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THE NONLOCAL CONJUGATION PROBLEM FOR
ONE-DIMENSIONAL PARABOLIC EQUATION WITH
DISCONTINUOUS COEFFICIENTS AND ASSOCIATED FELLER
SEMIGROUP

This paper is dedicated to the memory of our colleague and friend S. Ya. Makhno

By the boundary integral equations method we establish the classical solvability of
the conjugation problem for one-dimensional linear parabolic equation of the second
order (backward Kolmogorov equation) with nonlocal Feller-Wentzell conjugation
condition. Using the solution of this problem, we construct the two-parameter Feller
semigroup associated with the inhomogeneous diffusion process in bounded domain
with moving membrane.

1. INTRODUCTION

The general form of boundary conditions for one-dimensional diffusion processes was
established by W. Feller [1] and A.D. Wentzell [2]. They proved the assertions from which
it follows that if {T%, ¢t > 0} is Feller semigroup in C|ry,re] (—oo < r1 < ro < 00) and its
generator A is the restriction of (L, C?[r1,72]), where L is second order ordinary differ-
ential operator, then functions from D4 C C?[ry, 73] must satisfy boundary conditions
which, generally speaking, have nonlocal character. These boundary conditions contain
the value of the function and its derivatives at boundary points r; (i = 1,2) as well as
the integral over [r1,75] with respect to some nonnegative measure which, furthermore,
can be infinite.

There are many publications in which the problem on construction of Markov processes
by given boundary conditions is formulated in different ways and is investigated by
different approaches, see, for instance, [1, 2, 3, 4, 5, 6, 7, 8, 9, 10], and the references
given there. One of such variants of the described problem is the so-called problem of
pasting together two diffusion processes [9, 10], which is the object of research of our
paper. More specifically, the present paper deals with the partial case of this problem
where each of boundary conditions of Feller-Wentzell’s type contains only the integral
term. For our investigations, it is convenient to formulate the problem in terms of partial
differential equations of parabolic type as follows.

Consider on a plane (s,z) two domains:

SO = {(s,2): 0< s <t <T,ri(s) < <riga(s)},

where ¢ = 1,2; T is a fixed positive number and 71, ra, r3 are given functions defined
on [0, 7] such that r1(s) < ra(s) < rz(s) for all s € [0,T]. Let ?ﬁ’) denotes the closure
of St(i) and let S; = St(l) U St(Q). Denote also by D, the interval (r;(s), riy1(s)), i = 1,2,
and by D, the union D5 U Dys.
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18 B. 1. KOPYTKO AND R. V. SHEVCHUK

The problem is to find a function u(s,z,t) defined on (s,z) € S¢, which satisfies the
backward Kolmogorov equation

ou 1 0%y ou i .
(1) 55 T phi(s:0) 55 +ails,x) 5 =0, (s,2) €SP, i=1,2,
the initial condition
(2) limu(s,x,t) = p(x), x€D;, i=1,2,

sTt
two boundary conditions

3) /(u(s,rgi_l(s),t) (s s (s.dy) =0, 0<s<t<T, i=12
D,

and two conjugation conditions

(4) u(s,ra(s) — 0,t) = u(s,ra(s) +0,t), 0<s<t<T,
(5) /(u(s,r2(s),t) (s, ))pa(s,dy) =0, 0<s<t<T.
D

The conditions (3) and (5) are nonlocal boundary and conjugation conditions of Feller-
Wentzell’s type respectively. The condition (4) is the condition of continuity of u(s, z,t)
at (s,72(s)),0<s<¢t<T.

Throughout this paper, we will make the following assumptions:

I. The coefficients a;(s,x) and b;(s,x) (i = 1,2) are defined on

o, 7 ={(s,z): 0<s<T, xR},

they are bounded and belong to Holder class H % ®(II[0, T]) for some a € (0,1)
(to recall the definitions of Holder classes see [11, p.16]). Moreover, b;(s,z) is
bounded away from zero.

II. The function ¢ is assumed to be defined on R and belongs to the space of bounded
continuous functions on R, which will be denoted by C,(R). The norm in this
space is defined by the equality ||| = sup,cg |¢(z)|. Furthermore, fitting con-

ditions

/WWFﬁﬂ—ﬂWMFM@w:Qi:LZ

D¢

o(ra(t) — 0) = @(ra(t) +0), /wvﬁ»fﬂwMﬂ@m:a =12,
Dy

hold.

ITI. p9;—1 (i = 1,2) and ug are probability measures on D;; and D, respectively, such
that p;(s, Dis) =1, po(s, Ds) =1, s € [0,T], and for all f € Cp(R) the integrals

(21 Y /f Y)p2i—1(s, dy), (2) /f Jua(s,dy), i=1,2,
Dis

belong to H = > ([0,T]) as functions of s (a is the constant in T).

IV. The curves r;(s), i = 1,2,3, are continuous and belong to H 2~ ([0,7]) (a is the
constant in I).

Remark 1.1. For every M > 0, there exists a constant C'y; such that the Holder inequality
(6) F(s) = FP(s) < Culs =517, 5,6/ €0,T], j=1,2,3,
holds for all f € Cy(R) which are bounded by M.
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The parabolic conjugation problem (1)-(5) arises, in particular, in the theory of diffu-
sion processes in construction by analytical methods of a one-dimensional model of the
diffusion phenomenon with a membrane. The Feller process associated with (1)-(5) (its
Feller property is represented by (4)) coincides in D, with the diffusion process with the
drift coefficient a;(s,z) and the diffusion coefficient b;(s,z) (i = 1,2). The behavior of
this process at the points of the boundary is described by the boundary conditions (3)
(at the points r9;_1(s) (¢ = 1,2)) and the conjugation condition (5) (at the point ro(s))
which are the variants of the nonlocal conditions of Feller-Wentzell type corresponding to
the jump-like exit of process from the points of boundary [1], [2], [12]. In the considered
case, the boundary points r1(s), r2(s), r3(s) are supposed to be moving. The role of the
membrane separating different (by their diffusion characteristics) media is being played
by r3(s) which is the common boundary of domains Dy, and Dss. The point ro(s) can
be treated also as the point of ”pasting together” two given diffusion processes.

Thus, the first purpose of this paper is to prove an existence and uniqueness theorem
for the conjugation problem (1)-(5). The second purpose is to construct, using the
solution of the problem (1)-(5), the two-parameter semigroup of operators associated
with the Feller process which is a result of ”pasting together” two diffusion processes.

Note that the scheme we will use to solve the problem (1)-(5) is partially presented in
[13], where the similar problem is investigated in case of backward Kolmogotov equation
given in Sy = ulest“) =UZ {(s,2): 0<s<t<T, (=1)%z—r(s)) > 0} with Feller-
Wentzell conjugation condition which is imposed at the common boundary z = r(s) of
curvilinear domains St(l) and 5,5(2), and which contains, in addition to the integral term,
the local one corresponding to the termination of process. Note also that similar problems
(with different variants of Feller-Wentzell conjugation condition) were studied in our
earlier papers for the cases where St(’) are finite [14, 15] or semi-infinite [16] rectangular
domains. We would like to mention again papers [7, 8], which give the results concerning
the construction of diffusion processes with nonlocal boundary conditions of the integral
type by the methods of functional [7] and stochastic analysis [8].

The rest of this paper is organized as follows. Section 2 provides a brief review
of auxiliary results on the fundamental solution of the backward Kolmogorov equation
and the associated potentials which will be used in the subsequent sections. Section 3 is
devoted to the proof of the existence and uniqueness theorem for the conjugation problem
(1)-(5). In Section 3, using the solution of this problem, we construct the two-parameter
Feller semigroup which describes the desired process.

2. AUXILIARY RESULTS

In this section we recall some auxiliary results concerning fundamental solution of
equation (1) and the associated parabolic potentials.

Denote by G;(s,z,t,y) the fundamental solution of equation (1) in IT[0,T]. Its exis-
tence is assured by the condition I (see [11, Ch.IV, §11], [17, Ch.I], [9, Ch.II, §2]). Recall
that the functions G; (i = 1,2) are nonnegative, jointly continuous, continuously differ-
entiable with respect to s, twice continuously differentiable with respect to  and satisfy
the inequality

2

r —x

(7) IDIDEG (5,2, t,y)| < C(t — )" 7 exp {_@t)} ,
-5

forall 0 < s <t <T, z,y € R, where r and p are the nonnegative integers for which
2r +p < 2, D7 is the partial derivative with respect to s of order r, D? is the partial
derivative with respect to x of order p; symbols C and ¢ denotes (here and in what
follows) any one of various different positive constants.
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Recall also that

(8) Gi<3>337t71/) :ZiO(Sax,tay)+Zi1(sal‘7tay)7 1= 172a

where

(9) Zio(s,x, t,y) = [27h; (¢ )(t—s)]_% exp —ﬂ
i0\S, T, 1, Y i\l, Y QbZ(t,y)(t—s) )

t
(10) Zi1(85x7t7y) :/dT/ZiO(SaxaTa Z)Qi(T7Zat7y)dZ7
s R

and the function Q;(s,z,t,y) (i = 1,2) is a solution of some singular Volterra integral
equation of the second kind. Note that the functions Z;; satisfy the inequality

—a - 2
(1) |D:D£Z“(&aauy>|S<7@-@lﬁzy’CXP{‘ﬂ(Z:d}
— S

where 0 < s <t < T, z,y € R, 2r +p <2, « is the constant in I.
Having the fundamental solutions G;, we now define the parabolic potentials that will
be used to solve the problem (1)-(5), namely the Poisson potential

uiO(’S?I7t) :/G7(S,I,t7y)@(y)dy7
R

where 0 < s <t < T, z € R, ¢ is the function in (2), and the simple-layer potentials
t
ul(-{)(s,x,t) = /Gi(s,x,T, Tigs (7)) Vaiz14(r, t)dr, i=1,2, j=0,1,
S

where 0 < s <t <T, x € Rand Vo,_14; (1 =1,2, j = 0,1) are some functions.

We recall some properties of functions u;q and ug) (i=1,2, j =0,1) (see, for instance,
[9, Ch.II, §3]). Let ¢ € Cp(R). From the properties of fundamental solutions G;, i = 1,2,
it follows that the potentials u;o exist and satisfy in (s,z) € [0,t) x R the equation (1)
with the initial condition

(12) li/rrnuio(s,x,t) =p(z), zeR, i=1,2
sTt
In addition, the functions wu; (i = 1, 2) satisfy the inequality
(13) DDl (s,2,8)] < Clgll(t = )~ 7",

where 0 < s <t <T, x € R, r and p are positive integers for which 2r +p < 2.
Concerning the potentials ug) (i =1,2,5 = 0,1), if we assume that the functions
Voi—144(1,t) (i = 1,2, = 0,1) are continuous for 7 € [s,t) and admit of a weak
singularity with exponent greater than —% when 7 = ¢, then each of the functions
ug)(s,x,t) (¢t = 1,2, = 0,1) is bounded continuous in 0 < s <t < T,z € R and
satisfies the equation (1) in (s,z) € [0,t) x (R \ 71;(s)) with the initial condition:

ug)(s,x,t) —0ifstt(xeR,i=1,2).

3. SOLVING THE PARABOLIC CONJUGATION PROBLEM

The purpose of this section is to establish the classical solvability of parabolic conju-
gation problem (1)-(5).

Theorem 3.1. (Ezistence and Uniqueness) Let the conditions I-IV hold. Then there
exists a unique solution in C(St) of the nonlocal parabolic conjugation problem (1)-(5).
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Proof. We will find a solution of problem (1)-(5) in the form of a sum of Poisson potential
u;o and simple-layer potentials u(J) (i=1,2,=0,1)

(14)  u(s,z,t) = wi(s,z,t) = wio(s,z,t +Zu(j) (s,z,t), (s,x)€ St(i), i=1,2
7=0

with the unknown densities V;_14; (in the formula for u(]) (i=1,27=0,1)) to be
determined. In view of the properties of simple-layer potontlals formulatcd in previous
section we need to assume a priori that functions Va;_14; (¢ = 1,2, j = 0,1) are contin-
uous for 7 € [s,t) and admit of a weak singularity with exponent greater than f% when
T =1.

If we substitute instead of function u its expression from the right-hand side of (14)
into each of equalities in (3), we get the following two Volterra integral equations of the
first kind for Va,_14; (1 = 1,2, j =0,1):

1 t
(15) Z/NU 8, 7)Vai_14 (T, t)dr = ®y(s,t), i=1,2,

j=0
where
Di(s,t) = /[Uio(&y,t) — ui0(5,72i-1(8), 1) 251 (s, dy) =

Dis

= /Uio(&yat)ﬂzz‘—1(5,dy) *Uvzo(S,Tzi—l(S),t),
Dis

Nij(s,7) = /[Gi(sszi—l(S%ﬂ v (7)) = Gi(8,y, T, 745 (7)) | p2i—1 (s, dy) =

Dis

= G (S T2i— 1(8)77_7 Ti+j(7—)) - / Gi(saya T, Ti+j(7_))ﬂ2i—l(87 dy)

Dis

The following lemma gives us properties of functions ®; (i = 1,2) which will be useful
in the sequel.

Lemma 3.1. Functions ®;(s,t) (i = 1,2) tend to zero as s Tt and for them the inequality

1+a

(16) [@i(s,1) = Di(3, )] < Cllgl|(t — )"+ (s =)

holds for all 0 < s<s<t<T.

Proof. Passing to the limit s 1 ¢ in the expression for ®;(s,t) (i = 1,2) and recalling that
the Poisson potentials u;g satisfy the condition (12), we get the expression

/ () pzi 1 dy) — (rai 1 (1))

D;¢

which, in view of II, is equal to zero.
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In order to verify (16), we proceed as follows. Write the difference ®;(s,t) — ®,(s,t)
in the form

By(s,1) — B,(5,1) = / ftso(5, 5 1) — w03y, O)ljtzi1 (5. dy) +
Djs

+ [/Uio(§7y,t)uzi1(5>dy)— /Uio(g’yat)mpl(gady) +
D;, D;z
+ [wio(5,72i-1(5), 1) — wio(s,m2i-1(5), t)] + [wio (5, 72i—1(5),t) — wio(s,72i—1(5),1)]

and note that for s < s

(17)

¥ ~ 1ta ~ 1-o
|ui0(8,y7t) - uiO(Sayat” = |ui0(87yat) - uiO(Say,t)‘ 2 ‘uiO(sayat) - ui0(87y7t)| 2

< |2l 20 (=B ol 9, 01+ o5, 6T
§=340(s—3)
<Cllgl [(t=5—0(s =) (s —5)] = < Cllal[((t - 9)

4o « [
(s =A-0) s3] <Cllellt—5) (s -3
(0 < 6 < 1). Note also that the difference wu;o(s, r2;-1(3),t) — wio(s,72i-1(s),t) in (17)
can be easily estimated using the Lagrange finite-increments formula, the condition IV
and the inequality (13) (with r = 0, p = 1). It satisfies the estimate

Juio (5, 72i1(8), ) — wio (s, m2i-1(s), )| < Cllg|(t — 8)"3 (s — 5) 3"
Finally, the difference of integrals in the second line of the expression (17) satisfies the
estimate with right-hand side C||g||(s — 3) 2". Thlb is the direct consequence of the
condition IIT and the fact that the functions f D(y) = w8 (o) > 0, = 1,2), a

el
functions of y, belong to Cy(R) and are uniformly bounded.

Combining the estimates on each component in (17), the inequality (16) follows. O

The condition (4) together with IIT allow us to rewrite (5) as

(18) u;(s,ra(s Z/uksy,)yg(sdy)—O 0<s<t<T, i=1,2.
k=1p5,

After substituting (14) into (18), we obtain two more Volterra integral equations of the
first kind for Va,_14; (1 = 1,2, j =0,1):

t

i (/ (5,72(8), 7, i (7)) Vaio144 (7, t)dT—

=0

<.

a9 7
Z/VQk 1+] T, t dr / Gk S yYs T, Tk-l—]( )):LLQ(S dy)) ( ) 1= 1727

k=1

where

i(s,t) Z/Uko 8, Y, t)p2(s, dy) — wio(s, m2(s),1).

k= 1Dks

Remark 3.1. 1t is clear that the assertion of Lemma 3.1 remains valid when ®; is replaced
by ¥, (i =1,2).



THE PARABOLIC CONJUGATION PROBLEM AND ASSOCIATED FELLER SEMIGROUP 23

Regularization of equations of system (15), (19) can be performed by Holmgren’s
method [18] (see also [19], [20]). For this purpose, we consider the integro-differential
operator

t
E(s,t) f = \/zaas /(p— s)"2f(p,t)dp, 0<s<t<T.

and apply it to the both sides of each equation in (15), (19). Our goal is to obtain the
system of four Volterra integral equations of the second kind which is equivalent to the
system (15), (19) and which can be solved by the method of successive approximations.
Consider the action of the operator £ on the each side of (15).
Bearing in mind the assertion of Lemma 3.1, we get

Ti(s,) = E(s,£)D; = %2? [0 9 Hi(p.0) - G5, )dp-

_ \/Z(t — 8) T3 d(s,1).

Furthermore, the function Y; (i = 1,2) satisfies the inequality

(20)

(21) Ti(s, ) < Cllell(t—s)"2, 0<s<t<T.

The application of the operator £ to the left-hand side of (15) gives the expression
which after interchanging the order of integration takes on the form

1 t
/2 0 ;
(22) Il(S,t) = JE:O ;% /Vv2i—1+j(7-7 t)Jij(57T)dTa i=1,2,

where
-

JZ"(S,’T) :/(p_s)iéNij(p,T)dpa i=1,2 j=0,L

For further investigations, it is convenient to write N;; (i = 1,2, j =0,1) as

1 2 3
Nij(p,7) = NP (p,7) + NP (p,7) = N (p,7),

Ni(jl)(p> 7) = Zio(p,r2i-1(7), 7,7i44(7)),
N?,(]2) (pv T) = Zil (p7 T2i—1 (T)7 7 Ti+j (T))+

+[Gi(p, r2i—1(p), T, 1igj (1)) = Gi(p,r2i—1(7), T, 7445 ()],
NP (p,1) = | Zio(poy 7, ries (7)) p2imr (p, dy) + / Zir (Y 7 i3 (7)) i (p, dy).
D;, Dip
Set

T

J-““’(sn)=/(p—s>‘%Ni§”(p,r>dp, i=12 j=01, k=123

)

S

Observe that for each i = 1,2, the sum in (22) has two terms: one term with i = j+1
and one term with i # j + 1. Let us show that
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e the term with ¢ = j + 1 can be represented as:

VZ t)
(23) 5i-2(5, \/>/V31 o7, t)=— (Jﬁ) 1(s,7) — JZ(?;) 1(577')) dr;
\/ 8 T2i— 1

e the term with ¢ # j + 1 equals

t
2 0
(24) \/;/Vzi_l_._j(’r, t)aJij(s,T)dT.

To prove the relations (23) and (24), we study separately Ji(jl)(s,T), Jl-(jg)(S,T) and
Ji(;’)(s7 7). Concerning JZ.(jl)(s, 7) and Ji(f)(s7 7), let us make the following remarks.

Remark 3.2. Consider J»(»l)(S,T). Ifi=j41, then

1 1 ™

1) “2p—s)Fdp= | —
Jij (s,7) = s)"2dp BT ()

V/ 27h; (T, 241 ( /

If i # j 4+ 1, then Ji(j (s,7) tends to zero as s 1 7.

Remark 3.3. Consider Ji(f)( 7). Note that h%n J( )( 7) = 0. This relation follows from
the estimate

ING (0.7 < 1Zi1 (pyr2ima (7), 74 (7)) |+
+|DLG(p o, 7 iy (M) - [r2im1 (T) — 1201 (p)| < C(1 — p) 75+ %

(o is a point in the open interval with endpoints r;_1(7) and r9;_1(p)), which can be
obtained by applying the mean value theorem to difference G;(p, ro;i—1(p), 7, 7i4+;(7)) —
Gi(p,r2i-1(7), T,7i4+,(7)) and using the condition IV and the estimates (7), (11).

From Remarks 3.2 and 3.3 it follows that in the case k =1 and ¢ = j + 1,

(1) _ 2 a/ ™ . Vg,i_g(s,t)
25 L7 (s,t) =\ =5 | Vaica(Tht), | 77— ——dT = ————————.
( ) i ( ) T Os 3 2( ) 2bi(7—7r2i71(7—)) /7@(8,7”22‘,1(8))
Furthermore
t
2 0
I (s,t) = \f / Vaio145(r, )T (s, 7)dr =

\/7/‘/21 145(7,1) J(k)( T)dr

in each of two cases: 1) k=1,i#j+1;2) k=2.
Now, let us consider the integral JZ»(;))(S, 7) and show that it also satisfies the relation
(26). For this it suffices to prove that

(27) lim I (s,7) =0.

(26)

Proof of (27). Denote by Ni(]?’l) the first term in the expression for NZ-(;’) and by JZ-(;’U the

integral Ji(;’) with Ni(;’) replaced by Ni(;’l). In view of (7) and (11), we may verify (27)

only for Jz(f b,
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Taking into account (9) and that

we write Ji(;’l) in the form

I (s,m) = LY (s,7) + LD (s,7) + LV (s,7), i=1,2, j=0,1,

where

-

i (r—p)"2dp

(1)(

57) = W/
{ / P {‘ 2b, <(y ;Z?rﬁ() <)r)2— ) } e (P )

ip

[ ool g o e

is

X

g (5,7) = W / R (+<+>(><)) 7}

- {0 m+:‘i(+7j)() g e e,

1
X
27b;i (1,745 (7))

X / exp {— 5 ((y —rit(5))° } Rij(s,7,y)pu2i—1(s, dy),

i(7,7igs (1)) (T = 8)

D;s

and R;;(s, T,y) denotes the integral

T

Ri(sr) = [l

S

) Fexpd — (y = rigy(1))? p—Ss
(r=p) p{ %b; (7, 7oy (7)) (7 — 5) r—p}d”’

Nl

which after the change of variables z = £=2 takes on the form

(y — riy;(1))?

Rii(s,1,y) = 72_2(2 + 1) texp {—21%(7_7 R e e . z} dz,

—

0
and so
(28) |Rij(s, 7 y)| < C.
From this and IIT it follows immediately that
(29) L (s,7) < O(r = 9)™",
@) 6 <0 (s Ut o) +en {2 )

where Uis(1i45(s)) ={y € Dis : |y —1i4;(s)| < d}, 0 is any positive constant.

25
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Applying the mean value theorem to the difference of exponents within square brackets
in the expression for LEJ), we get, after using the condition IV as well as the estimate
(28) and the inequality o” exp{—co} < C (0 <0 < 00, 0 < v < ),

(2 5
(31) |Lij (5, 7)| < C(7 = 3)

The estimates (29)-(31) imply that Ji(fl)(s, 7) — 0 as s 1 7. This completes the proof
of (27). Thus, the relation (26) holds also for k = 3.

In view of (25) (k =1, ¢ =j 4 1) and the fact that (26) holds in each of three cases:
1) k=1,i#75+1;2) k=2;3) k=3, we obtain the relations (23) and (24).

Now, equating the sum of expressions in (23) and (24) to T;(s,t) (¢ = 1,2), we obtain
two Volterra integral equations of the second kind which are equivalent to (15). These
two equations can be written in the form

t
(32) Vai—a(s, 1) /KU 8, T)Vai—144 (T, t)dT + Agi_a(s, t),
Jj=0"%

(0<s<t<T,i=1,2), where

Azi—a(s,t) = —/bi(8,72;-1(8)) Ti(s, 1),

le(sv"ﬂ;zfl(s)) aas (Jl(i) (s, 7) — Jz(z) (s, )),
2b;(s,12i-1(8)) O
™ ds
Consider the functions Ag;—s(s,t) and K;; in (32) (i = 1,2, j = 0,1). The function
As;_o(s,t) satisfy the same estimate as T;(s,t), i.e., the estimate (21).
Let us estimate the kernels K;;(s,7). To do this, we have to estimate 2 .J;;(s,T).

Ki,i—l(saT) =

Kij(SaT) = Jij(svT)a Z#]+1

Note that 2 JZ(J?)I)(S, 7) which is a term in the expression for 2 J;;(s, ) does not have a

weak singularity. For it we can only obtain the estimate

(33) ‘J(gl 5,7 <C(r—s)"Y, 0<s<t<t<T.

The estimate (33) is caused by the integral

0
(34) | gl ) (s.dy)
Uis(rit;(s))
which appears after writing 3 2 J(Bl)(s, T) as

0 _1
guﬂ(gl 8/ —s) 2</Zi0(p7y7777'i+j(7'))ﬂ2iI(Pady)_

Dip

— / Zio(p,y, T, Ti+j(7'))ﬂ2i—1(30ady)) +

Sp=s8

iso
o [ n
+&/(P—S) 2dp / Zio(p,Ys T Tis (7)) 2i—1(50, dy)
s D

isg

Sp=s
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and taking the derivative of the last term of this expression. Namely,

o [ .
Js /(P—S) 2dp / Zio(p, Y, T Tis (7)) 12i—1 (80, dy)

7;0

/exp{ 2, TTZ:;ZJ)()T()T)Z S)}Rz‘j(svﬂy)#%—l(so,dy)

1
pr— ><
so=s 270 (T, 7345(T))

Sp=s8
D;s

2(z4+1)"

1 0 / . 7 1
i—1(50, z~
hwb i (7 s p2i—1(s0, dy) /

Disq

% exp{_% (y — ri;(1))? ) -(z+1)}dz

i (7, 7 (T))(T — s

b (7,745 (T))
2

X

Sp=s8

b (T,7345(T))
2

0
X/FyZiO(szhT7Ti+j(7—))/1‘2’i71(svdy): X

D;s

X ( / %Zio(&yﬂ', Tigs (7)) p2i—1(s, dy)+
Uis(rit;(s))
+ / agZio(s,y,T, ri+j(7))u2i1(s,dy)>.
Dis\Uis(riv;(s)) Y

One can easily verify that all terms in the expression for %Jij except for the integral
term (34) can be estimated by C(0)(7 — s)™'*%, where C(d) is the positive constant
depending on §.

We now get down to studying the action of the operator £ on the both sides of (19).
Using the considerations similar to those leading to (32), we obtain the following two
Volterra integral equations of the second kind which are equivalent to (19):

1 t
Viga(s,t) = Z/ [Qij(SaT)VziHj(ﬂ t)—
=07

(35) 2

= Pij(5,7)Vako145(7,1) | dT + Aiga (s, 1),
k=1

(0<s<t<T,i=1,2), where

Air1(s,t) = —/bi(s,72(8))O;(s, t)

(the function ©; is defined by formula (20) with ®; replaced by ¥;),

Quails, ) =y 2L272(8) 88/ =97+ (Zalprrale) ra(r)+

T [Gilpuralp)s maralr)) — Galprra(r). 72 <7>>])dp,

S T _ . .
Qlj S, T \/ 2 88/ p—S paTQ(p)vTvri'f‘j(T))dp? 7'+.] 7& 2)
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Peg(sr) = | 22D L -ty [ Gulpyer s (st
S ka

We have thus obtained the system of four Volterra integral equations of the second
kind (32), (35) which is equivalent to the system (15), (19). Rewrite the system (32),
(35) in the form

(36) w@ﬁ:}i/mmgmv@m+m@m i=1,234,

where
Hij(sa T) = Qi—1,j—1(577') - B—l,j—l(sa'r) ifi=23,7=12,
Hgifgyj(S,T) = K¢7j72i+1(8,7') lf’é = ]., ] = 1,2 or le = 2, j = 3,4,
HZ;H’J‘(S,T) = _P37i,j+2i75(3;7') ifi = 1, j = 3,4 orif i = 2, _] = 1,2,
and all other H;; equal to zero.

From what we have proved so far it is clear that the function A; (i = 1,2, 3,4) satisfies
the inequality (21) and that some of the kernels H;; (i = 1,2,3,4, j = 1,2, 3,4), namely
ones containing the integral of the type (34), do not have a weak singularity. Concerning
other components of the expression for H;;, they admit the estimate with the right-hand
side C(6) (1 — s)~1+5.

Despite the strong singularity of kernels H;; of the type (34), one can prove that
the ordinary method of successive approximations can still be applied to the system of

equations (36) (for details, see, for instance, [14, 15]).
The solution of (36) Vi(s,t) (0 <s<t<T,i=1,2,3,4) has the form

(37) Vil t) = 3 V)
n=0

where
V% (s,1) = Ai(s, 1),

Vz(n)(&t) = Z/Hij(‘g)T)‘/j(n_l)(T’ t)dTv n= 172’ e

The convergence of series (37) and so the existence of the function V; is the consequence
of the following inequality:

(38) V" (s, t) < Clloll(t— )™ ch R 0<s<t<T,i=1,23,4,
where
sz(ux>T%£%) I(3) k=01,

F ()
2 1
b= i 573" (i1 5,V (s (9) + o Ui s (5)
=1 =0

and the constant § = Jy is chosen to be sufficiently small so that b < 1. One can prove
the estimate (38) by induction basing on considerations leading to the estimates (29),
(30) and (31) (see [14, 15] where the proof of similar estimate is given).

Furthermore, the estimate (38) implies that the function V;(0 < s < t < T,i =
1,2,3,4) satisfies the inequality (21). From this and (7) (with » = p = 0) it follows that
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there exist simple-layer potentials ug)(s,x,t) (i=1,2,7=0,1) in (14), and for them
the inequality

(39) W (s,2,0)| < Cllgll, (s,2) €Sy, i=1,2,j=0,1,

holds. It is clear (see (13)) that the same inequality is also true for the Poisson potential
wio(s,z,t) (¢ = 1,2) in (14). Thus, the function u(s,z,t) given by (14), (37) is the desired
classical solution of problem (1)-(5) and the assertion on existence is proved.

To prove uniqueness of solution of problem (1)-(5), suppose

u(l)(s,x,t) = u(-l)(s,x,t), u(2)(s,x,t) = uEZ)(s,x,t), (s,x) € ?Ei), 1=1,2,

K2

are two solutions, continuous in S;. Set

(40) vi(s,x,t) = u<1)(s,x7t) - uEQ)(smc,t)7 (s,x) € ?Ei)7 i=1,2.

K3

and note that the function
v(s,z,t) = vi(s,x,t), (s,x)€ ?Ei), 1=1,2,

is the solution of conjugation problem (1)-(5) with ¢ = 0 in (2), which is continuous in
S¢. At the same time, each of functions v;, ¢ = 1,2, can be treated as the solution of the
following parabolic first boundary value problem:

du; 1 9% v, i .
(41) D5 + §bi(s,x)w + ai(smc)% =0, (s,z)¢€ S’t( ) i=1,2,
(42) li%rtlvi(s, 2,t) =0, x€Dy,i=12,
13 vi(s,r2i-1(8),t) = fai—1(s,t), 0<s<t<T,i=1,2,
(43) v;i(s,72(8),t) = fa(s,t), 0<s<t<T,
where

foioa(s,8) = / (.9, Dpizia (s, dy),  falst) = / o5,y ) (s, dy).

Dis DS

Consider the problem (41)-(43). From IIL, it follows that fr € H* 2" ([0,T]), k = 1,2,3.
Hence for each ¢ = 1,2 the first boundary value problem (41)-(43) can be solved by
the boundary integral equations method and it has the unique solution, continuous in

?EZ) (i = 1,2), which, furthermore, can be determined by formula (14), where there is no
Poisson potential (see [21], [11, Ch.IV]). Thus, v; in (40) is the unique solution of problem
(41)-(43) (i = 1,2) and hence it can be represented in the form (14) with u;o = 0(i = 1,2)
and some densities Vi (k = 1,2, 3,4) to be determined.

Repeating the considerations of the present section leading to the system of Volterra
integral equations of the second kind (36), we find that (V4, Vo, V3, V}) is the solution of
the same system of equations, but with A; = 0. This means that Vi, =0(k = 1,2,3,4).
Then v; =0 (i = 1,2) and hence v = 0. This completes the proof of uniqueness. (|

We close this section with the next assertion which follows directly from the proof of
Theorem 3.1.

Theorem 3.2. Let the conditions I-IV hold. Then the classical solution of problem
(1)-(5) has the form (14), (37).
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4. CONSTRUCTION OF FELLER SEMIGROUP

In this section, using the solution of problem (1)-(5), we define the two-parameter
semigroup associated with the Feller process which is the result of ”pasting together”
two diffusion processes.

Let Cy(D;) be the space all functions ¢ € C(D;) satisfying fitting conditions in II.
From Theorems 3.1 and 3.2 it follows that there exists a unique solution (s, x,t) of the
problem (1)-(5) in the domain (s,z) € S; = [0,t] x Dy (see (14), (37)) and the solution
satisfies the condition that u(t,z,t) = ¢(z), where ¢ is a function in Co(D;) which is
assumed to be extended to R in such a way that ¢ is bounded continuous.

Denote by Ti;p(x) the value of u(s, z,t) at point (s, ), s <t, x € Dy = [r1(s),r3(s)].
If s = t, Tssp(x) = (), i.e., the operator Tss = F, where E is the identity operator. If
s < t, the function Tys¢(x) is continuous (provided fitting conditions in II holds). Thus,
the operator T,; maps Co(D;) into C(Dy). It is also obvious that this operator is linear.

We get down to studying properties of operators Ty; in Co(Dy).

First we prove that the operators Ty (0 < s < t < T') remain the cone of nonnegative
functions invariant.

Lemma 4.1. If ¢ € Co(D;) and ¢(z) > 0 for all x € Dy, then Tsp(z) > 0 for all
0§s§t,z€53.

Proof. Let ¢ € Co(Dy) be nonnegative. Denote by v the minimum of Ty (z) in S;.
Suppose that v < 0. Then, from the minimum principle [17, Ch.II] it follows that
the value v may be attained only when s € (0,t) and = = r;(s) (i = 1,2,3). In case
Tsor0(r2(s0)) =7, so € (0,t), we get

/ (Taorp(ra(50)) — Tuotp ({50, dy) < 0

Dq,

which contradicts (5). Analogously, we derive a contradiction for the case Ts,10(r(s0)) =
v, so € (0,t), i € {1,3}. Therefore v > 0 and the assertion of the lemma follows. O

Note also that Ts;1 = 1. This property together with the assertion of Lemma 4.1 allow
us to assert that operators Ty; are contractive, i.e.,

[ Taell < lleell

forall0<s<t<T.
Finally, we show that the operator family T,; has the semigroup property

T =Te;Try, 0<s<7<t<T.

This property is a consequence of the assertion of uniqueness of the solution of the
problem (1)-(5). Indeed, to find u(s,z,t) = Tsp(x), when it is given that u(s,z,t) —
o(x) as s T t, one can solve the problem first in time interval [r,¢] and then solve it in
the time interval [s, 7] with that initial function u(7, z,t) = Tr+¢(x) which was obtained,;
in other words, Ts;(2) = Tsr (Trip)(z), ¢ € C(Dy) or Tsy = Ty Try.

The above properties of operators Ty imply the following assertion (see [22, Ch.II,
1)),

Theorem 4.1. Let the conditions I-1V hold. Then the two-parameter family of operators
Tst, 0 < s <t <T, defined by the solution of (1)-(5) is the semigroup associated with the
inhomogeneous Feller process on D, which coincides in each of domains Dj, (i = 1,2)
with the diffusion process with the drift coefficient a;(s,z) and the diffusion coefficient
bi(s,z). The behavior of this process at the points ro;—1(s) (i = 1,2) and ro(s) is described
by the boundary conditions in (3) and the conjugation condition (5) respectively.
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