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INNOVATION METHODS, ALGORITHMS, AND
SOFTWARE FOR ANALYSIS OF REINSURANCE
CONTRACTS1
A Monte Carlo based approach to evaluate and/or compare the riskiness
of reinsurance treaties for both the ceding and the reinsurance companies
is introduced. An experimental program system Reinsurance Analyser
based on the indicated approach is presented. The program allows analyzing applications of a large set of reinsurance contracts under a variety
of claim ﬂow models. The eﬀect of applications is compared by risk measures, provided that the parameters of the contracts are balanced by an
average reinsurer’s load quantity.

1. Introduction
The aim of reinsurance is to protect an insurance company, hereafter
called the ceding company or the ﬁrst line insurer, against large losses caused
either by excessively large claims or by a large number of claims. A reinsurance treaty determines the rules according to which claims are split between
the ceding and the reinsurance companies. One of the questions arising in
connection with reinsurance is which reinsurance treaty, applied to a given
claim ﬂow, provides a less risky position to the reinsurer. It is therefore of
interest to develop methods that compare the riskiness of diﬀerent treaties
and that select the optimal treaty. By way of procedure we take the point
of view of the reinsurer.
The most common measure for judging the riskiness of a reinsurance
treaty is the variance of the deductible or reinsured claim amount. In this
case, the optimality criterion consists in minimizing the variance while the
mean value of the claim amount under consideration is ﬁxed. Minimization
of the variance of the deductible with respect to the classical reinsurance
treaties such as quota-share, excess-of-loss, stop-loss, surplus, or their combinations has been investigated by many authors (see, e.g., Pesonen (1984),
Daykin, Pentikäinen, and Pesonen (1993), Denuit and Vermandele (1998),
1
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Gajek and Zagrodny (2000), Kaluszka (2001), Verlaak and Beirlant (2003),
Kaluszka (2004), and others). The ceding insurer’s and reinsurer’s optimal
choice of classical reinsurance was derived in Hesselager (1990). However,
this author used the minimization of the probability of ultimate ruin as
optimality criterion.
Not much is known on the optimal choice of a treaty when the set of
feasible treaties contains large claims reinsurance (ECOMOR, largest claims
reinsurance, etc.). In this case, the application of the “mean-variance”
criterion is complicated by the fact that no handy and/or general analytical
expressions exist for the expectation and the variance of the (re-)insured
amount. In 1972, Berliner showed a high degree of similarity between excessof-loss and largest claims reinsurance covers in terms of the correlation
coeﬃcient of the reinsured claim amount for the Pareto-Poisson model. By
the latter we understand that the claim epochs follow a Poisson stream
while the claim sizes follow a Pareto distribution. In Kremer (1982), the
asymptotic equivalence of the net risk premium of the largest claims cover
and the net risk premium of the excess-of-loss treaty plus additive term
is established. This result was subsequently generalized in Kremer (1984)
to the case of a generalization of the largest claims cover. Further results
on the optimal choice of a treaty when large claims reinsurance is involved
can be found in Kremer (1990) and Kremer (1991). In the papers referred
to above, the largest claims cover is compared to the excess-of-loss treaty
with the help of either the asymptotic eﬃciency or the limiting eﬃciency.
It is shown that, from the insurer’s viewpoint, the excess-of-loss treaty is
better than the largest claims cover with respect to an asymptotic eﬃciency
measure; however the treaties are equivalent with regard to the limiting
eﬃciency.
The riskiness of a combination of quota-share and a large claim reinsurance contract was studied in Ladoucette and Teugels (2006a). For a
survey of the analytical results concerning large claim reinsurance we refer
to Teugels (2003) and Ladoucette and Teugels (2006b).
In this paper we introduce a Monte Carlo based approach to evaluate
and/or compare the riskiness of reinsurance treaties for both the ceding
and the reinsurance companies. However, when making a decision on the
optimality and the expediency of a treaty, we restrict attention to the reinsurer’s interest. Not only is this the main novelty in our approach, but
often ﬁrst line insurance can be considered as a form of reinsurance where
the client accepts a certain franchise or deductible. Due to the Monte Carlo
technique the implementation of the indicated approach extends to a large
set of reinsurance treaties. In particular, simulation methods allow to cope
with the mathematical complexity of large claims reinsurance.
Furthermore, we present an experimental software Reinsurance Analyser
and show results of experimental studies made with the help of the program. The Reinsurance Analyser becomes an especially handy tool when
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one compares reinsurance contracts of high mathematical complexity, typical for large claims reinsurance. Moreover, the use of computer programs
allows us to analyze applications of a reinsurance contract under a variety
of claim ﬂow models.
Throughout the paper we assume that claim ﬂows can be described by the
classical Sparre Andersen risk model where inter-claim times are assumed to
form a renewal process. The compound Poisson model is a Sparre Andersen
model where the inter-claim intervals are exponentially-distributed. The
distribution of claim sizes and the distribution of the inter-claim intervals are
modelled as mixtures of distributions chosen from a broad class containing
both light- and heavy-tailed distributions. Each distribution playing a role
in the mixture has a certain probability but the sum of the probabilities in
anyone mixture is equal to 1. Hence, these probabilities may be considered
as weights of the distributions in the mixture. The mixture approach for
modelling claim ﬂows allows us to take account of claims of diﬀerent nature
like frequent small, medium claims and rare extreme large claims. More
concretely, light-tailed distributions describing small and medium claims
have higher probabilities in the mixture while heavy-tailed distributions for
the large claims have lower probabilities.
The riskiness of a reinsurance treaty is evaluated on a speciﬁed time interval called the evaluation interval by a set of risk measures (e.g., variance,
dispersion, coeﬃcient of variation, value at risk, etc.) The evaluation interval can be determined using diﬀerent principles. In the present paper we
consider two such types, i.e., claim-type, containing a pre-speciﬁed number
of claims, and time-type. The claim amount retained by the ﬁrst line insurer (respectively, reinsurer) within an evaluation interval will be referred
to as the interval deductible (interval reinsured claim amount).
In order to make a fair comparison between two reinsurance treaties by
any feasible risk measure, we need to calibrate them. We therefore choose
the parameters of the treaties in such a way that the average reinsurer’s
quota loads (i.e., the percentage of the interval claim amount covered by the
reinsurer in average) on the same evaluation interval are equal. Moreover
these balanced treaties are to be applied to the same claim ﬂows. Note that
if the ﬁrst or the second moment of the claim size distribution is inﬁnite,
the same might happen to the corresponding moment of the distribution
of the reinsured amount. This is the case, for example, for excess-of-loss,
largest claims reinsurance treaties. It is therefore sensible to consider ratios
of the corresponding sample estimates of risk measures as they can display
asymptotic stabilization even in the case of heavy tailed distributions.
The approach to evaluate and compare reinsurance treaties as presented
in this paper has been used as a background for the experimental software Reinsurance Analyser (ReAn). The program ReAn is written in the
programming language Java with the use of SSJ and JFreeChart class libraries. Due to the facilities of Java the software is platform independent
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and is well-equipped for distributed calculations through the Internet. The
description of the program and the results of experimental studies are given
in the paper as well.
The remaining of the paper is structured as follows. The claim ﬂows
modelling and the types of reinsurance contracts are described in Section 2.
Special attention is paid to the extreme value contracts. Section 3 treats
the evaluation of reinsurance treaties. In Sections 4 and 5 we formulate the
problems which can be solved with the help of the Reinsurance Analyser.
The algorithms for solving these problems are also included. In particular, the approach to compare reinsurance treaties is discussed in Section 5.
The description of the program Reinsurance Analyser is given in Section 6.
Finally, results of experimental studies are presented and commented in
Section 7.

2. Claim Flows and Reinsurance Treaties
Let T1 , T2 , . . . , be the inter-claim intervals (T1 is the moment when the
ﬁrst claim arrives). If X1 , X2 , . . . , is the sequence of corresponding claim
sizes and N(t) = max{n : Tn ≤ t}, t ≥ 0, is the number of claims arrived
to an insurance company up to time t, then the total or aggregate claim
amount over that time period is
X(t) :=

N (t)


Xn ,

t ≥ 0,

n=1

and X(t) = 0 if N(t) = 0.
The moment of the appearance of the n-th claim is given by
(1)

Zn = T1 + T2 + . . . + Tn ,

n = 1, 2, . . . .

Any reinsurance treaty is a rule according to which each individual claim
Xn is split into a “lower” and an “upper” part
Xn = XnI + XnR ,

n = 1, 2, . . . ,

where XnI is the deductible payed by the ﬁrst line insurer, and XnR is the
reinsured amount. Consequently, the aggregate claim X(t) is split as
N (t)
I

R

X(t) = X (t) + X (t) =


n=1

N (t)

XnI

+



XnR ,

t ≥ 0.

n=1

Figure 1 illustrates a reinsurance arrangement on a claim-by-claim basis.
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Figure 1. The claim ﬂow split between the ceding insurer and
the reinsurer.

2.1 Sparre Andersen model. We assume that for n = 1, 2, . . . ,
A: (Xn , Tn ) are independent identically distributed random vectors with
non-negative components;
B: Xn and Tn are independent random variables which have ﬁnite expectations (but not necessarily ﬁnite variances) and distribution
functions F and G respectively.
As mentioned before, N(t) is a renewal process and the claim ﬂow model
is called the Sparre Andersen model (see, e.g., Rolski, Schmidli, Schmidt,
and Teugels (1999)).
The Sparre Andersen model generalizes the classical compound Poisson
model where N(t) is the Poisson process, i.e., G(t) = 1−e−λt , an exponential
distribution function.
2.2 Claim size and inter-claim interval distributions. The distribution functions F and G are modelled as mixtures of several distributions
F (x) = p1 F1 (x) + . . . + pm Fm (x),
G(t) = q1 G1 (t) + . . . + qk Gk (t),
where p1 + . . . + pm = 1, q1 + . . . + qk = 1; Fi (x), i = 1, 2, . . . , m, and Gj (t),
j = 1, 2, . . . , k, are distribution functions from the following classes:
• Light-tailed distributions (Uniform(a, b), Exponential(λ), Gamma(α ≤ 1, β), Weibull(λ, τ ≥ 1), etc.);
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• Heavy-tailed distributions (Strict Pareto(α), Alternative Pareto(α, β), Weibull(λ, τ ≤ 1), Gamma(α ≥ 1, β), Reciprocal Gamma(α, β), etc.);
• Super-heavy tailed distributions (Logarithmic (α), etc.).
The quantities p1 , p2 , . . . , pm , and q1 , q2 , . . . , qk will be referred to as the
probabilities or weights assigned to the distributions in the claim size and
inter-claim interval distribution mixtures, respectively. Intuitively, with
probability pi a particular claim size Xn arrives from the claim ﬂow with
claim size distribution Fi , i = 1, 2, . . . , m. Alternatively, the probability pi
may be thought of as the proportion of claim sizes having distribution Fi ,
i = 1, 2, . . . , m. Analogous reasonings can be made on a particular interclaim interval Tn with probabilities qj and inter-claim distributions given
by Gj , j = 1, 2, . . . , k.
The exponential and the strict Pareto distributions are used as benchmarks to split distributions into light-, heavy-, and super-heavy tailed:
• if
F̄ (x)
lim supx→∞ −λx < ∞ for some λ > 0,
e
where F̄ (x) = 1 − F (x) denotes the tail of the distribution function
F , we call F light-tailed;
• if
F̄ (x)
lim supx→∞ −λx > 0 for all λ > 0,
e
we call F heavy-tailed, and
• if
F̄ (x)
lim supx→∞ −λ > 0 for all λ > 0,
x
we say that F has a super-heavy tail.
According to these deﬁnitions, the exponential distribution itself is lighttailed, the strict Pareto distribution given by F̄ (x) ∼ x−α , α > 0, is heavytailed, and the logarithmic distribution given by F̄ (x) ∼ (ln x)−α , α > 0, is
super-heavy tailed.
The results of simulations presented in Section 7, are obtained for a compound Poisson model where the distribution F of the claim sizes is a mixture
of an exponential F1 and a reciprocal gamma F2 with probabilities p1 > p2 .
Recall that a random variable X has a reciprocal (α, β)-gamma distribution if its density is given by
 α+1
1
1
·
β α exp {−β/x}, x ≥ 0, α > 0, β > 0,
fX (x) =
Γ(α)
x
∞
where Γ(α) = 0 xα−1 exp {−x}dx. Alternatively, Y = X1 has a classical
(α, β)-gamma distribution with density
1
· y α−1 β α exp {−βy}, y ≥ 0.
fY (y) =
Γ(α)
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The parameter α is known as the shape parameter while β is the scale
parameter.
The right tail of the reciprocal gamma distribution follows a power law
with exponent −(α + 1). Its expected value is
EX =

β
,
α−1

α > 1,

while the variance is
V arX =

β2
,
(α − 2)(α − 1)2

α > 2.

Hence, for 1 < α < 2 the expected value is ﬁnite but the variance is not.
2.3 Classical reinsurance treaties. The classical reinsurance arrangements such as quota-share, surplus, excess-of-loss, stop-loss, and their combinations are commonly used and well known. We will consider the following
two types in more detail.
(1) An excess-of-loss treaty is determined by a positive number M ≥
0 called the retention level (or the priority). With this type of treaty
the reinsurer pays that part of each claim that exceeds the retention
M; as such
XnR = {Xn − M}+ ,

n = 1, 2, . . . ,

where {x}+ = max{x, 0}, x ∈ R. The ceding insurer covers claims
that do not exceed the retention M and pays the amount M when
Xn > M; more speciﬁcally,
XnI = min{Xn , M},

n = 1, 2, . . . .

In the following we will use the notation excess-of-loss [M] to refer
to this treaty.
(2) In a quota-share treaty, the reinsurer accepts a certain proportion
a of each individual claim, while the cedent retains the remaining
1 − a, 0 < a < 1; therefore
XnR = a · Xn ,
and
XnI = (1 − a) · Xn .
The parameter a is called the proportionality factor.
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2.4 Extreme value reinsurance. If one is interested in coverage against
excessive claims, then one should look for extreme value treaties based on
the largest claims in the portfolio. Such treaties are largest claims reinsurance, generalized largest claims reinsurance, ECOMOR, drop-down excessof-loss, etc. The commonly used classical reinsurance treaties do not involve
largest claims. However, extreme value reinsurance is far less popular. One
of the main reasons is the technical complexity of the dependent order statistics
X1∗ ≤ X2∗ ≤ · · · ≤ XN∗ (t)
of the individual claims X1 , X2 , . . . , XN (t) , that are used to deﬁne extreme
value reinsurance treaties.
For example, in a largest claims treaty the reinsurer covers the r,
r = 1, 2, . . . , N(t), entire largest claims from the sequence X1 , X2 , . . . , XN (t) .
With the ECOMOR (excédent du coût moyen relatif) treaty introduced in Thépaut (1950) the reinsurer pays only that part of the r largest
claims XN∗ (t)−r+1 , . . . , XN∗ (t) , r = 1, 2, . . . , N(t) − 1, that exceeds the (r + 1)th largest claim XN∗ (t)−r ; more speciﬁcally,
r

 ∗

X (t) =
XN (t)−i+1 − XN∗ (t)−r ,
R

r = 1, 2, . . . , N(t) − 1,

i=1

and X R (t) = 0 for r ≥ N(t). As such, the ECOMOR can be viewed as an
excess-of-loss with a random retention level determined by the (r + 1)-th
largest claim.
Having in mind to tackle the technical complexity of extreme value reinsurance and simplify its application in practice, we introduce in this paper a
modiﬁed approach for determining extreme value treaties. In general, by an
extreme value reinsurance treaty we will understand a reinsurance arrangement on a claim by claim basis according to which the reinsurer’s share XnR
of an individual claim Xn is deﬁned as a function of Xn and order statistics
of the l previous claims Xn−l , Xn−l+1, . . . , Xn−1 , l = 1, 2, . . ., n = 1, 2, . . ..
The order statistics will be called the ordered past sample and denoted by
∗
∗
∗
≤ Xn−l+1
≤ · · · ≤ Xn−1
.
Xn−l

The parameter l will be called the past-sample size. The notation EV[l] will
be used to refer to an extreme value reinsurance treaty satisfying the above
general deﬁnition.
The crucial point in the last deﬁnition is that the rule for splitting claims
between the cedent and the reinsurer is given for each individual claim and
involves the order statistics from a ﬁxed past claim epoch. At the same
time, it does not change the essence of the extreme value treaties. For
example, the largest claims treaty can be presented in the form

∗
0,
if Xn < Xn−r
,
R
(2)
Xn =
∗
Xn , if Xn ≥ Xn−r , r = 1, 2, . . . , l,
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Figure 2. LC[l, r, c] reinsurance contract: l = 3, r = 2, c = 0.75.
while the ECOMOR treaty introduced in Thépaut (1950) can be presented
as

∗
,
0,
if Xn < Xn−r
(3)
XnR =
∗
∗
Xn − Xn−r , if Xn ≥ Xn−r ,
and be still viewed as an excess-of-loss with a random retention, i.e.,


∗
, r = 1, 2, . . . , l.
XnR = Xn − Xn−r
+
In this paper we consider a generalization of the contract (2) arranged in
the following way. The reinsurer pays a certain proportion c, 0 ≤ c ≤ 1, of
each individual claim Xn only if this claim overshoots the (r + 1)-th largest
claim among the l claims prior to Xn ; more strictly

∗
,
0,
if Xn < Xn−r
(4)
XnR =
∗
c · Xn , if Xn ≥ Xn−r , r = 1, 2, . . . , l,
where c is called the proportionality factor. Hence, the ﬁrst line insurer
covers

∗
if Xn < Xn−r
,
Xn ,
I
Xn =
∗
(1 − c) · Xn , if Xn ≥ Xn−r , r = 1, 2, . . . , l.
The role played by the continuous parameter c will be discussed in subsection 4.2.
Hereafter we will use the notation LC[l, r, c] or the preﬁx LC- to refer to
the largest claims reinsurance treaty deﬁned by (4).
Figure 2 illustrates the application of the LC -contract where the pastsample size l = 3, the number of the largest claim r = 2, and the proportionality factor c = 0.75.
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Remark 2.1. In analogy to the largest claim reinsurance, the ECOMOR
contract given by (3) can be generalized to an ECOMOR[l, r, c] where the
reinsured amount is equal to

∗
0,
if Xn < Xn−r
,
XnR =
∗
∗
c · Xn − Xn−r , if Xn ≥ Xn−r , r = 1, 2, . . . , l.
Remark 2.2. Note that a past sample can be determined not only by a
ﬁxed number l of claims prior to the claim Xn , but also by a time interval
of a ﬁxed length, say H > 0, counted back from the moment Zn , i.e., the
interval (Zn − H, Zn ]. In this case one obtains an extreme value contract
with a random past-sample size.
3. Evaluation of Reinsurance Treaties
The eﬀect of a reinsurance treaty is evaluated on certain intervals Im =
(tm , tm ], m = 1, 2, . . ., called the evaluation intervals. Evaluation intervals
may be determined in a variety of ways. Two of them, namely claimtype and time-type, will be considered in detail while others will only be
mentioned as possible alternatives.
3.1 Claim-type evaluation intervals. Claim-type evaluation intervals
are formed in such a way that each of them contains a certain number, say
k = 1, 2, . . ., of successive claims
Im = Z(m−1)·k , Zm·k ,

m = 1, 2, . . . ,

where Zn is the moment when the n-th claim occurs.
Note that the distribution of the length of a claim-type interval is determined by the inter-claim interval distribution G, and does not therefore
depend on k. Its actual length Zm·k −Z(m−1)·k , m = 1, 2, . . ., can be diﬀerent
as shown in Figure 3.
3.2 Time-type evaluation intervals. Time-type evaluation intervals are
determined by a certain time period, say h > 0,
Im = ((m − 1) · h, m · h] ,

m = 1, 2, . . . .

The number of claims in one time-type evaluation interval may be different from the number of claims in another one as seen in Figure 4. This
time it is the distribution of this number that depends on the inter-claim
interval distribution G.
3.3 Money-type evaluation intervals. Money-type evaluation intervals
are determined by the amount of money, say e > 0, that the ceding (or,
reinsurance) company should pay within each interval such that the last
claim in the interval is the one that ﬁrst overshoots the amount e.
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Figure 3. Claim-type evaluation intervals: k = 3.

Figure 4. Time-type evaluation intervals: h = 4 (time units).
3.4 The average reinsurer’s quota load and contract characteristics. For any evaluation interval Im = (tm , tm ], m = 1, 2, . . ., denote by Xm
the aggregate interval claim amount

Xm =
Xn , m = 1, 2, . . . .
n:tm <Zn ≤t
m

Then the interval reinsured claim amount can be obtained as

R
=
XnR , m = 1, 2, . . . ,
Xm
n:tm <Zn ≤t
m
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while the interval deductible equals
I
R
Xm
= Xm − Xm
,

m = 1, 2, . . . .

Denote by M the set of contract characteristics such as
• expectation,
• median,
• 25% and 75% quantiles,
• value at risk,
• variance,
• dispersion,
• coeﬃcient of variation,
• skewness,
• kurtosis, etc.
of the interval deductible and interval reinsured claim amount.
Having a sample of interval deductibles X1I , . . . , XNI and a sample of interval reinsured amounts X1R , . . . , XNR (where N is the sample size), we apply
Monte Carlo methods to estimate the characteristics from the set M and the
average reinsurer’s quota load QR . The estimates are then used to evaluate
and analyse reinsurance treaties.
Below, we will consider the reinsurance treaties described in subsections 2.3 and 2.4, i.e., the excess-of-loss, the quota-share, and the largest
claims treaty deﬁned by (4), when the underlying claim process is of Sparre
Andersen type satisfying conditions (A) and (B) of subsection 2.1.
The average reinsurer’s quota load QR is the percentage of the aggregate
interval claim amount that the reinsurer covers on average. It is calculated
as
X R + · · · + XNR
QR = P-limN →∞ 1
· 100% =
X1 + · · · + XN
(5)

=

R
X1R +···+XN
N
N
P-limN →∞ X1 +···+X
N

P-limN →∞

· 100% =

E∗ X1R
E∗ X1

· 100%,

where E∗ X1R (E∗ X1 ) is the expected value of the reinsured (aggregate) claim
amount on the evaluation interval I1 in the “stationary” regime. If the
evaluation intervals are of claim-type then
(6)

E∗ X1R = k · E∗ X1R ;

and if evaluation intervals are of time-type then
(7)

E∗ X1R = h ·

E∗ X1R
.
ET1

Thus, in both cases
(8)

QR =

E∗ X1R
· 100%.
E∗ X1
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Note that for the reinsurance contracts with simple structure where the
reinsurer’s share of a claim is deﬁned by the size of this claim only (e.g.,
excess-of-loss, quota-share), E∗ X1R = EX1R and E∗ X1 = EX1 in formulas
(5)–(8). In this case formulas (5)–(8) can be proved with the use of classical
results of renewal theory, given, for example, in Feller (1966) or in Silvestrov (1980a). Indeed, under these treaties, the sequences (X1 , X2 , . . .)
and X1R , X2R , . . . are sequences of independent and identically distributed random variables. However, under an LC-contract, the random sequence X1R , X2R , . . . belongs to the class of so-called sequences of (l + 1)dependent random variables. The last model can also be considered as a
particular case of a Markov renewal process, since the random sequence
X̄nl = (Xn−l , Xn−l+1 , . . . , Xn−1 , Xn ) is a homogeneous Markov chain. The
generalization of the law of large numbers for such models as given, for instance in Shurenkov (1989) or in Silvestrov (1980b), can be applied to prove
the relations (5)–(8) in this case as well.
An additional theoretical problem arises when the claim size distribution
mixture contains heavy-tailed distributions with inﬁnite variance. In this
case, one can observe a “masking” eﬀect of quasi-stability of estimates
X1R + · · · + XNR
X1 + · · · + XN
of the quantity QR for large values of N. It turns out that the estimates
of QR are not stable and may have sudden jumps due to the appearance of
outliers in the simulated samples. This eﬀect can appear when the claim
size distribution is modelled by a mixture
F = p1 F1 + p2 F2 ,
where F1 is a light-tailed distribution, F2 is a heavy-tailed distribution,
p1  p2 , while
p1 · m1 ≈ p2 · m2 ,
where mi denotes the mean value of the distribution function Fi , i = 1, 2.
In view of the above discussion, the estimate N̂ of the sample size N that
is suﬃcient to provide a reliable estimate for the average reinsurer’s quota
load QR does require additional theoretical investigation, especially for the
EV[l]-type contracts and LC-contracts.
It is also of interest to estimate the distribution functions of the interval deductible and the interval reinsured amount. One can plot histograms
and logarithmic histograms of the distributions in question with the help
of the Reinsurance Analyser. The (ordinary) histograms of the interval deductible and the reinsured claim amount are based on samples X1I , . . . , XNI
and X1R , . . . , XNR , respectively. The log-histograms are plotted on the basis of the samples
 obtained from the initial data by the transformation

X = ln X + 1 . A log-histogram turns out to be more illustrative in
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cases where the underlying distributions have a large or even inﬁnite variance or/and are very skewed.
4. Direct and Inverse Problems
As mentioned in the Introduction, the prime use of the Reinsurance
Analyser is to compare reinsurance treaties. In addition, the program can
be used as a tool for solving the following two problems.
4.1 Problem 1 (Direct: estimation of the contract characteristics).
Given:
(a) the claim size and inter-claim interval distribution functions F and
G respectively,
(b) the reinsurance treaty R and its parameters,
(c) the sample size N and the type of evaluation intervals Im , m =
1, 2, . . . , N,
estimate the average reinsurer’s quota load QR and contract characteristics
from the set M.
The solution algorithm is based on Monte Carlo simulations and consists
of the following steps
(A) simulate samples X1R , . . . , XNR , and X1I , . . . , XNI of the chosen sample
size N, namely,
(A1) simulate T1 , T2 , . . ., and X1 , X2 , . . . from the given claim ﬂow
distribution,
(A2) split claim ﬂow into deductibles X1I , X2I , . . ., and reinsured amounts X1R , X2R , . . . according to the rules of the reinsurance treaty
R,
(A3) form samples X1R , . . . , XNR , and X1I , . . . , XNI according to the
type of the evaluation intervals,
(B) estimate the average reinsurer’s quota load QR ,
(C) estimate contract characteristics from the set M,
(D) plot (logarithmic) histograms of the interval deductible and the reinsured claim amount.
4.2 Problem 2 (Inverse: estimation of the contract parameters
and contract characteristics). Given:
(a) the claim size and inter-claim interval distribution functions F and
G respectively,
(b) the type of reinsurance treaty R,
(c) the value Q for the average reinsurer’s quota load,
(d) the sample size N and the type of evaluation intervals Im , m =
1, 2, . . . , N,
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ﬁnd the parameter(s) of the reinsurance treaty R such that the average
reinsurer’s quota load QR is equal to the given value Q, and then estimate
characteristics of the reinsurance treaty R composing the set M.
The algorithm for solving Problem 2 can be divided into two parts
I: ﬁnd the parameter(s) of the chosen treaty R such that QR = Q,
II: estimate characteristics from the set M with already known contract
parameters.
Part II repeats the algorithm for solving Problem 1 described above. Part
I is non-trivial and requires closer consideration. The main idea is to use a
dichotomy procedure to estimate the parameter(s) of the given treaty R.
In general, if a treaty has two or more parameters it is supposed that
only one is free while the others are ﬁxed.
Let p denote the parameter to be estimated.
(i) Suppose, ﬁrst, that p takes on non-negative real values p ≥ 0 (for
example, the excess-of-loss treaty with retention level M ≥ 0). In this case
Part I of the algorithm consists of the following steps:
(I.1) set p equal to an initial value p0 ;
(I.2) simulate samples X1R , . . . , XNR , and X1I , . . . , XNI with respect to the
treaty R[p0 ];
(I.3) estimate the average reinsurer’s quota load QR[p0 ] ;
(I.4) compare QR[p0 ] to Q;
if |QR[p0 ] − Q| < , where  is the admissible error, then proceed
with the treaty evaluation (Part II); otherwise
(I.5) ﬁnd the next approximation to p using the dichotomy procedure and
repeat steps (I.2)–(I.4).
Figure 5 gives a graphical illustration to the estimation procedure for the
retention level M of the excess-of-loss treaty.
(ii) Next, suppose that the parameter p is a non-negative integer. In this
case, the inverse problem to estimate p given the value Q does not always
have a solution. To circumvent this shortcoming, an additional continuous
parameter has to be introduced such that the essence of the treaty is still
kept.
For example, the largest claims cover deﬁned by (2) has an integer parameter r taking values r = 1, 2, . . .. The larger the value of r, the larger
the reinsurer’s quota load QR . When solving the inverse problem, it may
happen that the equality QR = Q can never be reached: for some integer
value r of r the reinsurer’s quota load QR[r] is less than Q, QR[r] < Q, while
for the next integer value of r holds QR[r+1] > Q (see, also, Figure 6(a)).
However, the introduction of a new continuous parameter c and generalization of the treaty as given by (4) make the inverse problem solvable for any
given value Q and keep the essence of the initial treaty as well.
On the other hand, the appearance of a new parameter implies that the
inverse problem may have more than one solution.
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Figure 5. Estimation of the retention level M of the Excess-of-loss [M].
For the LC-treaty, we suggest two alternative solving procedures to cope
with the disadvantage caused by the non-uniqueness of the solution. Let
the past-sample size l be ﬁxed, then either
1) given the value of r, estimate the proportionality factor c following
(I.1)–(I.5) for p = c in which case there exists either a unique or no
solution,
or
2) ﬁnd the value r of r such that QLC[l,r−1,1] < Q ≤ QLC[l,r,1], and
estimate the corresponding value c(r) of c such that the equality
QLC[l,r,c(r)] = Q holds.
Both alternatives are illustrated in Figure 6(b).
5. Comparison of Reinsurance Treaties
The Reinsurance Analyser allows us to compare the riskiness of reinsurance treaties by a set of risk measures, i.e., the value-at-risk and variancebased contract characteristics from the set M. It is sensible to consider
the variance and functions of both the variance and the mean value. The
latter takes into account both characteristics while the former completely
overlooks the expectation.
The conditions of fair comparison of a pair of reinsurance contracts assume
C1: that the contracts are balanced by the average reinsurer’s quota load,
i.e., their parameters are chosen or estimated such that the average
reinsurer’s quota loads of both contracts are equal;
C2: the contracts are applied to the same simulated sample;
C3: the same evaluation intervals are used.
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(a) Proportionality factor c = 1.

(b) Proportionality factor c, 0 ≤ c ≤ 1.

Figure 6. LC[l, r, c] with the ﬁxed past sample size l.
On the basis of the above, let us compare R1 and R2 , two diﬀerent reinsurance treaties.
Given:
(a) the claim size and inter-claim interval distribution functions F and
G,
(b) the value Q for the average reinsurer’s quota load,
(c) the sample size N and the type of evaluation intervals Im , m =
1, 2, . . . , N,
then the treaties R1 and R2 are compared in a solution algorithm that
consists of the following steps:
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(A) estimate the parameters of treaties R1 and R2 such that QR1 =
QR2 = Q,
(B) simulate samples X1Ri , . . . , XNRi , and X1Ii , . . . , XNIi , i = 1, 2, of the
chosen sample size N,
(C) estimate characteristics from the set M for both the R1 and R2
contracts,
(D) plot (logarithmic) histograms of the interval deductibles and the
reinsured claim amounts,
(E) compare the contracts R1 and R2 by (C) and (D).
Since we allow claim ﬂows to contain excessively large claims, we model
claim sizes using heavy-tailed distributions with an inﬁnite second or, even
an inﬁnite ﬁrst moment. This might in turn imply the inﬁniteness of the
corresponding moment of the distribution of the interval reinsured claim
amount. This is the case for reinsurance arrangements like excess-of-loss,
largest claims, etc. In order to compare a pair of treaties in this case, we
consider the ratios of the estimates of the corresponding risk measure. For
example, we might take the ratio of the sample variances
R1
SN
,
R2
SN

(9)

Ri
where SN
is the sample variance of the interval reinsured claim amount with
respect to the contract Ri , i = 1, 2, based on a sample size N. As pointed out
in subsection 3.4, the sequences X1R1 , X2R1 , . . . and X1R2 , X2R2 , . . . used
in the reinsurance contracts with a simple structure (such as excess-of-loss,
quota-share, etc.) are sequences of independent and identically distributed
random variables. If the underlying claim size distribution F has a ﬁnite
variance then the quantity (9) converges weakly to a constant that equals
to the ratio of real variances

(10)

P-limN →∞

R1
V ar ∗ X R1
SN
=
,
R2
SN
V ar ∗ X R2

where V ar ∗ X Ri , i = 1, 2, is the (ﬁnite) variance of the interval reinsured
claim amount with respect to the contract Ri , i = 1, 2.
However, the problem becomes non-trivial when the underlying claim size
distribution F is heavy-tailed with inﬁnite variance. As was shown in Albrecher and Teugels (2006), even in this case one can observe a stabilization
of the ratios of type (10) based on the same simulated sample. The fact
that the ratios of type (10) are stable can be used for the comparison of
reinsurance contracts even when the claim size distribution is heavy-tailed.
In the general case one requires a deeper theoretical approach, especially
for the case of the EV[l]-type reinsurance contracts.
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6. Description of the Program Reinsurance Analyser
In this section we describe the experimental program system Reinsurance
Analyser (ReAn) and give some advice on how to work with it.
The prime use of the ReAn is to compare the riskiness of reinsurance
contracts. Also, it can be used as a tool to estimate
1) the average reinsurer’s quota load QR for the given treaty (Problem
1, Direct);
2) one or several parameters of the reinsurance treaties, given the average reinsurer’s quota load QR (Problem 2, Inverse).
The approach used in the program is based on global stochastic modelling
of various ﬂows of claims described in Section 2 and involves the method
for evaluating reinsurance treaties presented in Section 3.
The input information required is
•
•
•
•
•
•

sample size;
claim size and inter-claim interval distributions;
type of evaluation intervals;
type(s) of reinsurance treaty(-ies);
parameters of the treaty or the average reinsurer’s quota load;
premium schemes (optional).

The output information is then
• an estimate of the average reinsurer’s quota load or estimates of the
parameters of the reinsurance treaties;
• estimates of characteristics from the set M;
• (logarithmic) histograms of the distributions of the interval deductible and the reinsured claim amount, etc.
6.1 Program characteristics and user’s interface. As mentioned in the
Introduction, the program is written in the programming language Java with
the use of SSJ and JFreeChart class libraries. Thanks to the ﬂexibility of
Java the software is platform independent and well-equipped for distributed
calculations through the Internet.
The ReAn has a standard Swing graphical user’s interface (see, e.g., Figure 7). The main interactive element of the program is Contract window.
The Contract window consists of two panels, the upper tabbed panel and
the lower common panel. There are four tabs on the upper panel called,
subsequently, Claim Flow, Contract 1, Contract 2, and Functional
Characteristics. The lower panel contains information and facilities such
as money and time units, sample size, Start button and execution progress
bar, which are common to all four tabs in the Contract window. The panel
is called the Common panel and remains accessible independently of the
currently activated tab.
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6.2 Claim ﬂow tab. Claim size and inter-claim interval distributions are
described on the Claim ﬂow tab. Recall that each of these two distributions
is modelled as a mixture of several distributions, where each entry in the
mixture has a certain probability. The mixtures are formed by the user in,
respectively, Claim size distribution and Inter-claim interval distribution
tables on the Claim ﬂow tab.
Initially both tables are empty. To add a new distribution, the user invokes Distribution club dialog by clicking Add... button and picks out a
distribution from the list, as shown in Figure 7. For convenience, comprehensive information about each distribution is available in the program’s
Help System. The distributions listed in the dialog are divided into three
groups according to their tails: light, heavy and super-heavy. Option Database should be chosen if one has a database of real-life past claims and
would like to model a claim ﬂow with the same distribution as the ﬂow in
the database.
Remark 6.1. In the Distribution Club dialog, the items marked by black
colour in the list are already realised in the program while the items marked
by grey are reserved for future development.
Add... and Delete buttons, and Save/Change combo box serve for editing
already formed mixtures. Using them, one can add or delete distributions,
change their parameters or weights (provided that the sum of the weights
in one mixture remains equal 1). The load and total mean are automatically
calculated by the program, the former as the product of the mean value and
the corresponding assigned probability (weight), and the latter as the sum
of loads in one mixture (see Figure 7).
6.3 Contract 1 tab. The Contract 1 tab contains information about the
ﬁrst reinsurance treaty, the type(s) of evaluation intervals, the average reinsurer’s quota load and the cedent’s and reinsurer’s premium calculation
schemes. It further displays some results of simulations. The user decides
here which of the three problems formulated in Sections 4–5 he would like
to solve with the help of the program.
Contract 1 tab contains information that is classiﬁed as input or output
depending on the problem chosen by the user. In the subsequent subsections, we will consider the peculiarities of each of the three cases. However,
in any case the following data should be speciﬁed on the Contract 1 tab by
the user:
(A) type of reinsurance treaty;
(B) type of evaluation intervals;
(C) premium calculation principles with safety coeﬃcients (optional).
A. The type of reinsurance treaty is picked out from the list of available
treaties in the Contract Club Dialog (see Figure 8). Treaties in the list are
grouped according to their structure, namely:
1) proportional reinsurance;
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Figure 7. Distribution Club Dialog. Claim ﬂow tab.
2) non-proportional reinsurance;
3) combination of treaties.
For convenience, the rule for calculating the reinsurer’s share is given as a
tool-tip near the name of the corresponding reinsurance contract.
Remark 6.2. As for the Distribution Club, the contracts marked by grey
colour in the Contract Club dialog are reserved for future development.
B. In order to specify the type of evaluation intervals, the user activates the proper check box and deﬁnes the corresponding parameter (for
example, the number of claims k for claim-type evaluation intervals) on
the Insurer’s/Reinsurer’s quota by panel. Note that the time parameter h,
deﬁned in subsection 3.2, and the money parameter e, deﬁned in subsection 3.3, are measured in time and money units, respectively, displayed on
the Common panel.
C. The user has the additional options to involve premiums in the analysis
and comparison of the contracts. In order to exclude them from the consideration, the Ignore premiums check box should be activated. Otherwise,
one deﬁnes premium calculation principles along with the safety coeﬃcients
for both ceding and reinsurance companies. The list of available premium
calculation principles contains
1) expected value principle
P = (1 + a)EX;
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Figure 8. Contract Club Dialog. Contract 1 tab.
2) mean value principle
P = (EX 2 + V arX)1/2 ;
3) standard deviation principle
P = EX + aDX;
4) variance principle
P = EX + aV arX;
5) modiﬁed variance principle
V arX
,
EX
where P is the premium, a, 0 ≤ a ≤ 1, is the safety coeﬃcient. Further, X
denotes either the total claim amount, in the case of the ceding company’s
premium, or the reinsured amount, in the case of the reinsurer’s premium.
Also, the user can extend the list of available contract characteristics by
four additional quantiles (see Figure 8).
P = EX + a

6.4 Problem 1. Assume one would like to solve Problem 1 (Direct) formulated in subsection 4.1 using the ReAn program. Then, in addition to
(A)–(C), one deﬁnes the parameter(s) of the chosen reinsurance treaty and
switches the indicator Single contract/ Compare contracts to the ﬁrst position Single contract.
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Note that the ReAn program allows to solve Problem 1 for several types
of evaluation intervals at the same time. To realise this option, the user
just has to activate all the proper check boxes on the Insurer’s/Reinsurer’s
quota by panel and deﬁne the parameters of the chosen types of evaluation
intervals.
6.5 Problem 2. Suppose now that Problem 2 (Inverse) formulated in subsection 4.2 has to be solved. Then, in addition to (A)–(C), the user deﬁnes
the average reinsurer’s quota load QR in the text ﬁeld under the check box
corresponding to the type of evaluation intervals speciﬁed earlier (e.g., in
the text ﬁeld R1 if claim-type evaluation intervals are chosen), and activates
the check box next to the treaty’s parameter to be estimated, as shown in
Figure 9(a). The indicator Single contract/ Compare contracts should be
switched to position Single contract. In contrast to the direct problem,
only one type of evaluation intervals can be chosen when solving the inverse
problem.
In general, only one contract parameter can be estimated at a time. However, for the LC-treaty, the user can choose to estimate either one (proportionality factor c) or two (the number of largest claims r and proportionality
factor c) parameters. Both alternatives were described in detail in subsection 4.2. Here we only recall that the program ﬁnds the smallest possible
value of r in the latter case. In order to realise the second alternative the
user activates two proper check boxes as shown in Figure 9(b).
6.6 Contract 2 tab. When two reinsurance treaties have to be compared
by means of the ReAn, one of them is described on the Contract 1 tab
and the other is described on the Contract 2 tab. The Contract 2 tab has
the same interface as the Contract 1 tab, and it contains the same kind
of information as the Contract 1 tab but for the other treaty. The only
diﬀerence between these two tabs is that the data common for both treaties
(e.g., the average reinsurer’s quota load) can be deﬁned and edited only on
the Contract 1 tab.
6.8 Problem 3. Comparison of treaties. In order to compare the riskiness of two reinsurance treaties, the user deﬁnes their types on the Contract 1 and Contract 2 tab respectively. Further, he speciﬁes the average
reinsurer’s quota load and type of evaluation intervals, and switches the
indicator Single contract/ Compare contracts to position Compare contracts
as shown in Figure 10. Recall, that to provide a fair comparison, the type
of evaluation intervals and the average reinsurer’s quota load should be the
same for both treaties. Thus, this data, deﬁned on the Contract 1 tab, is
transmitted automatically to the Contract 2 tab without a possibility to be
edited there (compare Figure 10 and Figure 11). As an alternative, one can
deﬁne parameters of the ﬁrst treaty instead of the reinsurer’s quota load.
Then the latter will be estimated by the program.
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(a) Estimation of the proportionality factor c, given the past-sample size
l = 100 and the number of largest claims r = 8.

(b) Estimation of the number of largest claims r and the proportionality factor
c, given the past-sample size l = 100.

Figure 9. Inverse problem. Estimation of the parameter(s) of
the LC[l, r, c], given the average reinsurer’s quota load QR = 45%.

6.8 Program output. In order to start calculations, the user clicks Start
button. The estimates of the contract(s) characteristics are displayed in the
Contract characteristics and Risk measures table(s). The (log)histograms
of the distribution of the interval deductible and reinsured claim amount
can be obtained by clicking on (LogHist...) Hist... buttons.
In case the comparison problem has been solved, the user can invoke Compare Dialog by choosing command Compare in the Tools Menu as shown in
Figure 11. The Compare Dialog displays the estimates of the risk measures
for both contracts along with the ratios of the corresponding estimates.
6.9 Functional Characteristics tab (optional). The results of the functioning of both ceding and reinsurance companies are represented on the
Functional Characteristics tab. As input data the tab contains the initial
capital and ruin level for both ceding and reinsurance company, and the
time horizon T . Also, the premium calculation principles for either of the
companies can be changed here, and it will in turn imply the change of the
corresponding premium scheme deﬁned on the Contract 1 tab. The output information displayed on the Functional Characteristics tab is the ruin
probability of ceding and reinsurance company before time horizon T . This
tab is reserved for future development.
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Figure 10. Comparison of LC[l, r, c] and Excess-of-loss [M].
Reinsurer’s quota load QR = 35%. Contract 1: LC[100, 7, c], c to
be estimated.

7. Experimental Studies
In this section we give some illustrations of the estimation of the average
reinsurer’s quota load, parameters and characteristics of reinsurance contracts. We also present the results of the experimental studies made with
the help of the ReAn program on the comparison of the riskiness of a pair of
reinsurance contracts. In particular, we compare the classical excess-of-loss
cover to the largest claims reinsurance arrangement deﬁned in (4), both
contracts being applied to claim ﬂows modelled by means of heavy-tailed
distributions.
In the simulation experiments presented below, the sample size is N =
5
10 when the inverse problem for the largest claims reinsurance contract
is not involved and N = 106 otherwise, a monetary unit equal EUR 1000,
and a time unit equal 1 day. Evaluation intervals are formed by k = 100
claims, Im = (Z100(m−1) , Z100m ], m = 1, 2, . . . , N; neither the cedent’s nor
the reinsurer’s premiums are involved.
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Figure 11. Comparison of LC[l, r, c] and Excess-of-loss [M].
Reinsurer’s quota load QR = 35%. Contract 2: Excess-of-loss [M],
M to be estimated.

Under such conditions, it takes on an ordinary computer (e.g., Intel Pentium 4, CPU 2.80 GHz, RAM 512 MB) about 10–20 seconds to solve Problem 1 and 1–2 minutes to solve Problem 2 for any reinsurance contract.
Solution of the comparison problem takes from 1 to 4 minutes.
The claim ﬂows are modelled as follows (see, also, Figure 7):
(a) Inter-claim intervals T1 , T2 , . . . are independent and exponentially
distributed with parameter λ1 = 30, i.e., the expected length of an
1
≈ 0.033 of a day.
inter-claim interval equals ET1 = ET2 = . . . = 30
(b) Claim sizes X1 , X2 , . . . are independent random variables, and their
distribution is given as a mixture of an exponential with parameter
λ2 = 0.05 and a reciprocal gamma with parameters α = 1.4 and
β = 32. The light-tailed exponential distribution used for modelling
small and middle claims has the higher weight 0.8, while the heavytailed reciprocal gamma used for modelling excessive claims has the
lower weight 0.2. The values of the parameters were selected such
that both distributions give the same load.
(c) (Tn , Xn ), n = 1, 2, . . ., are independent random vectors.
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Figure 12. Estimation of QR for Excess-of-loss [40].
Remark 7.1. The inter-claim interval distribution is not involved in the
modelling of the claim ﬂows if the evaluation intervals are of claim-type.
Remark 7.2. The claim size model used in the simulations reﬂects a realistic situation when the majority, 80%, of claims arriving to the insurance
company are often claims of small or middle size, while the remaining 20%
are large.
7.1 Estimation of the average reinsurer’s quota load. Figure 12
shows the results of the evaluation of the excess-of-loss contract with retention level M = 40. In particular, the estimated value of the reinsurer’s
quota load is 38.2%. The logarithmic histogram of the interval reinsured
claim amount is shown in Figure 13.
In Figures 14 and 15, the reader can see the eﬀect of applying the LC[100;
7; 1] under the same conditions as the excess-of-loss cover in the previous
example. In particular, the estimated value of the reinsurer’s quota load is
42.8%.
Note that with both excess-of-loss and LC-treaty many claims are entirely
retained by the ceding insurer (in the examples given here, it is about 13%
and 48% respectively). As a consequence, both histograms of the interval
reinsured claim amount have an outlier at zero. In Figure 15(b), it is shown
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Figure 13. Log-histogram of the interval reinsured claim
amount under the Excess-of-loss [40].

Figure 14. Estimation of QR load for LC[100; 7; 1].
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(b) Excluding reinsurer’s zero-shares.

Figure 15. Log-histograms of the interval reinsured claim
amount under the LC[100, 7, 1].

how the same histogram for the LC-treaty would look after the exclusion of
the reinsurer’s zero shares from the sample, used for plotting the histogram.
7.2 Estimation of the parameters of reinsurance treaties. In this
subsection we present results of the estimation of the retention level M of
an excess-of-loss treaty, and the proportionality factor c of an LC[l, r, c],
given the average reinsurer’s quota load QR = 45%.
As seen in Figure 16, the estimated retention level of the excess-of-loss
equals M = 31.3 which is less than the retention level M = 40 providing
QR = 38.2% in the example given in Figure 12.
Figure 17 shows that the average reinsurer’s quota load QR = 45% can
also be reached by applying an LC[100, 8, 0.986] where the number of largest
claims r = 8 has been deﬁned by the user, and the proportionality factor
c = 0.986 has been estimated by the program.
Note that the average reinsurer’s quota load QR = 45% cannot be attained by applying an LC[l, r, c] with c = 1 and an integer value of r. This
conﬁrms the sensibility of having an additional continuous parameter for
the largest claims contract (see also discussion in subsection 4.2).
In spite of the fact that both the excess-of-loss and largest claims treaties
provide an equal average reinsurer’s quota load in the examples above, they
are still not comparable. As was pointed out in Section 5, both treaties
should be applied to exactly the same claim ﬂow. The corresponding examples are given in the next subsection.
7.3 Comparison of the riskiness of reinsurance treaties. In Figures 18–21 the reader can see the results of the comparison of the LCcontract and excess-of-loss. The estimates of the proportionality factor c
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Figure 16. Estimation of the retention level M of the Excessof-loss [M], given the average reinsurer’s quota load QR = 45%.

and contract characteristics of the LC[l, r, c] are given in Figure 18, and the
estimates of the retention level and contract characteristics of the excessof-loss are shown in Figure 19.
The estimates of the risk measures of both treaties and the ratios of the
corresponding estimates are displayed in the Compare Dialog shown in Figure 20. One can observe the diﬀerence in 0.065 units between the estimates
of the expected value of the interval reinsured claim amount obtained under
the LC-contract and the excess-of-loss. The diﬀerence is caused by the fact
that the admissible precision of the estimate was chosen to be ﬁve hundredth
percent of the expectation of the total interval claim.
Logarithmic histograms of the interval reinsured claim amount under the
LC-contract and the excess-of-loss are given in Figures 21(a) and 21(b) respectively. (Note that both ﬁgures display the histograms after the exclusion
of the outliers at zero.)
If we compare the histograms, we see that in spite of some common features, they are essentially diﬀerent in shape and structure. The similarities
are that each distribution is very skewed; the (highest) peak is situated between 60% and 65% quantile values while the expectation is lying on the
right-hand side from the (highest) peak between 75% and 85% quantiles.
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Figure 17. Estimation of the proportionality factor c of the
LC[100, 8, c], given the average reinsurer’s quota load QR = 45%.

At the same time, the distribution obtained under the LC-contract is
much more asymmetric. In particular, the left slope of the histogram is extremely steep so that its left foot is situated far from zero (one can see a gap
between the ordinate axis and the histogram), while the histogram based
on the excess-of-loss is symmetric in the neighbourhood of its peak and
its left slope is smoothly approaching zero. Furthermore, in contrast with
the excess-of-loss, the distribution regarding the LC-contract is bimodal,
indicating the underlying claim size mixture, and the expectation is lying
between the peak values.
The experimental studies on the comparison of a pair of reinsurance contracts by means of the ReAn program showed that, despite the inﬁnite variance of the claim size distribution, the ratio of the estimate of the variancebased risk measure of one contract to the estimate of the corresponding
variance-based risk measure of the other is stable.
This result suggests that the ratios mentioned above can still be used
for the comparison of the riskiness of reinsurance contracts. An example
of such a comparison made for the excess-of-loss and the largest claims
reinsurance contract deﬁned by (4) was given above. As seen in Figure 20,
the ratios, denoted by R1/R2, of the estimates of all risk measures of the
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Figure 18. Comparison of LC[l, r, c] and Excess-of-loss [M].
Reinsurer’s quota load QR = 35%. Contract 1: LC[100; 7; 0.805],
c = 0.805 is estimated.

reinsured amount are less than 1. Hence, from the reinsurer’s point of view,
the application of the LC-contract to the given claim ﬂows is less risky than
the application of the excess-of-loss.
8. Conclusions and prospective developments
I. In the present paper we have proposed an approach to analyse and
compare the riskiness of diﬀerent reinsurance treaties. The key idea is to
use Monte Carlo simulations to calibrate the treaties so that their reinsurer’s
quota loads are equal, and to estimate the ratios of the corresponding risk
measures of the treaties.
The approach based on Monte Carlo methods allows to cope with the
mathematical complexity of the largest claims, ECOMOR, and other extreme value reinsurance contracts which makes the last more attractive and
accessible to the practitioners.
II. The experimental software Reinsurance Analyser based on the approach indicated above can fruitfully be used for experimental studies on
the application of deferent reinsurance contracts to a variety of claims ﬂows.
As such, the program may be appreciated as a ﬂexible and handy tool for
comparing the riskiness of reinsurance contracts in the interactive regime.
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Figure 19. Comparison of LC[l, r, c] and Excess-of-loss [M].
Reinsurer’s quota load QR = 35%.
loss [48.9], M = 48.9 is estimated.

Contract 2: Excess-of-

Figure 20. Comparison of LC[l, r, c] and Excess-of-loss [M].
The Compare Dialog.

It can be used by actuaries and experts in reinsurance business for analysis
of treaties of high complexity.
III. Experimental studies performed by means of ReAn showed that the
ratios of the estimates of the variance-based risk measures are stable even
in the case when the variance of the underlying distribution is inﬁnite. It
allowed us to use the ratios in question for the comparison of the pair of
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(a) LC-contract.

(b) Excess-of-loss.

Figure 21. Comparison of LC[l, r, c] and Excess-of-loss [M].
Log-histograms.

reinsurance treaties. In particular, it was established that the LC-contract
may be less risky to the reinsurer than the excess-of-loss when the contracts
are applied to the claim process with inﬁnite variance.
In conclusion, we would like to outline possible directions in which further
research may develop.
(i) The asymptotic stability of the estimates of QR -type characteristics
regarding the EV[l]-type reinsurance contracts needs to be investigated. The case when the underlying claim size and inter-claim
interval distributions are heavy-tailed is of special interest.
(ii) The stability of the ratios of the risk measure estimates, established
in the experimental studies, requires a deeper theoretical investigation in case of heavy-tailed claim size distribution with inﬁnite
second moment.
(iii) The inﬂuence of the parameters of heavy-tailed distributions involved for modelling claim ﬂows on the stability of the estimate of
the average reinsurer’s quota load QR needs further analysis. In particular, theoretical results on the simulation sample size N needed
to acquire a given relative precision for the estimate pointed out
above should be derived. A facility for regulating the lower bound
of the sample size (deﬁned by the user in the ReAn program) will
subsequently be added.
(iv) More complicated claim ﬂow models allowing the dependence between claim sizes and inter-claim intervals can be investigated. The
Reinsurance Analyser will be implemented with algorithms for modelling such claim ﬂows. Furthermore, an algorithm for modelling

ANALYSIS OF REINSURANCE CONTRACTS

237

claim ﬂows by means of parametric re-sampling from real-life historical data needs to be elaborated and implemented into the program.
(v) Alternative approaches for balancing and comparing reinsurance
treaties can be studied.
(vi) The lists of reinsurance treaties needs to be extended and new risk
measures (e.g., inter-quartile range, reduction eﬀect, etc.) have to be
introduced. Finally, the full-scale development of the ReAn program
including a well-developed Help system, is envisaged in the future.
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