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I. S. STAMATIOU AND N. HALIDIAS

CONVERGENCE RATES OF THE SEMI-DISCRETE METHOD FOR
STOCHASTIC DIFFERENTIAL EQUATIONS

We study the convergence rates of the semi-discrete (SD) method originally proposed
in Halidias (2012), Semi-discrete approximations for stochastic differential equations
and applications, International Journal of Computer Mathematics, 89(6). The SD
numerical method was originally designed mainly to reproduce qualitative properties
of nonlinear stochastic differential equations (SDEs). The strong convergence prop-
erty of the SD method has been proved, but except for certain classes of SDEs, the
order of the method was not studied. We study the order of £2-convergence and
show that it can be arbitrarily close to 1/2. The theoretical findings are supported
by numerical experiments.

1. INTRODUCTION

We are interested in the following class of scalar stochastic differential equations

(SDEs),
(1) dxry = a(t,xt)dt+b(t,xt)th, te [O,T],

where a,b: [0,7] x R — R are measurable functions such that (1) has a unique solution
and o is independent of all {W;};>0. SDE (1) has non-autonomous coefficients, i.e.
a(t,x),b(t,x) depend explicitly on t. SDEs of the type (1), apart from certain cases, c.f
[15], do not have explicit solutions. Therefore the need for numerical approximations for
simulations of the paths z;(w) is apparent. We are interested in strong approximations
(mean-square) of (1), in the case of nonlinear drift and diffusion coefficients. In the same
time we want to reproduce some qualitative properties of the solution process such as
domain preservation.

In this direction, we study the semi-discrete (SD) method originally proposed in [3]
and further investigated in [7], [4], [5], [6], [8] and recently in [21] and [22]. The main
idea behind the semi-discrete method is freezing on each subinterval appropriate parts
of the drift and diffusion coefficients of the solution at the beginning of the subinterval
so as to obtain explicitly solved SDEs. Of course the way of freezing (discretization) is
not unique.

The SD method is a fixed-time step explicit numerical method which strongly con-
verges to the exact solution and also preserves the domain of the solution; if for instance
the solution process z; is nonnegative then the approximation process y; is also nonneg-
ative.

Our main goal is to establish the £2-convergence of the SD method and show that it
can be arbitrarily close to 1/2.

Explicit fixed-step Euler methods fail to strongly converge to solutions of (1) when the
drift or diffusion coefficient grows superlinearly [11, Theorem 1]. Tamed Euler methods
were proposed to overcome the aforementioned problem, cf. [10, (4)], [23, (3.1)], [20] and
references therein; nevertheless in general they fail to preserve positivity. We also mention
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the method presented in [19] where they use the Lamperti-type transformation to remove
the nonlinearity from the diffusion to the drift part of the SDE. Moreover, adaptive time-
stepping strategies applied to explicit Euler method are an alternative way to address
the problem and there is an ongoing research on that approach, see [2], [13] and [14].
Our approach is motivated by the truncated Euler-Maruyama method, see [17], [18]. At
this point, we would like to refer to a different approach in solving stochastic differential
equations where the main idea is to reduce, even eliminate in cases, the systematic error
that appears in the computation of the mean value of a function of the solution of the
SDE, c.f. the recent work [1] or [24].

The outline of the article is the following. In Section 2 we present the setting and the
assumptions, Section 3 includes among other results our main result, that is Theorem 3.1,
with their proofs. Section 4 provides a numerical illustration and Section 5 concluding
remarks.

2. SETTING AND ASSUMPTIONS

Throughout, let T > 0 and (Q,F, {F:}o<i<7,P) be a complete probability space,
meaning that the filtration {F;}o<;<7 satisfies the usual conditions, i.e. is right contin-
uous and Fy includes all P-null sets. Let W, : [0,7] x @ — R be a one-dimensional
Wiener process adapted to the filtration {F; }o<i<7. Consider SDE (1), which we rewrite
here in its integral form

t t
(2) Ty = g —|—/ a(s,zs)ds +/ b(s,zs)dWs, t€]0,T],
0 0

which admits a unique strong solution. In particular, we assume the existence of a
predictable stochastic process z : [0, 7] x 2 — R such that ([16, Def. 2.1]),
{a(tv Q37&)} € ‘Cl([oa T]7 R), {b(ta xt)} € ‘62([0) T]a R)

and
t t
P [ajt =0 +/ a(s,xs)ds +/ b(s,xs)dWs] =1, foreverytel0,T].
0 0

Assumption 2.1. Let f(s,r,z,y),9(s,7,7,9) : [0,T]? x R? — R be such that
f(s,8,@,2) = a(s,x),9(s,s,z,2) = b(s, ),

where f, g satisfy the following condition (¢ = f, g)
[G(s1,71,21,41) — @52, 72, T2, 92)| < CR(|51 = so| +[r1 = ra| + o1 — 22| + 11 *y2|)

for any R > 0 such that |z1| V |z2| V |y1| V |y2| < R, where the quantity Cr depends on
R and z V y denotes the maximum of z,y.

Let us now recall the SD scheme. Consider the equidistant partition 0 = ¢y < t; <
. <ty =T and A =T/N. We assume that for every n < N — 1, the following SDE

t t
(3) Yt = Yt, + / f(tYu Szytnays)ds =+ / g(tnv Svytn7y8)dW87 te (tn’tn-‘rl}?
tn t

n

with yg = x¢ a.s., has a unique strong solution.

In order to compare with the exact solution x;, which is a continuous time process,
we consider the following interpolation process of the semi-discrete approximation, in a
compact form,

t t
(4) Yt = Yo +/ f(§,s,y§7ys)d8+/ 9(8,5,y3,ys) AW,
0 0
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where § = t,, when s € [tp,t,+1). Process (4) has jumps at nodes t,,. The first and third
variable in f, g denote the discretized part of the original SDE. We observe from (4) that
in order to solve for y;, we have to solve an SDE and not an algebraic equation, thus
in this context, we cannot reproduce implicit schemes, but we can reproduce the Euler
scheme if we choose f(s,r,2,y) = a(s,x) and g(s,r, x,y) = b(s, z).

In the case of superlinear coefficients the numerical scheme (4) converges to the true
solution z; of SDE (2) and this is stated in the following, cf. [7],

Theorem 2.1 (Strong convergence). Suppose Assumption 2.1 holds and (8) has a unique
strong solution for every n < N — 1, where xo € LP(2,R). Let also

E( sup |z:|?) VE( sup |y:]?) < A,
0<t<T 0<t<T

for some p > 2 and A > 0. Then the semi-discrete numerical scheme (4) converges to
the true solution of (2) in the L?-sense, that is

(5) lim E sup |y; — 2¢]* = 0.
A=0  o<¢<T

Relation (5) does not reveal the order of convergence. We choose a strictly increasing
function p : Ry — R such that for every s,r < T
(6) Sup (If(s,rz ) Vig(s,rzy)l) < plw) A +yl),  w=>1
z|<u

The inverse function of u, denoted by !, maps [1(1), 00) to R,.. Moreover, we choose

a strictly decreasing function & : (0,1] — [u(1), 00) and a constant & > 1V (1) such that

(7) Alimoh(A) =00 and AYSh(A)<h forevery A e (0,1].
o

Now, we are ready to define the truncated versions of f,g. Let A € (0,1] and fa, ga
defined by

_ T

0 i) 1= (sl A= (D) S
for z,y € R where we set z/|z| = 0 when = 0.

It follows that the truncated functions fa, ga are bounded in the following way for a
given step-size 0 < A <1,

[fals,ra,y)| Vlgals,ma,y)l < p(p™ (A(A))) (L +[y])

(9) < h(A) L+ [y]),
for all z,y € R.

For the equidistant partition of [0, 7] with A < 1 consider now the following SDE

t t
(10) ytA=yﬁ+/ fa(tn,s,yﬁyy?)dﬂ/ 9a(tn, s, yr Y )dWs,  t € (tn, tuia),
tn t

n

with yo = o a.s. We assume that (10) admits a unique strong solution for every n < N—1
and rewrite it in compact form,

t t
(11) Y2 = yo + / Fa(6, s,y y2)ds + / ga (3.5, y>)dW,.
0 0

Assumption 2.2. Let the truncated versions fa(s,r,x,y),ga(s,r,x,y) of f,g satisfy
the following condition (¢a = fa,ga)

|pa (51,71, 21,y1) — Pa(s2,72, T2, 92)| < h(A)(\«ﬁ — So| + |11 — 72|+ w1 — 22| + |11 —y2|)
for all 0 < A <1 and 21, 22,91, y2 € R, where h(A) is as in (7).
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Let us also assume that the coefficients a(t, ), b(t, z) of the original SDE satisfy the
Khasminskii-type condition.

Assumption 2.3. We assume the existence of constants p > 2 and Cx > 0 such that
xo € LP(,R) and

-1
zalt,z) + pr(t,x)2 < Ox(1+ |z[?)
for all (¢,2) € [0,T] x R.

A well-known result follows (see e.g. [16]) when the SDE (2) satisfies the local Lipschitz
condition plus the Khasminskii-type condition.

Lemma 2.1. Under Assumptions 2.1 (for the coefficients a(t,z),b(t,x)) and 2.3 the
SDE (2) has a unique global solution and for all T > 0, there exists a constant A > 0
such that

sup E|z;|P < A.
0<t<T

3. MAIN RESULTS

In this section we provide the proof of our main result Theorem 3.1. We split the
proof is two steps. First, we prove a general estimate of the error of the SD method for
any p > 0. Then, we establish the £2-convergence (14). We denote the indicator function
of a set A by 4. The quantity C' may vary from line to line but it remains independent
of the step-size A.

For ease of notation in the following we will avoid the superscript A of the approxi-
mation process and simply write (y;).

Let us define the following stopping time for the solution process (y2),

(12) pa,r = inf{t € [0,7] : [yi*| > R or |y7'| > R}.

Lemma 3.1 (Error bound for the semi-discrete scheme). Let Assumptions 2.1 and 2.2
hold. Let R > 1, and pa.r as in (12). Then the following estimate holds

Elysnpan — Ysrpanl’ < C(AY2R(A)R)?,
for any p > 0, where C' does not depend on A.

Proof of Lemma 3.1. We fix a p > 2. Let ng integer such that s € [ty,_,tn,+1). It holds
that

A SAPAR SAPA.R P
‘ys/\pA’R - ySA/p—;R IP = fA(a7ua yﬁ7yu)du+ / gA<’ll,U7 y'&7yu)qu
t”sW,R t“'sm,R
. SApa,R P "1 SAPALR ’
< 2P~ / fA(ﬁ7U7ya,yu)du + 2P~ / gA(ﬁvuvyﬁvyu)qu
tnsm,R tnsﬂZ,R
. . SAPA,R .
<27 s Apar =ty 7o T ol u, ya, yu) [Pdu
t"sm,R
. SAPA,R P
—+ 2;0*1 gA(ﬂauvyﬁvyu)dWU
tniRoA R
X _ pSAPALR R R SAPA.R '
< CAP!(R(A))P (1 + lyul?)du + 271 9a (i, Yas Yo ) AW,
b RPA R fn0a R




CONVERGENCE RATES OF THE SEMI-DISCRETE METHOD FOR SDES 93

R N N N N SAPA,R p
< CAP(h(A))P + CAP(R(A)R)P + 2P~ 9a (i, w, Ya, Yu )AW,,

)

b AR

where we have used the Holder inequality and the bound (9) for the function fa. Taking
expectations in the above inequality gives
tns+1\PAR p

ElYsnpan = Ysrmapl” < CAP(R(A)R)? +2P7'E ga (@, w, ya, yu) AW,

t

"STPX,R
A R . ﬁﬁ+1 p/2 tng+1/\PAR 9 b/2
<CAphARp+2p7 — E T:L,’U,, Uy Yu du
<oam@ry + 2 () [ s
Cp
. . . 52 lns+1APAR N
< CAP(h(A)R)? + 207 1C;,A™ T R |9 (U u, Y, yu)[Pdu
tns@,R
R R R . tns+1APAR . .
< CAP(W(A)R)? + CAP/2 1 (h(A))PE (1+ |yul?)du < C(AV2R(A)R)?,

vy

where in the third step we have used the Burkholder-Davis-Gundy (BDG) inequality [16,
Th. 1.7.3], [12, Th. 3.3.28] on the diffusion term and in the last step the bound (9) for
the function ga. Now for 0 < p < 2 we have that

" p/2 "
Elyonps.n ~ Ysmzanl” < (Blsnpsn = vianl?) < CAV?R(A)RY,
where we have used Jensen inequality for the concave function ¢(x) = 2?/2. O

Let us know provide a moment bound for the approximation process (y).

Lemma 3.2 (Moment bound for the semi-discrete scheme). Let Assumptions 2.2 and
2.3 hold. Then for any R < h(A)

(13) sup sup E|y2[P < C,
0<A<10<t<T

for all T > 0.

Proof of Lemma 8.2. We fix a A € (0,1] and a T > 0. Application of the It6 formula
and (11) yield

t . _ 1 .
< oo™+ ([ (olonl™ 1006050, + P52 6 ) ) )
0
t
< Elyof + E ( [l (G55, ) = Sl 5,000) + 0 5.0) ds)
0
t
p(p—1 _ .
+E (/ %Iysl” 2 (ga(5, 5,93, Ys) — 9a (5,5, Ys, Ys) + ba(s,9s))> dS)
0

t _ _1 _ R
<l + & ([ (sl P2 2 ) hAYs = ol s~ s )
0
t p*].
B ([ ol (st + T3 R s ) ds).
0

where we have used Assumption 2.2 and aa,ba denote the truncated EM approxima-
tions, see [17], [18]. These functions preserve the Khasminskii-type condition, with a
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slightly different constant, see [17, Lemma 2.4]. Bearing this property in mind and using
repeatedly the Young inequality

aP~ Jﬂ< —J of + BP/J
p

for every o, 8 > 0 and j = 1,2 we have
t
Ely|? < Cl+02/ (AR(A)E]ys [P~ + h(A)Elys — sl lys[P~" + Elys P72 (1+ [ys[*)) ds
0

t
SCl—l-Cg/ sup El|y,|Pds,
0

0<u<s

where we have used (7) and Lemma 3.1 with R < h(A). The inequality above holds for
any ¢ € [0,T] and the right-hand side in non-decreasing in ¢ suggesting that

t
sup EdP < C1+Cy /0 sup Ely2[Pds

0<u<t 0<u<s
S CVlec’2T S Ca

by the Gronwall inequality. Since C is independent of A inequality (13) follows. (]

Theorem 3.1 (Order of strong convergence). Suppose Assumption 2.2 and Assumption
2.3 hold and (10) has a unique strong solution for every n < N — 1, where x¢ € LP (), R)
for some p > 14+ 2v. Let € € (0,1/3) and define for v > 0

pu) =Cur™, uw>0 and h(A)=C+VInA-< Ac(0,1].

where A < 1 and h are such that (7) holds. Then the semi-discrete numerical scheme
(11) converges to the true solution of (2) in the L2-sense with order arbitrarily close to
1/2, that is

(14) E sup |yf —a)? < CA'-.

0<t<T

Proof of Theorem 8.1. Denote the difference £~ := ytA — z; and define the following
stopping times

(15) TR = inf{t S [07T] : |{,Ct| > R}7 9A,R =Tr AN\ PA,R,
for some R > 1 big enough. Let the events ) be defined by

Qrp:={weQ: bup |33t|<R buP |yt | < R}
0<t<

We have that
E sup [&° =FE sup |& I, +E sup |& T,
0<t<T 0<t<T

0<t<T

2p (»—2)/p
< E sup |€M9AR| + (IE Sup |gt|P> ( (H(Q ))2p/(p 2))
0<t<T
o (p—2)/
< E sup [Epponnl® + <]E sup |5t|p> (P(Qg)c)P—27P
0<t<T <t<T
o (r—2)/
= ]Eosup [OVN <2p 'E sup (|yt|p+|$t|p)> (P(Qp))™7F
<t<

16 < E sup |Epon o> +4-AYP (P QR yP=2)/p
AR

0<t<T
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where p > 2 is as is Assumption 2.3. We want to estimate each term of the right hand
side of (16). It holds that

P(Q%) < P( sup |y| > R)+P( sup |z > R)
0<t<T 0<t<T

IN

(E sup |yt|k)R7k—|—(E sup |xt\k)R7k,
0<t<T 0<t<T

for any & > 1 where the first step comes from the subadditivity of the measure P and
the second step from Markov inequality. Thus for & = p we get

P(Q5) < 2AR™.

We estimate the difference [Ein0, »|° = |[Yir0a n — Tinoa z|?- 1t0’s formula implies that
t/\eA,R
sl = [ HEN U6 pm) = S5, ) ds
0
tAOA R )
+/ (gA(§787y§ayS)_9(8,saxsyxs)) ds
0
tAOA R
[ e 08650500 — gl sim ) W,
0

t/\gA,R

t/\gA)R
/ |fA(§,5»y§ays)_f(57573357335>|2d5+/ |gs|2d8+Mt
0 0

IN

t/\HA,R
+/ |gA(§a8ay§7ys) _g(8a87x87x8)|2d8’
0

tAOA R

where M, :=2 [ I€s] (ga (8, 8,9s5,ys) — 9(8, 8, Ts, x5)) dWs. Tt holds that

T/\GA,R 9
E sup |Mt‘ < 2v32-E / |€S|2 (gA(§757y§ayS) *g(S,S,Is,ZS)) ds
0<t<T 0

T/\QA,R 9
SE sup |ES/\9A,R|2'128/ (gA(é,s,y§7yS) 79(‘9;53‘%83‘%5)) ds
0<s<T 0

1 T/\oA,R 5

S iE’ sup |58A9A,R|2+64E/ (gA(gaSay§7ys) —g(s,s,xs,xs)) dS)
0<s<T 0

thus we get that

tAOA R
E sup |Emnpa nl? < 2E sup / (S 5,5, s) — F(5, 8,20, 24) [ ds
0<t<T o<t<T Jo

TNOA R
+130 - ]E/ l9a (3, 8,5, ys) — (s, 5,25, 35)|*ds
0

tAOA R
(17) +2/ E sup |&/%ds.
0 0<i<s

Note that

‘fA(gvsvyéays) - f(373al'5axs)|2
= |fA(’§75;y§ays) - fA(Sa'S,xs;xs) + fA(&S;xsams) - f($75;zsa$s)|2~
If p=1(h(A)) > R then fa(s,s,zs,25) = f(s,8,7s,75) and by Assumption 2.2 we get
that
t/\GA,R
[ s (s s s <32
0 0

tAOR

(lys—s 2+ 18,5 —5[* ) ds
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Moreover, it holds that
t/A—1]

tAOA R [ tr1AOA R
/ |5 — s|?ds < Z / |te — s|?ds.
0 o Jt

k
Taking the supremum over all ¢ € [0, 7] and then expectation we have

t/\GA,R
E sup / |fA(§a S, y§7ys) - f(87 s7x87$8)|2d8 < SCThQ(A)AhQ(A)RQ
0

0<t<T

T
+3h2(A)/ E sup [Enon p|’ds +3TAR?(A)
0 0<I<s

T
(19) < CARQR +312(8) [ B sup [£inay o ds.
0 SUSs

where in the first step we have used Lemma 3.1 for p = 2. An analogue estimate of type
(18) holds for the second integral in (17), that is

t/\GAWR
E sup / |gA(§78ay§7yS) _9(8357'7:87:1;8)'2(18
0<t<T Jo

T
(19) < C’Ah4(A)R2+3h2(A)/ EOS<I;.£) Einoan|*ds.
0 <Ii<s

Plugging the estimates (18), (19) into (17) gives

IA

T
E sup [Eon o7 < CARS(A) + (132-352(A) +2) / E sup (Eings )’ds
0<t<T 0 0<I<s

CAhG(A>e396Th2(A)+2T < CAhG(A>eh2(A)’

IN

where we have applied the Gronwall inequality and used the fact that 1 < R < h(A).
Relation (16) becomes,

(20) E sup |&|> < CARS(A)e" D) 4 CR> P,
0<t<T

Recall that p(u) = Cul™ and h(A) = C + VIn A—<, for € > 0 to be specified later on.
We bound the first term on the right-hand side of (20) in the following way

CARS(A)e" () < CA(In A)BA < CA 3,

by choosing € < 1/3, where we used the fact that 0 < z(Inz)*® < z* for big enough z.
Moreover, by (7)

> AYSR(A) > OAYS > A5
whenever 1 + v < p — 2, which implies

A+y)(d=e)
2

MA)>A »7 5,

1

By the monotone property of =" we have

L (h(A) > T T AT a = R,
for p big enough. Estimate (20) becomes

(21) E sup |gt|2 < O AL—2¢ +CA_(1_€)+6(p1712'y).
0<t<T

Since p > 14 + 12+ inequality (14) is true. O
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4. NUMERICAL ILLUSTRATION

We will use the numerical example of [18, Example 4.7], that is we take a(z) =
az(b — 2?) and b(z) = cz, with a,b, ¢ positive and with initial condition zg € R in (2),
ie.

t t
(22) X =T+ / axs(b — x?)ds + / cxsdWs, t>0.
0 0

The above equation, known as the scalar stochastic Ginzburgh-Landau equation, c.f.
[15], has a solution that remains positive (actually there is an explicit solution of z;).

Assumption 2.3 holds for any p > 2. We choose the auxiliary functions f, g in the
following way

f(377">337y) = a‘(b - 372)1/; g(s,r,x,y) =y,

thus (3) becomes

t t
(23) Yt = Y, + a(b - y?n)/ Ysds + C/ ysdWs, te€ (tnatn—&-l}v
tn tn
with yg = x¢ a.s., which admits an exponential unique strong solution. In particular,
2
c
(24) Yn+1 = Yn €XP { (a(b - y121) - 2) A+ CAWn} , nE N7

Note that (6) holds with p(u) = (a(b+ 1) V ¢)|ul? since

sup (la(d —2*)y| V ley]) < (a(0+ D) VO)lu (L +yl),  u>1

lz|<u

Therefore, in the notation of Theorem 3.1, v = 2 and C = (a(b + 1) V ¢). Finally,
h(A) = C + VIn A—< for any A € (0,1]. Clearly h(1) > (1) and

AYOR(A) < AVST 4+ /AYBInA-a < T+ VAUB-a < T+ AV6-a/2 < T 41

for any A € (0,1] and 0 < ¢; < 1/3. Therefore we take h = C+1. The truncated versions
of the semi-discrete method (T'SD) read,

2 02

@) a=sten ] (ab- 68 nu @) - ) Ak eam ),

for n € N. We perform computer simulations for the case ¢ = 0.1,b = 1,¢ = 0.2 and
xg = 2 as in [18, Example 4.7] with ¢; = 1/3 and compare with the truncated Euler
Maruyama method (TEM), which reads

(26) yIEM =y, +a (|yn| A ,u_l(h(A))é”J A+b (|yn| A ,u_l(h(A))%) AW,
for n € N, where h(A) = A™/? with e; = 1/2, and A* < (86)_%. Figure 1 shows
sample simulations paths of z(t) by TSD and TEM respectively with sample size A =
1073. Note that TSD works for all A < 1 and TEM works for A < 0.1526 as proved in
[18]. (in an updated version of TEM in [9] it is shown that it works for all A < 1)

We also perform 10000 sample paths of the TSD and TEM respectively for stepsizes
1072,107%,107° and 1075. Figure 3 shows the log-log plot of the strong errors between
TSD and TEM which is close to 1 TSD has order 1/2 in £2-sense thus our TSD has the
order 1/2 in £2-sense too. Nevertheless, the approximation process TEM (26) does not
always produce positive values, while TSD (25) is positive by construction.
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A =0.001 A =0.001

% TSD method
O TEM method

* -~ TSD method
O TEM method

0 0.1 02 03 04 05 06 07 08 09 1 0 0.1 02 03 04 05 06 07 08 09 ] 1
(A) Trajectory for (25) and (26). (B) Trajectory for (25) and (26).

FIGURE 1. Trajectories of (25)-(26) for different paths of the Wiener
process with A = 0.001.
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FIGURE 2. Trajectories of (25)-(26) for different paths of the Wiener
process with A = 0.1.

5. CONCLUSION AND FUTURE WORK

In this paper we study the convergence rates of the semi-discrete (SD) method, orig-
inally proposed in [3]. Using a truncated version of the SD method, we show that the
order of £2-convergence can be arbitrarily close to 1/2. The advantage of our method,
over other useful numerical methods (such as the tamed Euler method, the implicit Euler
method, the truncated Euler method) applied to nonlinear problems, is that it can repro-
duce qualitative properties of the solution process. The main qualitative property that
has been investigated in all the works so far concerning the SD method is the domain
preservation of the solution process. In a future work, we aim to study other qualitative
properties relevant with the stability of the method and answer questions of the following
type: Is the SD method able to preserve the asymptotic stability of the underlying SDE?
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