =P o (NP = Fovo( N9 =FSTC 0.

(ii) Let G € F; be such that P(G) = 0, where t € [0, c0). We will show that also Q(G) = 0.
By Lemmapoint , we get that there exist F' € %, N € A.2F such that G = FAN,
ie.,, GAF=N. As N is a P-null set, we get that P(F) = P(G) =0, and as F € %#; and
P|.%, ~ Q|.%;, we get that also Q(F) = 0. By the point (i) A.%9 = 4%P 5 N, and we
get that Q(IN) =0 and then also that Q(G) = Q(F') = 0. From the symmetry between P
and @), we obtain that these measures are really locally F-equivalent.

(iii) Let ¢t € [0,00). By assumption N; & [X; # Y;] € F; is a P-null set and as
P|F: ~ Q|F; holds by the point (ii), we get that Q(N;) = 0. Then we get from the
continuity of X —Y that also Q(X #Y) =0.

(iv) First, we may assume that (X )2, is an absolutely -Cauchy sequence as other-
wise we replace it by a suitable subsequence and use triangle inequality in the end. Then
we have that

00> Y, (XM X D) Epy r(X™, XY > Epy, 277 A |X™ - XU D) keN.



PROGRESSIVE PROJECTION AND LOG-OPT INVESTMENT 69

Hence, Ny 2 [3,, [ X - X+ V|¥ = 0] € F}, is a P-null set and then Ny € Ny, ¢ A7 ¢ F,
holds by Lemma point whenever k € N. Then

X 2 Jim X®W1g\y € CA(F), where N 2 U2, Ny e 07 c 7.

Obviously, P(N) = 0 and it ensures that 7(X™, X) - 0 a.s. and hence also (X™, X) - 0
as n — oo by the Dominated Convergence Theorem. ([l

Corollary A.17. Let F be an enriched filtration. (i) If X € CS(F), then there exists
a non-decreasing process K € CA(FX) c CA(F) starting from H# =0 s.t. # Z (X).

(ii) Let X € CS(F) and H € L(M(F)) be such that the following Ité stochastic integral
is well defined Y << [ HAX. If G is an enriched subfiltration of F such that X € CA(G)

and H € L(M(G)), then there exists Z € CA(G) such that Z ZY.

Remark A.18. Note that if X,Y, H are as in (ii) of the corollary, then [ H™ dX ~ Y as

n — oo holds with H™ 9<f H1p <, in general, and in case when H, H" e L(M(F)),n €

N, are equally bounded, it is enough that Ht(") — H; as n — oo holds for almost every

t€[0,00).

Proof of Corollary[A17 (i) Put S™ 2<f {s{"}2 | where s{” 2 k27", By Theorem (1.8)

in [24, Chapter IV]

(A10)  [(X)-VO(X;8M); 50, where VO(X;57) = (X, o0~ X,, .0 )>,
k=1 k k-1:

as n — oo,t € [0,00). From (A.10) and Remark [2.4] we get that
lim  ((X),V?(X;8%)) =0
and since V@ (X;5™) € CA(FX) ¢ CA(F¥) holds whenever n € N, we get from the
point (iv) of the previous lemma that there exists K € CA(FX) starting from Ko £ 0
s.t. ICy T (X)) if t € [0, 00). Further, we get from the last equality in Lemma that
AN T = H X e FF, te[0,00),
as K e CA(F¥X), and whenever 0 < s <t < oo we get that
No 9 [Kp # 0] e M e M X c FE, Noy 2 [Ky > K] e 4 e X c FF.
Then (X) £ # 2f Klg n € CA(FY) is a non-decreasing process starting from % = 0,
where
N 2 [Kp#0,30<s<t <00 Ky >Ky]=NoUUgesscreqNs s € Aok € F.
(ii) First, we define certain maps

R R) 2 R Aggeny, KUV (R) 2 (0 gy hsds) pgs 7 (R) S N ke Lk e

>0’
and their composition k(%) def () o () o k7] which is obviously well defined on
L (%o ). Since

[l (HYdX > Y, [kM(M)dX > [MdX, §x™(N)dX > [NdX

in as n — oo holds by Remark whenever N € CA(F), M e L(M(F)) are bounded
processes, we get that there exists a sequence (n;, ki, 7:)52, € NV3 such that

Y@ def fikid)([)dX -V in  asi-— oo.
Note that x("*iJi)(H) € .#(G) holds as H € L(M(G)) and that X € CA(G) holds by

assumption. Then we get from Remark that also Y@ e CA(G) and then from
Lemma (iv) that there exists CA(G)> Z F lim; YO £Y ¥ [ HdX. O
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Further, (X) will stand for the ¥ -adapted version of (X as mentioned in Notation

Lemma A.19. Let 2 be a filtration on a set D and let f € A(D). Then (i)
(A.11)

f) def (Z;ioszw1[kst2n<k+1])t20 eL(M(2)), neN, y<I 37}31(310“") eL(M(2)),
(ii) z e L(M(2)), where
(A.12) zi(x) = 3 lim n[y(2) = Y-1/n)-(x)], €D, te[0,00).

Proof. (i) By Proposition it is enough to verify the first relation in (A.11)) as follows

{(u,z) € [0,t] x D; £V (x) < c} = U U,g? x {x € D; fra-—n(x) <} € By ® Dy,
ke[0,27t]nZ

(ii) If we use Proposition again, we get that the only tQﬁi,nénwe have to verify is that
(A.13) Y9 (30, Yuso € LIM(2)), s € [0, 00),

i.e., to show that

(A.14) B <’ {(u,z) € [0,t]xD;ylN(z) <cl e B ® Dy, s,t€[0,00), ceR.

If s > ¢, then B=[0,t] x {z e D;yo(x) <c} € B ® Doy S Br ® D;. Let s,t, ¢ from (A.14)) be
such that s <t. If D is a o-algebra on D, it is easy to verify that the sets D € Z;,_ ® D
satisfying

(A.15) De% @D = DY 2 {(y,z)e[0,00)xD;((u-s)*,z)eD}e B ®D

c € R, where U,Ez) def L e [0,t];k <u2” <k+1} =[0,t] n[£, kL),

form a o-algebra which contains a generator of %;_; ® D. Indeed, if D = [0,7] x D, where
re[0,t-s] and D € D, then DI*) = [0,7 + 5] x D € %,.,s ® D € %, ® D. Hence, we get that
(A.15) holds whenever D is a o-algebra on D. By (i), we get that

D <= {(u,x) € [0,t = s] x D;yu(x) <c} € B s ® ;s

and then by (A.141|A.15)) that B = {(u, ) € [0,t] x D;y(y_s)+(x) <c} =D e B, @ Z,_, €
B ® Dy O

A.4. Additional parameter.

Lemma A.20. Let % be a filtration, D be a o-algebra, then CA(F®D) c L(M(.F)®D).

Proof. 1. First, we will show that (F @ D) c L(M(F) ® D). Let s € [0, 00) be fixed.
(a) We will show that

(A.16) Fs L {Pe F,0D;(5,00)xPe M(F)®D} =F,®D.

Obviously, §s is a o-algebra, and therefore in order to verify that (A.16)) holds, it is
sufficient to show that it contains the sets of type F' x D, where F € %4 and D € D. If
F e %, then F & (5,00) x F € M(.%) holds as

] ift<s

[FﬂQt:((s’oo)n[O’tDXF:{(Sat]XF ifs<t

}E%t@)yt, tE[0,00),

and hence we get that (s,00)x FxD =F x D € M(%)®D, which verifies that F'x D € §,
holds whenever D € D. As mentioned above, this gives the equality in (A.16]).

(b) Now, we will show that
(A.17) X, L A{X eL(F,0D); (X 1[ser])ts0 ELM(F) ® D)} = L(Fs ® D).
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Obviously, X is a linear set closed under pointwise convergence, and hence in order to
verify the equality in (A.17)), it is sufficient to show that

(A.18) 1p € X5 holds whenever ®¢.%,®D.

Let X =1¢ and ® € .#,®D. Then we get by the first step of the proof that ® € #,®D = §;
and then we get from the definition of §, that
(X 1[s<t])t20 = l(s,oo)xfb € I]—(M(’g) ®D)
Hence, we have shown ((A.18) and as mentioned above, we obtain (A.17)).
(c) Let H € /(F ® D), then there exists an increasing sequence (s,)5, € [0, 00)N
starting from sg = 0 and tending to infinity, and a sequence Y,, € L(.%;, ® D),n € Ny, s.t.
(A.19) H=y2, X", where X" =(Y,1[5, )0

By point (b) of this proof, Y,, € L(Z;, ® D) = X;, which means that X™ e L(M(Z)®D)
holds whenever n € N. As the sum of measurable random variables is again measurable,
we get that also H € L(M(%#) ® D). Hence, we have that /(% @ D) < L(M(F) ® D)
holds.

2. Finally, if H e CA(.% ® D), then there are H™ ¢ #(F ®D) cL(M(F)®D),n €N,
tending to H — Hy pointwise, and we get that also H— Hy € L(M(.%)®D). For a suitable
choice of (H™)%, see for example (4.24) with X replaced by H — Hy.

Hence, it remains to show that Hy : (t,w,y) » Ho(w,y) is in L(M(F) ® D), i.e.,
that Hy'(-o0,¢) = [0,00) x Hy'(~00,c) € M(F) ® D holds whenever ¢ € R. Since H €
CA(Z ® D), we have that Hy € L(.%y ® D) which gives that

{0} x Hy' (~00,¢) € Bo® Fo®@D S M(F)®D, ceR.
Then it is enough to verify that (0, 00) x Hy!(~00,¢) € M(F) ®D, but this follows from
Hy'(=00,c) € Zy® D = o, see (A.16). O
Lemma A.21. Let & = (F;)s0 be a filtration on (2, A,P) and let (D, D) be a measur-
able space. (i) Then M(F) @D c M(F D).
(it) If H e L(M(F ®D)), then there exists H € L(M(F)®D) such that /Oool[Hﬁﬁt]dt =0
and
(A.20) VweQ,yeD H(w,y)eC = H(w,y)eC.

(iii) Let X : Qoo x D = R and 7 be an .7 -stopping time such that H < (X¢1pcr))es0 €
L(M(F ® D)), then there exists Z : Qx D - R such that

(A.21) X 2 (Xilper) + Z1[r<))iz0 € LIM(Z ® D))
and that (A20) holds with (H, H) replaced by (X, X).

Proof. (i) It is enough to show that F x D € M(.% ® D) holds whenever F € M(.%) and
D eD. Let F, D be as above. Then FnQ; € Z; ® F; holds if t € [0,00) and we get that

{(s,w,y) eFxD;s<t}=(FnQy)xDeB,® F 0D, te[0,00),
which verifies that F x D €e M(Z @ D).
(ii) Note that arctan(H) € L(M(Z ® D)) is bounded. We get from Lemma [A.20] that
(A.22) H <t [ arctan(H;)dt € CA(F @ D) c L(M(F) ® D).
Note that [H; — Hs| < 5|t - s| holds if s # ¢ are from [0, c0). Then we get from Proposi-
tion (ii) that
(A.23) H % 3lim tan(n[Hs — His1/n)+]) € L(M(F) ® D)

n—oco

and we have that H, = tan(H}) = H, for almost every ¢ >0 and (A.20)) clearly holds.
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(iii) Let H be as in (A.22) and H as in (A.23)). Then we use (i) in order to conclude
that
Z¥<H el(G), where G Z®D, andwhere 2 (7(w))(wy)eann-

It follows from the definition of Z that (A.20) holds with (H, H) replaced by (X, X),
and hence it remains to verify (A.21)). As Z € L(G ), we get that

U 9 L(w,y) eQxD; Z(w,y) <c,7(w) <ty eGy =7 ®D, te[0,00),ceR,
ie., [Uic) 22110, ¢] xUt(C) € #:®G:. As s a G-stopping time, 1t = (1 ¢])t0 € A(G), where
T2 {(t,w,y) € Qoo x Dit < (w,9)} = {(t,w) € Qoojt <7(w)} x D,

and since the process 1y is also right-continuous, it is G-progressive, ie., T € M(G) =
M(.Z ® D). Then we obtain (A.21) from the definition of X as follows

{9 eUxD;X(,y)<ch=({( ,9) eQxDiH( ,y)<e}nT)u(UNT) e B, @G,
te[0,00),ceR, since H = (X¢lper])tz0 € LIM(F ©D)) = L(M(G)) by assumption. [

Remark A.22. In the proof of the subsequent lemma, we will need the following simple
observation. Let (D,D) be a measurable space, X : Q - D and let (Cy)4eq € D2 be
a family of D-measurable sets. Put R(z) <= xl,r) if x € [-o00, 00], then

Rofel(D), where f(y) ¥ inf{geQ;yeC,}e[-00,00], yeD,
and [¢ < f(X)] € [X ¢ Cy] and [f(X) < q] € Ucegn(-o0,q)[X € Cc] whenever ¢ € Q.

Lemma A.23. Let X be a filtration on (Q,A,P) and X € CA(X)* ke N. (i) If Z ¢
L(M(FXXPY)), then there exist z e L(M(€"*)) and N € /.2 such that

(A.24) 0=1o\wfo L[z, 42, x))dt.

(ii) If (S, &) is a measurable space and Z € L(M(F**P)@&), then there exist N e NX P
and z e L(M(€*) ® &) such that (A.24) holds with z;(X) % z,(X,s)ses.

Proof. (i,a) Let Z € L(M(F*X*P)) first attain values within [-n,n], where n € N is
fixed. Then

(A.25) W &t [Z,dt e CA(FSP)  and 0= [[7|W] - Zy|dt.

Then we use Lemma in order to get that for each ¢ € [0,00) and ¢ € R, there
exist O e €F and N e 4,2 such that [W; < c] = [X € C”] & N{”. By Remark

(A26) F % %o fyeL(€)), where f, % (inf{geQiy e L))

yeCk?’

(A.27) (Wi < fi(X)] =2 [We<e< fi(X)] €U [Wi<e, X ¢ Cf7] € Ny 2 U N©,

ceQ ceQ
(A.28) [We> fu(X)] =0, (Wi > g > fu(X)] € U [Wy 2 ¢, X € C e Ny e NP,

Since F 4f (F})s0 € A(€F), we get from Lemma that there exists y € L(M(€*)) ¢
A(€*) such that (A-T1)) holds with f replaced by F. As W has continuous trajectories,
we get that

(A29) [W=#y(X)] € o+ [(We # Fo(X)] quEJQ+[Wq # f(X)]eN d=equEJQ+Nq e NP
Further, consider z € L(M(%")) from (A.12)) in Lemma (i) with D 2 C*. Then
(A.30) (W =y(X), W} = Z,] € [2(X) = y;(X) = Z4], 1€ (0, 00),

and we get (A.24) from (A.25)A.29|fA.30).
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(i,b) For n e N, put 20 2 Z15.1 € L(M(FX*P)). By step (i,a) there exist 2 e
L(M(%*)) and N™ e A% P such that (A.24) holds with (z, N) replaced by (z, N™).
Then

N &f 2 N®e /%P and  z % 3 lim 2z e L(M(E")),

(see Proposition [A.7)) satisfy (A.24) as
1Q\Nf0°o1[zt,+.zt(X)]dt < Z 1Q\N(”)joool[zt(")ng")(x)]dt =0.

(ii) The exact proof of (ii) would be very similar to the proof of (i) and for this reason,
we only suggest what should be changed hoping that the reader will be able to modify
the proof of (i) carefully in order to obtain the correct proof of (ii). First, replace
FXAP by FXXP @& at the beginning of the proof until (A.25). Then instead of using
Lemma in case (i), we recommend to use Lemma (iii) in order to get that

A.31 Vie[0,00) VeeR IFY e ZX @GS IN e H 5P
t t t oo
(A.32) {(w,s) €QxS;Wi(w,s) <c} AF? c N xS.

Then we obtain from Lemma that there are C{” e €} ® & s.t. F¥ = (X @ 15)71C?,
ceR,te[0,00). Further, as in (A.26) we obtain f, F, but this time with F e A(¢* ® &),
and similarly as in (A.27JA.28]), we obtain that

(A.33)  {(w,s) € QxS;Wi(w,s) # fi(X(w),s)} € Nt xS, Ny 2 g N e AP

Note that the relation in (A.33)) on the left can be also read as follows [W; # f;(X)] € N;.
Then by Lemma there exist
yeLM(E*®6))cA(6"®6) and zelL(M(€"®6))

such that (A.29)) holds in the sense of the notation mentioned just below (A.33). Then the
part of (a) from (A.30) can remain as it is in (i). If z ¢ L(M(%*) ® &), use Lemma
in order to obtain z € L(M(%*) ® &) such that [, 1[,.3,)dt = 0. The process z can
obviously play the role of z from the statement of the lemma in part (ii). (b) We leave
modifying of the point (i,b) in order to get the point (ii,b) of the proof to the reader as
we believe that it is straightforward. (I

Lemma A.24. Let (D,D) be a measurable space. (i) Let g,h be €% and €* ® D-
progressive processes, respectively, i.e., g € L(M(E*)),h e LIM(E* ® D)), and let X €
CA(F)* k eN, then

(A.34) G &f g(X) ! (gt(X))t20 eL(M(F)), H X (h(X,y)) ,eL(M(F®D)).

In particular, whenever p € [1,00), we have that H e MP(Z ®D) if h e MP(€*®D) and
that G e MP(F) if g e MP(€*). (i) If even h € L(M(E*)eD), then H e L(M(F)®D).
(iii) The points (i,i1) of the lemma hold also with € replaced by € if X attains values in
(0,00). (iv) If he L(M(/)® D), and X € A(F, o), where & is a filtration, then

H % (h(X,y)),p € LM(F) ® D).

yeD

Proof. (i) Let h e L(M(€*®D)). Then h|; 2 (hy) <t € L(B: @€} ®D) holds if t € [0, 00).
Since T[o € L(%:, %), 1p € L(D,D) and X € L(F, %F) if t € [0,00), we get from
Lemma [A-1] that

X L 1 geXolpel(% 0.7 0D,% 8% D), te[0, ).
Hence, we finally get that H|, < (Hy)s<t = hlio X|; € L(%: ® F: ® D) whenever t € [0, 00),
which verifies that H € L(M(# ® D)). The property in (A.34) on the left can be

obtained similarly, and then the next part can be verified easily from the definition of

MP (€% @ D), MP(EF).
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(i) This is a special case of (iv) with o7 4 €% since CA(F)F = A(F,€").
(iv) 1. First, we will show that f(X) 22f (fs(X))ss0 € L(M(F)) holds whenever
felL(M(&)) attains values in {0,1}. Put C 2=f f~1{1} e L(M(=7)), then
Cli & {(s,2)eC;s<t} e Br® o, tel0,00).

Since X € A(F, o) € L(Fy, o), we get from Lemmathat 100X e L(%#:0.F, B ®
), and then {(s,w) € Q; fo(X(w)) = 1} = (1101 © X) 1 (C|s) € L(Z: ® F), t € [0, 00),
which verifies that f(X) € L(M(%)).

2. Again from Lemma [A.1] we obtain that H = f(X)®1p e L(M(F)®D),D € D.
3. By point 2, 2 ¢f {C x D;C ¢ M(&), D € D} is a subset of the following set

2 D e M(o/) & D; (1n(X,y))yen € L(M(F) ® D)},

which is obviously a c-algebra. Hence, also the o-hull of & is a subset of 2", which
means that 2" = M (&) ® D. Hence, we have shown (iv) for h attaining values in {0,1}
and the extension of this result to all h e L(M(2/) ® D) is left to the reader. (iii) Just
replace € by % in the proof. O

A.5. Enriched filtration continued.

Lemma A.25. Let F be an enriched filtration, L, X € CS(F) and Y € L(Fp) be s.t.
(A.35) X, EY + [{XdL, te[0,00).

Then Xy £ Y exp{L; - Lo — $(L):},t € [0, 00).

Proof. Put R %' X exp{-L + Lo + 3 (L)} and use the Ito rule in order to obtain that its
paths are constant almost surely. Then we get that B, = Ry = Y,t € [0, c0). O

Proposition A.26 (Lévy Characterization Theorem). Let L € CMjo(F)",n € N. If
Lo =0 and (LY); £t-1,,t €[0,00), then L is an n-dimensional standard .F -Brownian
motion.

Proof. Let (2, A,P) be the underlying probability space. Then we get that
L e CMyo.(F)" € CMye(F)"

by Theorem 1.4.3 (c¢) in [I0, part III], where F < (F; v {A € A;P(A) € {0,1}})0-
Then we are allowed to use the Lévy Characterization Theorem (3.6) in [24, Chapter
IV] in order to conclude that L is a standard n-dimensional F-Brownian motion, but as
L € CMypc(F)" € CA(F)™, we get from the definition of a standard Brownian motion,
for example, that the same holds with F replaced by a weaker filtration .%. O

Lemma A.27. Let F be a filtration and let L € CMyoo(.F) start from Lo = 0. If (L) is
an integrable process, then L € CM(.F).

Proof. If %, contains all null sets from %, then it follows from Corollary (1.25) [24]
Chapter IV]. If this is not the case, we consider another filtration, say F, as in the proof
of Proposition in order to get that L € CMj,.(F#) € CMyo.(F) ensuring by the first
step of the proof and by assumption that L €e CM(F)nCA(.%) = CM(.%). Note that the
last “c” and “=" here follow from Theorems 1.2.9 and 1.4.3 in [I0, part III] which give
us the conditions for the stability of (local) martingale property. ([

Lemma A.28. Let F be an enriched filtration, let X € CMoc(F) and let H € M3 (F)
hold with K % (X)) € Clo(F), then there exists Y € CMyoc(F) such that Y £ [ HdX.
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Proof. 1If the filtration F satisfies the usual conditions, then the statement follows from
Proposition 3.2.24 in [I9]. Otherwise, let G be the smallest super-filtration of F satisfying
the usual conditions, i.e., we put G; 2 F;, v {A e A;P(A) € {0,1}},2 €[0,00). Then we
get that X € CMjoc(F) € CMjoc(G) holds by Theorem 1.4.3 (b,c) in [I0, part III] and
obviously also H € M2%(F) ¢ M%(G). Then as stated at the beginning of the proof,
there exists Z € CM,.(G) such that Z £ [ HdX. Since X € CA(F) and H e M*(F) ¢
L(M(F)) hold by assumption, we get from Corollary |A.17|that there exists Y € CA(F)
such that Y £ Z % [ HdX. Then we get from Lemma & that Y € CMjpe(F). O

Remark A.29. Later on, we will use the so called Continuity Theorem on continuous
local martingales. It can be found as Theorem 1.7.7 in [I0, part III], where the complete
filtration is assumed and it can be reformulated in the view of Remark [2.4] in terms of
convergence in metric  denoted as ~ as follows. If M™ M € CMj,.(F),n € N, start
from Mé”) £ My %0, then

(A.36) M®™ ~ M if and only if (M™ - M)~0, n - oco.

Note that the assumption that the underlying probability space is complete is not es-

sential here, and therefore it can be simply omitted as we will do. We will also use the
following simple consequence of (A.36). Under the same assumptions, we have that

(A37) MW ~M = [(M")~ (M), (M™,N)~(M,N), NeCMy.(F)],
since [(M®™ — M, N)[# < ((M™ - M), - (N);)*/? and

(M) = (M)[7 < f((M™ = M), (M)),  where  f(2,y) © 2 +2/zy.
Finally note that obviously holds also with M =0 and with n replaced by (n,?)
giving that
(A38) MO &L A0 MO o iff (MY - MOYE(M™D) 0, n,i-> oo,
which help us characterize a -Cauchy sequence of continuous local F-martingales start-

ing from zero in terms of quadratic variation.

Remark A.30 (On convergence of local martingales). Note that a process M € CA(F) is
in CMy.(F) if and only if R.(M) € CM(F) holds for every c € (0, 00), where

Re(2) & (Teare — 0)is0,  where 77 < inf{t € [0, 00); |z — 20 2 c}.

Then it easily follows from Theorem 1 in [§] that
(A.39) CMyoe(F) 2 M™ 5 M e CA(F) = M e CMy,o(F).

In order to clarify the convergence of local martingales completely, it is helpful to mention
Theorem 3 from the same paper which states that M e €(R.) almost surely if M is
a local martingale and c € (0, c0), where €(R,) stands for the points of continuity of R..
In particular and with the use of , we have that

CM(F) 3 R (M™) B R (M), n—oo, ce(0,00),

if the assumption of (A.39)) is satisfied. Then we easily get from the Dominated Conver-
gence Theorem and the definition of a martingale that ®.(M) € CM(F),c € (0, 00), i.e.,
that M € CMj,.(F) again, but this time the conclusion is perhaps clearer.

Lemma A.31. Let F be an enriched filtration and let M € CMyo.(F)* and H e L(M(F))E
k € N, satisfy the condition in (2.12) on the right. Then the integral in (2.12) on
the left is well defined and there exists L € CMjoo(F) s.t. L = fHTdM. Further,

(L,N)Z [H'AM,N) if N e CMy,.(F). Moreover, if G e L(M(F))*, then
(A40) [Jtr{GGA(M)} < oo, te[0,00) = (fH'AM, [GAM)E [tr{GH d(M))}.
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Proof. We get from Lemma that there are L™ € CMjo.(F) such that L™ ¥
[1[HTHSn]HTdM, n € N. Note that if the condition in on the right holds, then
(L™ - LY ~ 0 as i,n — oo, which by means that (L)%, is a -Cauchy se-
quence and since is a complete metric by Proposition we get that the integral
[ H'dM is well defined by (2.12). Further, we get from Lemma (iv) that there
exists L € CA(F) such that

(A.41) LT -lim L™ % [H dM.

n— oo

We can then find a subsequence of (L)%, converging to L in absolutely, which means
by Corollarythat we have convergence almost surely in for such a subsequence,
and since L € CA(F) is a limit of local martingales almost surely, we get that from
Remark that L € CMjoe(F). Let N € CMjoc(F). It follows from Remark that

(A.42) (L,N)Z -lim (L™, N) Er-lim [ gy, H dM,N)E [ HdM,N).

Let G € L(M(F))" satisfy the property in (A40) on the left. By the already proved

part of the statement, there exists N € CMoe(F) s.t. N £ [G'dM and (N,M®) =
[G'A(M, MD),i <k, hold together with (A-42). Then

(LN)E [HAMN)E [H{A(M) G} = [tr{GH A(M))}.
O

Corollary A.32. Let F be an enriched filtration, k € N, M € CMoo(F)* and H €
L(M(F))ek. 1f jottr{HTHd((M))} < o0,t €[0,00), then there exists L € CMoo(F)F s.1.

LE [HAM % (f1,,,HAM),, and ((fHIM)E [{HI(M)H }.
Moreover, if G e L(M(F))** is such that fottr{GTG ALY} < oo, t € [0, 00), then
(A.43) [GdALZE [GHAM.
Proof. The first part of the statement follows from Lemma Further, we get that
Jotr{(GHY'GHA(MN} = [Jte{GGHA(MNH"} = [(1r{G'GA(L)} < o0, te[0,00),
which verifies that also the integral in (A.43)) on the right is well defined. The one

on the left is well defined by the assumption that fottr{GTGd((L))} $ oot e [0,00).
By Lemmathere are N, R € CM,(F) s.t. NZ [GdL and RE [ GHAM and that

(A44) (N,R)Z [GA(L,R)E [GHA(M,R) = [tr{(GH) GHA{(M)} = (R) = (N).

From (A"44)) we get that the difference D 2 N — R € CM,.(F) has (D) £0. As Dy £0
holds by the definition of D, R, N, we get from Remark that D £0, i.e., that N T R
which verifies (A.43)). O
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