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N. S. AIUBOVA

LIMIT THEOREMS FOR ONE STATISTIC OF FBM IN THE MODEL
OF REAL OBSERVATIONS

In this article the central limit theorem as Hurst index H € (0, %} and the non-central
limit theorem as Hurst index H € (%, 1) for statistics of fraction Brownian motion
in the model of real observations are obtained.

1. INTRODUCTION

A centered Gaussian random process {{g (t),t € R} with the covariance function
1
B (s,t) = §(|t|2H + |s]?H — |t — s>, t,s €R

is called a fraction Brownian motion (FBM) with Hurst parameter H € (0,1). For
H = % an FBM is a standard Wiener process. For H > % an FBM has a property of
long-range dependence and for H < % it is short-range dependent. An FBM is widely
used in the contemporary models of a hydrology, meteorology, finance mathematics and
other sciences. The problem of the statistical estimation of the Hurst parameter was
considered by the many authors. An overview of several methods to estimate the Hurst
parameter is given in [1]. The most popular methods are based on the Baxter sums [2],
[3], [4]. The Levy-Baxter theorems provide for consistence of those estimations. The
Baxter sums methods permit to obtain the non-asymptotic confidence regions for the
estimated parameters.

Recently, interest in problem of estimating by observations with errors has increased.
For example, in the monograph [5] the application of regression models with measurement
errors to radiation risks assessment is considered. The estimation of the Hurst parameter
of fractional Brownian motion by observations with errors was investigated in articles
[6],[7].

2. MODEL OF REAL OBSERVATIONS

The real observation of the value of a random process at a point is carried out by
a device that has a certain inertia. Therefore, when measuring the value of a random
process £(-) at a moment ¢, the device gives the value of the integral fO(t) &(s)p(s)ds,
where O(t) a certain neighborhood of the point ¢, ¢(s) is a function that characterizes
the device [8].
Let 6 € (0,3), A > 1+ 28; ¢ € L1([—6,0]) is known nonnegative function,
fis o(s)ds = 1.
Let
EA+S
Nl = / Eu(s)p(s —kA)ds, k € Z.
kA—§
Sk H = Mk+1,H — M, H» k € Z;
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In article [9] with statistics
N—1
(1) Snm =Y &umN=>1
k=0
consistent estimate of the Hurst parameter of the fractional Brownian motion is con-
structed. Note that (§ ) is stationary Gaussian random sequence, E€, g = 0; the
function x(H) = E{g, u» H € (0,1) is nondecreasing and continuous on the interval
(0,1), (0+) = 0,x(1—) = A% [9].
In this paper for statistics Sy, i, N > 1 the central limit theorem as H € (0, %] and
the non-central limit theorem as H € (%, 1) are obtained.

3. ASYMPTOTIC NORMALITY OF Sy, AS H € (0, 2]

Let 7(n) = E&y g&n,m,n > 0. In article [9] it is proved that

(2) r(n) = %/A(((n*].)A‘FS*t)QH72(nA+57t)2H+((’n+1)A+S*t)2H)(p(S)g0(t)d8dt,

where H € (0,1), A = [-6,8]%,n > 2;

9 (2H(2H —1))?

3) WOy

Then apply the results of the article [10] in the case of J = 1; X,,,n € Z is a sta-
tionary Gaussian sequence with zero mean and unit variance. Let 7(I) = EXo X, | € Z;
H(x) = Hy(xz) = 22 — 1, € R is a second-degree Hermite polynomial; the degree of the
polynomial is k = 2, ¢; =0, co = 1, ¢, = 0, m > 3; Z)¥ = ﬁZ;v:l H>(X;), where
Ap are corresponding norming constants. In this case, Theorem 3.1 and Theorem 3.2
respectively follow from Theorem 1 and Theorem 1 ’[10].

A4,n23

Theorem 3.1. Let stationary Gaussian sequence X,,,n € Z satisfies the condition

Z 72(n) < oco.

NezZ
Let Ay = /N. Then exists
9 N
: D N5 2 2 o 2
J\}gnooﬁ‘zlr (i —j) = 205,07 = 203,
i,j=

and Z{ converges weakly to o Z§, where Z{ is a standard Gaussian random variable.

Theorem 3.2. Let the correlation function of a stationary Gaussian sequence X,,n € 7,
satisfies the condition

N

>

Jj=1

li L N
Ngﬂoomzr ()

j=1
for alll > k, where function L(N) is the function of slow change. Let Ay = \/NL(N).
Then exists

and exists

N
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and Z} converges weakly to o Z;, where Z is a standard Gaussian random variable.

Let X; = % j € Z. Note that X;,j € Z. is a stationary Gaussian sequence with

zero mean, unit variance and correlation function

r(l
——F 1 m§-,0 = L,ZGZ

r(l) = EXoX; = ()

( )
If H € (0,3) then 4 — 4H > 1. Due to inequality (3)

o0 1 (oo}
20y _ 2
=1 =1
From the Theorem 3.1 for H € (0, 2) it follows

Theorem 3.3. Let H € (0, %) Then a sequence of random variables

1K, &y 1
ﬁ;(Xj - \F Z ( - ) - W(SMH — ESn.i)

18 asymptotically normal with zero mean and variance

N

2
o?= lim N > (- ).

N—o0 =
3,7=1

Let’s proof the Lemma:

Lemma 3.1. For any H € [%, 1) there exists a positive constant C(H) such that

(4) rg(n)fv?i(_%,n%oo

Proof. Note that the expression
B,=((n—1DA+s—t)> —2(nA+s—t)* 4 (n+ 1A +5—t)?H,

under the integral sign on the right side of equality (3), is equal to the second order
increment of the function f(r) = 22 on an interval [(n — 1)A+s—t,(n +1)A + s —t].
Let z=(n—1)A+s—t, (s,t) € A=[-6,6]% Then

z+A s+A
Bn:f(z)—2f(z+A)+f(z+2A):/ ds/ 1" (u)du.

Since —26 < s —t < 24, then
2H(2H —1) < u) = 2H(2H — 1) 2H(2H — 1)
((n+1)A +2§)2-2H — u2—2H ~ (n—1)A —2§)2-2H"
For any v € [z,z + A] let’s integrate term-by-term this double inequality in an interval

[v, v+ A] with respect to variable u, then integrate term-by-term in an interval [z, z + A]
with respect to variable v. We obtain double inequality

2H(2H — 1)A? / /“+A 2H(2H — 1) 2H (2H — 1)A?
(n+ 1)A +26)2-20 = w2l S (T 1)A - 222
Let’s multiply all parts of this inequality by 3¢ (s)¢(t), (s,t) € A and integrate on a set
A. Taking into account that [, ¢(s)¢(t)dsdt = 1 and applying an equality (3), we obtain

that

HQH -1)A? __ HEH-)A?
((n+1)A +26)2—2H = rin) < ((n—1)A — 20)2—2H"
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it follows that

H?(2H —1)2A% 9 H?(2H —1)2A%
<ri(n) < :
((n+1)A +26)44H ((n—1)A —26)44H
From the last double inequality it follows that the relation of equivalence (4) holds as
C(H) = H?(2H — 1)2A*H,
The lemma is proven. (I

Let H = 3. Let’s prove that the function L(N) = Ziil (1) = ﬁ Zf\il r2(l) is a
function of slow change. To find the limit

N—o0 In N
Stolz theorem applies:
) Z;Vﬂ r2(7) ) r2(N +1) .

lim =——— = lim = )=C|{-]),

N—oc0 InN N—oco hl(N—I—l)—lnN N—oco 4
due to Lemma 3.1. So, L(N) ~ C(3)InN, N — oo, whence it follows that a function
L(N),N > 1 is a function of slow change.

It is similarly proved that for [ > 2

N N
. 1 Lio 1 1 Lr
NI TN ;’“ U= ¥ e my 2o =0
Now from Theorem 3.2 it follows

Theorem 3.4. Let H = %. Then a sequence of random variables
1 N 1 N-1 2
S )= > (1)
JOENmN = JOE NN =5 \FUH)

1
(Sn.u — ESN.H)
K(H)\/C(2)NIn N

is asymptotically normal with zero mean and variance

N

2
2 9. 20 s
7 _Nlbnéoc(g)NlnNiZT (i =3).

J=1

4. NON-CENTRAL LIMIT THEOREM FOR Sy g AS H € (%, 1)

In the article [13], in the case of a slow decrease to zero of the covariance function, a
non-central limit theorem for nonlinear functions from Discrete-time Gaussian stationary
processes is obtained. Using Theorem 1 from this article we get
Theorem 4.1. For H € (%, 1) the sequence of random variables

1 Sng — ESN H

. N>1
N2H-1 k(H) T
18 weakly convergent to a
1 ; eilzitaa) _ 1 a—1 a—1
i(x1+z2) x—=
— e —————— x| 72 || T AW (z1)dW (22),
D Jpe i(x1 + x2) 1 2 (1) dW (2)

the Wiener-Ito multiple integer relative to a random spectral measure W of the white

noise process, where D = 2T'(a) cos("5*), a = 2 — 2H.
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Proof. In Theorem 1 of [13] let k = 2, H(x) = Ha(z) = 2? — 1, € R. Lemma 1 ensures
that the conditions of Theorem 1 of [13] are fulfilled. Indeed, for H € (2,1) constant
a=2-2H<1=1,

H(2H — 1)A%H

rN) ~

, N — 0.

It follows, from Theorem 1 of [13], that the sequence of random variables

1 SN,H — ESN’H
N2H-1 w(H)

N =>1

converges in distribution to a random variable

()

etl@itaz) _q
D / i(x1+x2) |£C1‘ |£C2| dW(ﬁL’l)dW(l'Z)

Ci(ry 4 20)
where D = 2T'(«) cos(75*). O
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