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OXANA A. MANITA, MAXIM S. ROMANOV, AND STANISLAV V. SHAPOSHNIKOV

ESTIMATES OF DISTANCES BETWEEN SOLUTIONS OF
FOKKER-PLANCK-KOLMOGOROV EQUATIONS WITH PARTIALLY
DEGENERATE DIFFUSION MATRICES

Using a metric which interpolates between the Kantorovich metric and the total varia-
tion norm we estimate the distance between solutions to Fokker—Planck—Kolmogorov
equations with degenerate diffusion matrices. Some relations between the degener-
acy of the diffusion matrix and the regularity of the drift coefficient are analysed.
Applications to nonlinear Fokker—Planck—Kolmogorov equations are given.

We study the Cauchy problem for the Fokker—Planck-Kolmogorov equation

(1) O =Liypn, pli=o = po,
where yg is a probability measure on R?, the operator L4 is given by
d d
Layu(x,t) =Y 0 (2,t)0,0p,u(x,t) + b (2,1)0,u(x, 1),
ij=1 i=1

and L7 , is its formal adjoint.

We assume that A(z,t) = (a”(z,t)); j<a is a nonnegative symmetric matrix (called the
diffusion matrix) with Borel measurable entries, b(z,t) = (b'(z,t))%_,: [0,T] x R¢ — R4
is a Borel measurable mapping (called the drift coefficient) and a solution p = p;(dx) dt
is given by a family of probability measures j; on R

The goal of this paper is to estimate the distance (with respect to a suitable metric)
between two solutions p = p(dx)dt and o = o4(dzx) dt to Fokker—Planck—Kolmogorov
equations

Opp=Lyy,n and Oo=Ly, o
with different drifts b, and b,. The diffusion matrix A is allowed to be fully degenerate.
Furthermore, we analyse some relations between the degeneracy of the diffusion matrix
and the regularity of the drift coefficient. Let us consider two different cases: A = I and
A = 0. In the first case the estimate

t 1/2
I = oulry < o = oollry + ([ [ 10w = o[ doas) ™
0 JR4

where || |7y is the total variation norm, was established in [6, Remark 2.3] for locally
bounded coefficients b/, € L'(u + o). Note that equations with different diffusion
matrices were also investigated in [6]. In the second case, for Lipschitzian drifts b, and
b, the estimate

t
W (e, 00) < W (o, 00) + C/ /d b, — bo| dos ds,
o Jr
where W is the Kantorovich metric

W (', p?) = Sup{/w pd(p' —p®): ol < 1, (@) = p(y)] < |z — y|}7
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can be derived directly from the expressions for the solutions u; and o;. We emphasize
that the last estimate does not hold for merely continuous drifts b, and b,. Moreover,

the Kantorovich metric cannot be replaced by the total variation norm. The aim of our
paper is to study the intermediate case:

P d
Lagu=>» 0ju+>» bo,u, 0<p<d
=1 =1

In particular, we obtain the following estimate. Suppose that b, (not b,) is a Lipschitz
mapping with respect to (p41,...,2q); then the estimate

t d
o 01) < Kdy(poson) + K [ [ 57 b3~ bt do s
0 JR

1=p+1
t p ] ) 1/2
+K(// b fb;|2dasds) -
t P a0 1/2
.(1+// [Z|bszf,|2+ 3 |bLfbf,|} dasds)
0 JRE T i=p+1

holds true under the condition that Y7, (|bf,|> + [b}[?) and Zfzpﬂ(\bm + |bL]) are
integrable with respect to p + 0. Here the metric d,, is defined in the following way:

dp(p', 1?) =sup/ Yd(p' — p?),
w JRd

where ¢ € C(RY), [¢| < 1and |[¢p(z+hy)—(z)| < |hy|forall by, = (0,...,0,Yps1,-- -, Yd)-
The main novelty is the case of degenerate Fokker—Planck—Kolmogorov equations for
measures with nonsmooth unbounded coefficients. In addition, we obtain new existence
and uniqueness conditions for nonlinear Fokker—Planck—Kolmogorov equations. Since
the equations in question are degenerate, the solutions p and ¢ do not possess densities
with respect to Lebesgue measure. Thus, the approach from [6] cannot be applied here
and we use the approximative Holmgren method that was developed in [4] and [5]. The
main difficulty is to obtain the gradient estimate for the solution of the adjoint equation.
The drifts b, and b, are irregular mappings and we cannot obtain the required estimate
by the maximum principle directly. Let us remark that we do not assume that b, and
b, are locally bounded or locally integrable with respect to Lebesgue measure. Thus,
even in the case p = d our result seems to be new. Some of these results were presented
without proofs in [12].

Equations with partially degenerate diffusion matrices arise in the Vlasov—Fokker—
Planck systems and play a crucial role in physics (see, for instance [15], [7]). The
uniqueness of solutions of linear equations with degenerate diffusion matrices is investi-
gated in [3]. Some estimates of the total variation and Kantorovich distances between
solutions are given in [6] and [10]. In [9], the authors present quantitative stability esti-
mates for solutions to degenerate Fokker—Planck equations in LP. Pointwise bounds for
the difference of two transition densities of diffusions are given in [8]. In [2], a survey
of results about Fokker—Planck-Kolmogorov linear equations is presented. In [13] and
[11], the existence and uniqueness of solutions to nonlinear Fokker—Planck—Kolmogorov
equations are studied.

Let us explain precisely our framework.

A Borel measure  on [0, T] x R? is given by a family of probability measures (1¢):eo,7]
if 1y > 0, us(R%) = 1, for every Borel set B the mapping ¢ — ju;(B) is measurable and
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for every u € C$°((0,T) x R?) one has

T
/ udp = / / u(zx, t) py(de) di.
[0,T]x R4 0o Jra

We write p(dxdt) = p(dx) dt or p = py dt.
We say that a measure p = py dt given by a family of probability measures p; satisfies
the Cauchy problem

(2) Oupr = Ly ppts  ple=0 = po

if a¥,b* € L'([0,T] x U, ) for every ball U C R? and for every function u such that
u(z,t) = 0 if |z| > R for some R > 0 and u € C’tl”,f((O,T) x RN C(0,T] x R?) the
equality

(3) /]R ) ) = /]R ufa, 0) dyig + /0 t /R o0+ L] () ds

holds for every ¢ € [0,T].

Suppose that for a number A > 0 and some integer p with 0 < p < d one has

(H1) (A(z,t)&,&) > A0 &2 for all z,£ € R? and t € [0,T], where the right hand
side equals zero if p = 0.

Let i be a bounded Borel measure on [0,7] x R?. For p > 1 we denote by u? the
projection of y to the first p coordinates 1, ...,x, and t, that is, u?(B) = u(B x R47P)
for every Borel set B C [0,T] x RP.

Proposition 1. Let p > 1. Suppose that p = s dt, is a solution to the Cauchy prob-
lem (2) and u; is a family of probability measures on R%. Suppose also that the diffusion
matriz A satisfies condition (H1) and a¥,b' € L'(u,[0,T) x RY). Then the measure
uP has a density o(t,x1,...,x,) with respect to Lebesque measure on (0,T) x R? and o

belongs to LETV/P((0,T) x RP).

lo

Proof. Since a', b* belong to L' (u, [0, T] x R?), we see that the identity in the definition
of a solution holds true for every smooth bounded u that depends only on z1,...,x, and
t. It follows that for every u € C§°((0,T) x RP) we have

T p
[ ot S @0,0,,ul dif de < Clsup -+ 5up 7.,
0 Rp

ij=1

where @7 = E(a"|F,) and F, is generated by ¢,z1,...,z,. Applying [2, Theorem 6.3.1]
we obtain that (detA)Y/ P+ . ;P has a density o € Ll(g’jl)/”((o, T) xRP). By (H1) we can
find a set I C (0,7) x RP such that p?(I) = 1 and (A(t, 21, ...,2,)E, €) > AE|? for every
(t,1,...,2,) € I and every & € RP. This implies that detA(t,zy,...,2,) > X’ > 0 for
every (t,z1,...,2p) € I and pP has a density. O

Suppose also that

(H2) a% are bounded continuous functions having two bounded continuous spatial
derivatives and

d d
D (SA@, ) >y > |tr(0n, Al 1))
k=p+1 k=p+1

for some v > 0 and every symmetric matrix S.
We emphasize that according to [16, Lemma 3.2.3] the last inequality holds if p = 0.
Let us illustrate the case p > 1.
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Example 1. Let the diffusion matrix A have the form

R 0

0 0
where R is a symmetric p X p matrix, (RE, &) > Mé|? for every € € RP and R depends
only on x1,...,zp. It is clear that A satisfies (H1) and (H2).
Example 2. Let A have the following form

R 0

0 @
where R = (r') is the same as above, @ = (¢/) is a symmetric and nonnegative matrix.
Let us check that A satisfies (H2). Note that

kk 1] 1] 1]
(SAS)™ = E a'’ sigsj = E ™ SikS ik + E q" sikSjk,
1<ij<d 1<i,j<p p+1<i,j<d

where the last term can be represented in the form (ZQZ)”“’“7 Z = (Smi)pti1<m,i<d-
Applying [16, Lemma 3.2.3] we obtain the inequality

tr(ZQZ) > 7> [tr(9.,Q2)
k

for some v > 0. Since R does not depend on x,41,...,2q, we see that
d
D 0@ Al 1)) =Y [tr(0:,Q2).
k=p+1 k

It follows that (H2) is fulfilled.
Example 3. Let A have the form
(v o)
v Q
where symmetric and nonnegative matrixes R = (1)1<; j<, and Q = (¢")p11<i, j<a do

not depend on xp,y1,...,24 and A satisfies (H1). Let us prove that A satisfies (H2).
Condition (H1) implies that (SAS)** > AP s2 . Furthermore, the inequality

87 tr(0x, Az, ) S)|* < > 100y 51

1<i<p,p+1<j<d

holds for every k > p + 1. Taking into account that |3,,y%| are bounded functions we
obtain (H2).

Example 4. Assume that the matrix A has the same form as in Example 3, ¢ depends

on zi,...,24, R does not depend on zp,41,...,24. Assume also that the inequality
P d
(A&, =AY G +a Y. ¢4
1=1 1,j=p+1

holds for every ¢ € RY. Let us show that A satisfies (H2).
Indeed, for every symmetric matrix .S we have

d

d d d P
Z Z s;”-aijsjkzx\ Z Zs?k—&—oz Z qijsiksjk.

k=p+1i,j=1 k=p+1 i=1 i,j,k=p+1
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On the other hand, we obtain the inequality

> (L) s 3 [ X o) va( T )]

k=p+1 i,j=1 =p+1 1<i<p,p+1<j<d 1,j=p+1
d
<C 0. vy 2.2 g g,
= 102,y |*]545]° + q- SilSj1
1<i<p,p+1<j<d %,,l=p+1

Thus, (H2) is fulfilled.

Example 5. Suppose that a?}fo # 0, for some ig, jo < p and k > p; then A does not
satisfy (H2). Let S = (si5), Sigjo = Sjoio = 1 and s;; = 0 otherwise. It is easy to prove
that

d d
> (SA@,1)S)* =0 and > [tr(0s, Az, 1)S)[* > 0.
k=p+1 k=p+1

Recall that
i ) =sup{ [ vl = )z 1 € CRY, @) < Llla+ hy) = 6(0)] < [yl .
Let us formulate our main result.

Theorem 1. Assume that p = pydt and o = oy dt are two solutions to the Cauchy
problems (2) with the initial conditions o and oo and with the operators Lay, and
Lay,, where A satisfies (H1), (H2). Assume also that there exists A > 0 such that

|bu($,t) - bﬂ(x + hpat)| S A|hp‘ vhp = (05 LRI 0) Yp+15-- -, yd)
and
Yo YRR Y Bl > bl belong to L'(u+ o).
i=1 i=1 i=p+1 i=p+1
Then there exists a number K = K(T, A\, A,~) > 0 such that the estimate

t d
dy(pe, 00) < Kdp(pao, 00) +K/ / > |b, — bl | do ds
0 RYi—pt1

+K(§/J/Rd \bL—bi|2dosds)l/2.
‘ - % 7|2 : 7 7 1/2
.(1+/0 /}Rd[;wu—m + 3 |bu—ba|}dasds)

i=p+1
holds for every t € [0,T].

The proof of Theorem 1 is based on two lemmas below.

Lemma 1. Suppose that ¥ and h are smooth bounded functions having bounded deriva-
tives and

W <1, [0 Y] <1, [0x,h] <A,

for some A >0 and everyk =p+1,p+2,...,d. Let f be a smooth bounded solution to
the Cauchy problem

d d
Ouf + ) 090,05, +) WOy f=0, [f(T.x)=(x).

ij=1 i=1
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Then
d

F@ )P+ Y [0e S t)]* < (1+d - p)eM T,
k=p+1

M=471(d- p)QA(pQA)\_l n 1) p 4yl

Proof. 1t is easily shown that the function v = (f? + ZZZPH |0z, f|?)/2 satisfies the
equation

d d
00 + Z aijaxiﬁxjv + Z h'd,v = Q,
ij=1 i=1
where

d
Q= > a90:,f0,,f+ > Y 705,00, f0r, 00 f

1<i,j<d k=p+11<i,j<d
d d
=Y S 00,090,,00,f00f — Y. Y 00,1000, fOu .
k=p+1 1<i,j<d k=p+11<i<d

Let u = (0x, f)i<i<d, Up = (On, [)1<i<p and S = (01,0, f). The expression @ can be
represented in the form

d d d d
Q= (Auw,u)+ Y (SAS™* — N~ tr(02,AS)0u, f — D > 0u,h'0s, fO, f.
k=p+1 k=p+1 k=p+1i=1
Taking into account the estimates
d d ‘
S 00,10, fOn, f
k=p+1 i=1

d p d d
= > 000 fOu f A DY OuhOu [ f

k=p+1i=1 k=p+1i=p+1

< (d = P)pAJup 02 + (d = p)*Av < Auy[2 4+ 0471 (d = p)PPAPAT + (d — p)?A)

and
d d
D 002, AS)0, f <y Y [tr(02, AS)P + 471y,
k=p+1 k=p+1

we obtain the inequality
Q>—-Mv, M=4""d—p)*p*A* X' +(d—p)?A+47 1y

Consequently, the function v satisfies the inequality

d d
v + Z aijaxiaxjv + Z hiaxiv +Mv >0
ij=1 i=1

and the required estimate follows from the maximum principle (see Theorem 3.1.1 [16]).
(|

Lemma 2. Let p > 1 and p be a bounded nonnegative Borel measure on [0,T] x R?.
Suppose that the projection pP of the measure p to the first p coordinates x1,...,x, andt
has a density o € L}, ((0,T) x R?), where ¢ > 1. Suppose also that a measurable function

f € L"(u), where r > 1, satisfies the following condition:
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(*) there exists A > 0 such that
|f(l',t) - f(x—’_hP?t)l é A|h;n| v hp = (07 .. 707yp+17' .. 7yd)'

Then there exists a sequence of smooth bounded functions f, with bounded derivatives
such that ||f — fullLry — 0 and

‘fn(fﬂ,t) - fn({E + hp’t)| S 4A|hp‘ v hp = (03 c. '7anp+1a oo 7yd)'

Proof. For simplicity we use the notation z = (21,...,2p) and y = (Zpy1,...,Tq).

First let us prove that f can be approximated by a function g such that g satisfies the
condition (*), g(z,y,t) =01if |z| > R, t <k ort>T — &, and |g(z,y,t)] < C for some
R>0,xk>0and C > 0.

Let In(z,t) = 1if |2| < 1/N, t € [N}, T — N7, and In(z,t) = 0 otherwise. Let
us consider the function gy (z,y,t) = In(t, 2)Gn(f(2,y,t)), where Gy (v) = v if [v] < N
and Gy (v) = Nsigno if |[v] > N. Since |Gn(v1) — Gn(v2)| < |v1 — val, the function
gn satisfies (*). By the estimate |gn| < |f| and the Lebesgue dominated convergence
theorem we have ||gn — fl|zr(u) — 0 as N — oc.

Now we prove that the function g can be approximated by a function 7 such that n
satisfies the condition (*) with 2A, || < C, n(z,y,t) =01if |z| > Ror |y| > Ry, t < k or
t > T — k for some positive numbers R, Ry, x and C.

Let p € CP(RTP), 0 < o <1, |[Vy| <1, o(y) = 1if |y <1 and ¢(y) = 0 if
ly| > 2. Let us approximate g by nas(z,y,t) = oam(y)g(z,y,t), where opr(y) = @(y/M).
Applying the condition (*) we obtain |g(t,z,y)| < |g(¢,2,0)| + Aly] < C + Aly|. Let
CM~' < A. Then we obtain the estimates

Inar(z,9,t) = (2,9, 6)] < (CM ™+ A)|y — o/ | < 20¢ly —of|.

Moreover, ||na — gl -y — 0 as M — oo.

Finally, let us prove that n can be approximated by functions f,, with the required
properties. We can assume that 7 is a smooth function with respect to y.

Let e >0 and § > 0. Let n(z,y,t) =0if t <k or t > T — k and

5(z,y,t / /umz—vt—s) (v,y,s)dvds,
RP

where ws(z,t) = 6P twi(2/8)wa(t/d) and w; € CF(RP), we € CF(R), 0 < wy < 1,
0 <wy <1, |lwi]lzr =1, ||wal|r = 1. There exists a family of Borel sets {B; } —1 such
that B; C R”?, B;NB; =0, {y: |yl < R} C U;B; and Sup, yep, |2 —yl < e. Let us
take a point y; € B;. Applying condition (ii) we obtain

J
5 =l < 3 / 10525, £) — 125, )] dpt + Cr)ATe"
=10, T]xRP)x B

< J/ n5(2,y5,t) — (2,95, )|" du? + C(r)A"e"
[0,T]xRP

Since the mapping (¢,2) — n(z,y,t) is bounded and pu, = odz dt, where g € L} . and
q > 1, we can find a number § > 0 such that [|ns —nl|7.,) <&+ C’( JAT O

Proof of Theorem 1. Let f be a solution to the Cauchy problem

d d
Of + ) 005,00, f + ) W0y f =0, f(x,T)= (),

ij=1 i=1
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where h and 1 satisfy the conditions of Lemma 1. Substituting u for f in (3), for the
difference of the solutions p = p; dt and o = o, dt we obtain the equality

Rd'l/)d(ﬂt*(ft) = /Rdfd(NOUO)JF/Ot /Rd< —h,V f)dps ds— / /Rd —h,Vf)dosds.

Applying the maximum principle and Lemma 1 we obtain

d
fat) <1, Y [0u fla, )] < CF

k=p+1

for some C; > 0. By the definition of d, we have

/fd 0—0’0 (1+01)dp(ﬂ0,0'0).

Applying the Cauchy inequality we get

/Ot/Rd<bH—h7Vf>dusds
// ZW h’|2dusds /

ds)
+Cl// Z |bi, — h'| dps ds.

i=p+1

Furthermore, we have

//Rd V) doy ds
// |bubl|2dagds // Z|a f|2d09ds)

+Cl// Z|b’—bl|dasdsf// — h,Vf)do,ds,

i=p+1

where the last term is estimated in the following way:

t
—/ (by —h,Vf)dogds
0 Jre

// Z'bl hl|2dasds // Z|6sz|2dasds)
+01/ /Rd Z |bi, — h'| dog ds.

i=p+1

Let us estimate the expression

t p
/ / Z|6$kf($7t)|2d(:us+05)ds
0 JRY T

Substituting u for f? in (3) we obtain

2 _ 2 ! _
/R W dpy = /R Pt /0 /R CRAVFVS) + 21 by~ VS duyds
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Applying the inequalities |f| < 1 and

d p p d
) 4 A 1 % 7 i
(bu = VOIS D 0 = B0, f1 < 5D 100 fP 455 D I —hP+Cr D (b, =),
i=1 i=1

i=1 i=pt1
t p
[ [ >0
0 JRT =y

t P d
Ri(h) = / / AT b, = B 20 AT Y b, — b dpg ds.
0 JRY i=1 i=pt1
By the same argument we obtain the bound

t p 1
/ / > [0, [P dogds < ~ + Ry(h).
0 JR4 i=1 A

we get the estimate

1
2dpsds < 1t R,

where

where
t p d
Ra(h) = / / AT bl — B 420007 Y bl — B[ do ds.
0 JRd i=1 i=p+1
Note that
Ry(h) < Q1+ Q2(h),
where

t p d
Q :/0 /R A2 b, — bR+ 20 A7 > (b, — b | do ds,
=1

i=p+1
t P d
— -2 7 712 —1 7 7
Qs(h) = /O /R 22 ;:1: b, — B 4 200\ i:§p+:1 b, — Bi| dor, ds.

Applying Lemma 2 (or the standard approximation in the case p = 0) we find a sequence
of smooth vector fields h,, such that

t p d
. —2 (A 712 % % _
nlgréo/o /Rdm SOk~ RLP A>T b — R d(ps + 0s) ds = 0.

i=1 i=p+1
It follows that R;(h,) — 0 and Q2(h,) — 0 as n — oco. Substituting h for h, in the
previous estimates and letting n — oo, we obtain the bound

[ pdt =) < 1+ Gy, 0)

' o i 1201 1/2 t d ) Z_
+(/O /Rd;bu—bngasds) (5 +@) +01/0/Rdz b, — b | dor ds.

1=p+1
This completes the proof. (Il

We now apply the obtained estimates to nonlinear Fokker—Planck—Kolmogorov equa-
tions.

Denote by P(R?) the space of all probability measures on R

Let V € C*(R%), V > 0 and lim|;|_oo V() = +00. Let a > 0. Denote by Bq (V)
the set of all mappings p;: [0,7] — P(R?) such that ¢+ — u;(B) is a Borel measurable
function for every Borel set B and

sup V(x)p(de) < a.
te[0,7] JRd
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Proposition 2. B, (V) is a complete metric space with respect to the metric

r(p,0) = sup dy(pe, o).
tel0,7]

Proof. Note that P(R?) equipped with d, is a complete metric space. Moreover, for
every ¢ € C¢(RY) we have
/ pd(p — o1)
R4

Assume that p,, € B, (V) is a Cauchy sequence. Then for each t € [0, 7] the sequence
in,+ converges to some measure f;. It is obvious that

/ Vidu < a.
R4

Then it is enough to prove that ¢ — u:(B) is measurable for every Borel set B. Note
that

sup
te(0,7]

< C(p)r(p, ).

gnlt) = / @ din
Rd

is a Borel measurable function for all n and ¢ € C}(R?). In addition, the sequence g,

converges uniformly to
g(t) = / @ dpe.
Rd

This yields that g is Borel measurable for every ¢ € C3(R?%). Applying the estimate
IVIlL1(u,) < a we obtain that g(t) is Borel measurable for every bounded continuous
function ¢. According to the monotone class theorem (see [1, Theorem 2.12.9]) we
conclude that g(t) is Borel measurable for every bounded Borel measurable function ¢.
In particular, the mapping ¢t — p;(B) is measurable for every Borel set B. ([l

We now prove the existence of a solution to the Cauchy problem for a linear Fokker—
Planck—Kolmogorov equation in the case where the diffusion matrix is partially degen-
erate and the drift coefficient is not continuous.

Proposition 3. Assume that A = (a%(x,t)) satisfies (H1) and (H2). Suppose that
|b(z,t)| < C1 + C1V(z), LapV(z,t) <Cy+ CoV(x)
and po is a probability measure, V € L*(ug). Assume also that there exists A > 0 such
that
‘b(ﬂf, t) - b(‘r + h‘p’t)| S A|h‘p‘ Vh‘p = (05 DRI Oa Yp+15-- -, Z/d)

Then there exists a solution p = py dt to the Cauchy problem (1) such that each p; is a
probability measure on R?.

Proof. We partially apply the reasoning from [2, Theorem 6.7.3]. Let us consider the
operator

d
Lijn="Lap+n A+ DV(z))™" Y 02
k=p+1
We have L;,,V < C5 4 C5V, the coefficients of L/, are locally bounded, the diffusion
matrix is locally nondegenerate. Moreover, C} does not depend on n. According to [2,
Theorem 9.4.8] there exists a probability solution u, = pndt to the Cauchy problem
O b, = Li/n,un, tnlt=0 = to- By [2, Theorem 7.1.1] we obtain

sup/Vdun,t < 00.

t,n
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Repeating the reasoning from the second part of Theorem 6.7.3 in [2] one can find a
subsequence {y,,} that converges weakly to some measure p = p dt, where {y:} is a
family of probability measures. Moreover, for each ¢ the sequence ., + converges to fi.
According to Proposition 1 the measure pf, has a density o,, with respect to Lebesgue
measure on R x [0,7]. Moreover, for every ball U C RP and every interval J C (0,7
there exists a constant C(U, J) such that

[ Ons ||L(IJ+1)/P(U><J) <C(U,J)

and C(U, J) does not depend on k. Here we use the assumption |b(z,t)| < Cy + C1V (z)
that guaranties the global integrability of b with respect to p,,. One can pick a subse-
quence {ny} such that for every ball U C RP and every interval J C (0,7) the sequence
{0n, } converges weakly to some function g in LP+1/P(I x .J). The function g is a density
of uP.

In order to prove that y is a solution it is enough to verify that for every ¢ € C$°(R%)

and t € (0,7
t t
lim// Ll/ngod,unk_,stZ// Lgppdusds.
n—=o0 Jo JRd 0 JRd

Since the coefficients are bounded and

SUP |LA)b(,0(-T, t) - Ll/n@(‘rat” S 1/’[7,,
z,

it is enough to prove that for every 0 < 0 <t < T

t t
lim // LA7b<pdunk7sds:// Lappdpsds.
n—=oo Js JRd 5 JRd

Recall that the functions a* are continuous and bounded. Thus, in place of the expression
Ly we can consider only the term (b, V). Let w € Cg°(RP), w > 0 and ||w|p1(gr) = 1.
Set z = (z1,...,%p), Yy = (Tpt1, ..., Ld), Wm(z) = mPw(mz), and

b (2, y,t) = / b(u, y, t)wm (z — u) du.
RP
The mapping by, is smooth with respect to (z,y) and |by, (2, y,t) — by (2, v,8)| < Aly—v|.
Assume that the support of ¢ belongs to the set |2| < R, |y| < R. Let € € (0,1). There
exists a family of Borel sets {B;}1L, such that B; C R*?, B; N B; =0, {y: [y| < R} C
U;Bj and sup, yep, |2 —y| < e. Let y; € B;. Assume that the LP+1/P_norms of the
densities p and g, on @ = {|z| < R} x [0,t] are estimated by a constant C(d,¢). Then

t
/5 / 15z, 8) — b (21 4 )| V'] g o s <

Mt
< sup\Vgo|Z/ / |b(2,y5,8) — bm(2,Yj,5)|0n, dzds + 2Ae(t —9).
z j=1 6 J|zI<R
Note that
t
/ /| P 129) = bl s S 1003 ) = - Vs @ 0.0,

where for sufficiently large numbers m the right side is less than /M. Thus, for every
€ > 0 there exists a number mg such that for all m > my

t
sup’/ /(b— b, V@) dpin,, s ds| < 2e.
k1Js
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The same estimate holds for the measure p. Finally, we observe that for every m

¢ t
lim / /(bm,Vga> dptn, s ds :/ /(bm,V<p> dus ds,
k—o0 R E)

which completes the proof. ([l

Suppose that

(NH1) A = (a¥) satisfies (H1) and (H2).

Let M be the set of all measures y = p; dt on [0,7] x R?, where (11);e(0,-] is a family
of probability measures on R%. Let Mj be a subset of M,. Assume that for every
u € Mgy we are given Borel measurable functions b (¢, z, 1). Set

d d
Ly= Y a"(t,x)0,,00, + Y b (t,, )0y,
i,j=1 i=1

We say that p = p; dt € My is a solution to the Cauchy problem on [0, 7] x R?
(4) O = Lp,  ple=o = pio,

for the nonlinear Fokker—Planck—Kolmogorov equation if y is a solution to the Cauchy
problem (2) on [0, 7] x R? for the linear Fokker-Planck-Kolmogorov equation with the
operator L.

Suppose that

(NH2) for every a > 0 there exists A = A(a) > 0 such that for every o € B, (V)
we have

|b(t,$,0’) - b(t,I + hp70)| < A‘hp| v hp = (07 cee 707yp+1a s 7yd)'

Theorem 2. Suppose that (NH1) and (NH2) are fulfilled and there exist positive numbers
C1, Cy and Cs such that for every o> 0, 7 € (0,T] and o, u € By (V) we have

|b(t,.’E,O’)‘ <Ci+Chvy V(LC), LUV(t,CE) <Cy+ CQV({,C)7
|b(t, 2, 1) = b(t, x,0)| < C3(1 + /V(2))dp (e, 01)

for all (t,x) € [0,7] x R%. Then for every probability measure o, such that V € L(ug),
there exist numbers T € (0,T) and o > 0 for which the Cauchy problem (4) has a unique
solution in the space By (V).

Proof. Consider the mapping F' defined as follows:
p="F(o) & Op=Lop, pli=o=v.

According to Proposition 3 and [2, Theorem 9.8.7](see also [3]) F is well-defined on
By (V). Let p = F(0). By [2, Theorem 7.1.1] we get

/ Vidu < et + eC2t/ V dv.
Rd

Rd
Setting

a=eT 4+ eCQT/ V dv.
Rd

we have F': B, (V) — B (V) for every 7 € (0,7]. By Theorem 1 we obtain
r(F(oh), F(c?)) < Crr(ot, 0?),

where C depends on C1, Co, T', A(a)) and «. Consequently, the mapping F' is contractive
if 7 < 1/C. By the Banach contracting mapping theorem, in B, (V) there exists a
unique solution . U
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Example 6. Let z,u € R, y,v € RP, 2 = (2,9). Set

L= At (b ). Vo W) = [ Ky, ,0) pldudo),
where K is Borel measurable, bounded and
K (2,9, 0,0) = K (2 9/ su, o) < Aly = /| + o = 0']).

Then all conditions of Theorem 2 are fulfilled with V(x) = |z|? and in a suitable set
Ba,-(V) there exists a unique solution p = p, dt to the Cauchy problem Oy = L, p,
tlt=0 = po. We emphasize that the equation is degenerate, so a solution can be a singular
measure, and the drift coefficient need not be continuous in z.
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