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JAYA P. N. BISHWAL

BERNSTEIN-VON MISES THEOREM AND SMALL NOISE
ASYMPTOTICS OF BAYES ESTIMATORS FOR PARABOLIC
STOCHASTIC PARTIAL DIFFERENTIAL EQUATIONS

The Bernstein-von Mises theorem, concerning the convergence of suitably normalized
and centred posterior density to normal density, is proved for a certain class of linearly
parametrized parabolic stochastic partial differential equations (SPDEs) driven by
space-time white noise as the intensity of noise decreases to zero. As a consequence,
the Bayes estimators of the drift parameter, for smooth loss functions and priors, are
shown to be strongly consistent and asymptotically normal, asymptotically efficient
and asymptotically equivalent to the maximum likelihood estimator as the intensity
of noise decreases to zero. Also computable pseudo-posterior density and pseudo-
Bayes estimators based on finite dimensional projections are shown to have similar
asymptotics as the noise decreases to zero and the dimension of the projection remains
fixed.

1. INTRODUCTION

Parameter estimation is an inverse problem. Loges [17] initiated the study of parame-
ter estimation in infinite dimensional stochastic differential equations. When the length
of the observation time becomes large, he obtained consistency and asymptotic normality
of the maximum likelihood estimator (MLE) of a real valued drift parameter in a Hilbert
space valued SDE. Koski and Loges [15] extended the work of Loges [17] to minimum
contrast estimators. Koski and Loges [14] applied the work to a stochastic heat flow prob-
lem. Bishwal [4] obtained asymptotic statistical results for discretely sampled diffusions.
See Bishwal [5] for recent results on likelihood asymptotics and Bayesian asymptotics for
drift estimation of finite and infinite dimensional stochastic differential equations. Large
time asymptotics for Bayes estimators for Hilbert valued SDEs is studied in Bishwal [5].

Huebner, Khasminskii and Rozovskii [10] started statistical investigation in SPDEs.
They gave two contrast examples of parabolic SPDEs in one of which they obtained con-
sistency, asymptotic normality and asymptotic efficiency of the MLE as noise intensity
decreases to zero under the condition of absolute continuity of measures generated by
the process for different parameters (the situation is similar to the classical finite dimen-
sional case) and in the other they obtained these properties as the finite dimensional
projection becomes large under the condition of singularity of the measures generated by
the process for different parameters. The second example was extended by Huebner and
Rozovskii [11] and the first example was extended by Huebner [9] to MLE for general
parabolic SPDEs where the partial differential operators commute and satisfy different
order conditions in the two cases.

Huebner [8] extended the problem to the ML estimation of multidimensional param-
eter. Lototsky and Rozovskii [18] studied the same problem without the commutativity
condition. Small noise asymptotics of the nonparmetric estimation of the drift coefficient
was studied by Ibragimov and Khasminskii [13].
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The Bernstein-von Mises theorem (BVT, in short), concerning the convergence of
suitably normalized and centered posterior distribution to normal distribution, plays
a fundamental role in asymptotic Bayesian inference, see Le Cam and Yang (1990).
Borwanker et al. (1971) obtained the BVT for discrete time Markov processes. Bose [7]
extended the BVT to the homogeneous nonlinear diffusions. As a further refinement
in BVT, Bishwal [2] obtained sharp rates of convergence to normality of the posterior
distribution and the Bayes estimators for the Ornstein-Uhlenbeck process.

All these above work on BVT are concerned with finite dimensional SDEs. Bishwal [1]
proved the BVT and obtained asymptotic properties of regular Bayes estimator of the
drift parameter in a Hilbert space valued SDE when the corresponding ergodic diffusion
process is observed continuously over a time interval [0, 7]. The asymptotics are studied
as T — oo under the condition of absolute continuity of measures generated by the
process. Results are illustrated for the example of an SPDE.

Bishwal (2002) obtained BVT and spectral asymptotics of Bayes estimators for par-
abolic SPDEs when the number of Fourier coefficients becomes large. In that case, the
measures generated by the process for different parameters are singular. Here we treat
the case when the measures generated by the process for different parameters are abso-
lutely continuous under some conditions on the order of the partial differential operators.
We study the asymptotic properties of the posterior distributions and Bayes estimators
when we have either fully observed process or finite-dimensional projections. The asymp-
totic parameter is only the intensity of noise. In this paper we treat the more general
model.

The rest of the paper is organized as follows : Section 2 contains model, assumptions
and preliminaries. In Section 3 we prove the Bernstein-von Mises theorems and Sec-
tion 4 contains the asymptotic properties of regular Bayes estimator and pseudo Bayes
estimator. Section 5 provides heat equation as an example of SPDE.

2. MODEL AND PRELIMINARIES

Let G be a smooth bounded domain in R?. We assume that the boundary dG of this
domain is a C*°-manifold of dimension (d— 1) and locally G is totally on one side of 0G.
For a multi-index v = (71, ...,74) we write

o ol
f(@) = ozt ... 0z (z)
where |y =7y +72 + ...+ 7a-

Let Ag and A; be partial differential operators of order my and m; (the order of the
highest derivative in it) respectively, written in the form

A=~ 3 (~1)IID*(af" (@)D" (u))

lal,1BI<m;

where a”(z) € C®(G). For § € R, write A% = 0A; + Ay and a*?(0, ) = 0a$’ () +
ag‘ﬁ(x). Let us fix 0y, the unknown true value of the parameter . Let (2, F, P) be
a complete probability space and W (t,x) be a cylindrical Brownian motion on on this
space with values in the Schwarz space of distributions D’(G).

A cylindrical Brownian motion (C.B.M) is W = W (¢, z) is a distribution valued pro-
cess such that for every such that for every ¢ € C§°(G) with ||¢[|z2(g) = 1 the inner prod-
uct (W(t,-),#(-)) is a one dimensional Brownian motion and for every ¢1, ¢2 € C§°(G),

E((W(s,-),01(:))(W(t,-), 92(-))) = (s At) (b1, d2) L2(c)-
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The C.B.M. W can be expanded in the series W (t,z) = Y ;o Wi(t)h;(z) where
{W;(t)}s2, are independent one dimensional Brownian motions and {h;}$2, is complete
orthonormal system in Lo(G). The latter series converges P-a.s.

We will consider the Dirichlet problem for a parabolic SPDE associated with the
operator A?, and driven by the C.B.M. W :

ou(t,z) 9

= Ae(x)u(t,x) + &W(t,di) (2.1)
w(0, ) = uo(z) (2.2)
DYu(t,x)|og =0 (2.3)

for all multi-indices v with |y| < m — 1.
The problem (2.1) - (2.3) is understood in the sense of distributions.

Let € be the strength of noise. On the complete probability space (2, F, P) define the
parabolic SPDE

duf(t,z) = A%uc(t,z)dt + edW (t,z), 0<t<T, z € G (2.4)

with Dirichlet boundary conditions
u(0,x) = up(x) (2.5)
D7u(t, z)|ac =0 (2.6)

for all multi-indices v with |y| <m — 1.

where A? = 0A; + Ay, Ay and Ay are partial differential operators of orders mq and mo
respectively, A? has order 2m = max(m1, mg), the process W (t,z) is a cylindrical Brow-
nian motion in L%([0,7] x G) where G is a bounded domain in R? and ug € Lo(G). Here
0 € © C R is the unknown parameter to be estimated on the basis of the observations of
the field u?(t,z),t € [0,T],z € G. Let 6y be the true value of the unknown parameter.

The following conditions are assumed:

(H1) my < m — d/2 where d denotes the dimension of the z—space G.

(H2) The operators A; and Ag are formally self-adjoint, i.e., for i = 0, 1,

/ Ajuvdr = / uA;vdx  for all u,v € C3°(G).
G G

(H3) There is a compact neighborhood © of y so that {A?,6 € O} is a family of
uniformly strongly elliptic operators of order 2m = max(my, mg).

The latter means that there exists a positive constant § such that for all x € G, € ©
and & € R?,

D> a0, )7 > olgPm
lal,|B]=m
where 7 :=¢/" ... €)".

For s > 0 denote the closure of C§°(G) in the Sobolev space W2(G) by W§2.

It is well known from the theory of self-adjoint elliptic operators that the operator A?
with boundary condition (2.6) can be extended to a closed, self-adjoint operator Ly on
Lo(G). The domain of Ly, written D(Ly), is the set of all functions u € W™ such that
Lou € Ly(@). For all v € W™

a(u,v) = — Z / a® (0, 2) DPu(x) D (z)dx
jal,[Bl<m ” ¢
= (ﬁgu,v)LQ(G)
and Lyu = A’u in the sense of distribution. Under (H3), Ly is lower semibounded (i.e.,
there is a constant k(0) so that k(6)I — Ly > 0 and the resolvent (k(6)I — L)' is
compact). Let Ay := (k(0)I — Lg)'/?™, the spectrum of this operator is a discrete set
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o(Ag) consisting of eigenvalues of finite multiplicity. We enumerate them in order of
magnitude,
o(Ag) = {Ni(0)}21, 0<X(0) <Xa(0) < ...

where each one is counted repeatedly as many times as its multiplicity. Let {h;(0)}32,
be an orthonormal system of eigenfunctions of Ag. Then {h;(0)}5°, is complete in Lo(G)
and h;(0) € WJ*(G) N C>=(G) for all i.

In general, the functions h;(6) might depend on 6. For the sake of simplicity we shall
rule out this possibility in future. We assume :

(H4) There exists a complete orthonormal system {h;}5°; in Lo(G) such that for
every i =1,2,...,h; € WJ*(GQ) N C=(G) and

A.ghi = )\1(9)hl, and Eehi = ul(H)h, for all § € ©

where Ly is a closed self adjoint extension of A?, Ay := (k(0)I — Ly)*/*™, k(0) is a
constant and and the spectrum of the operator Ay consists of eigenvalues {\;(0)}52; of
finite multiplicities and p;(0) = —AZ™(6) + k().

(H5) The operator A; is uniformly strongly elliptic and has the same system of
eigenfunctions {h;}32, as Lg.

For a > d/2, define the Hilbert space H™® with norm || - || as in Huebner and
Rozovskii [11]. Let P, the measure generated by the solution {u‘(¢,z),t € [0,T],z € G}
to the problem (2.4) — (2.6) on the space C([0,T]; H™*) with the associated Borel o-
algebra By. Note that condition (H1) is equivalent to

T
/ | Ayuc(s) ||? ds < oo a. s. for fixed e.
0

Thus under (H1), for different 6, the measures PeT ¢ are mutually absolutely continuous.
The Radon-Nikodym derivative (likelihood) of PQT *© with respect to Pg; " is given by

T,e T
74 (u) = T (u) = exp {61(9 — ) / (Ayuc(s), du(s))o
0o 0
1 T
3@ =) [ I o)lds @7)
Jo
el 90)/ (Alué(s),AouE(s))ods}.
0
Maximizing Z%E(u) with respect to § provides the maximum likelihood estimator (MLE)

given by
e fOT(Aluf(s),due(s) — Agu(s)ds)o

0° = (2.8)
T
Jo I[Aruc(s)|3ds
T,e
The Fisher information I(6y) related to Z?T'f is given by

90

T
1(0y) = E@O/ | Auc(s)||2ds.

0

Note that u¢(¢, x) is the observation at time ¢ at point . In practice, it is impossible to
observe the field u¢(t, ) at all points ¢ and x. Hence, only a finite dimensional projection
u™€ = (uf(t),...,us(t)), t € [0,T] of the solution of the equation (2.4) are observable.
In other words, we can observe the first n highest nodes in the Fourier expansion

u(t,x) =y uf(t)ei(x)
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corresponding to some orthogonal basis {¢;(z)}52,. We consider observation continuous
in time ¢t € [0,7T]. Note that uf(t),i > 1 are independent one dimensional Ornstein-
Uhlenbeck processes (see Huebner and Rozovskii [11]).

Consider the projection of H~% on to the subspace R™. Let PQT’"’6 be the measure
generated by v on C[(0,T];R™) with the associated Borel o-algebra B..

For # € O, the measures PGT ™ and PGT0 ¢ are mutually absolutely continuous with
Radon-Nikodym derivative (likelihood ratio) given by

0

T,n,e T
29, () i= e (ue) = exp {elw — 6o) / (Avu™<(s), du™(s))o
%0
1 T
30 =0 [ (o) s (29)
Jo
—e (0 — 0) / (Alu”’e(s),Aou”’e(s))ods}.
0
Maximizing me(u) with respect to 6 provides the approximate maximum likelihood
estimator (AMLE) given by
e J(Avume(s), dum(s) — Agu™*(s)ds)o

gre —
Jo I[Arum<(s)|3ds

Assumption (H5) implies in particular that for every i, p; := p;(6p) = Oov; + k; and
Alhi = l/ihi and th, = k‘lhl

(2.10)

Thus
Ge _ oo N Jy i (0)(dug () — kg (1))
- oo a T e
S A} fo |ug|?(t)dt
and
e _ Sima Avi Jy uf(8)(dug(t) — e (1)dt)

STy A fy g 2(e)dt
The normalized errors are given by

SO N2y [ () AW (1)

?

oo a T, e
Yt A fy lugP(t)dt

e 105~ 0y) =
and

iy Afw fy wi(DdWi(t)
n a T, ¢ :
Y AvE [y lugP(t)dt
By the central limit theorem for stochastic integrals, e =1(8¢ — o) — N'(0,1(6) 1) as
€ — 0 and e 1 (6™ — 0g) — N(0,1,,(6p)"1) as e — 0.
Now we will derive the Fisher information I(6p). Recall that the Fisher information
is given by

6_1(@“’E — 90) =

T
1(6y) = Ey, / | Ay (s)|2ds.

The observations u$(t), us(t), ... where uS(t),i > 1 are the Fourier coefficients of the
uf(t, x) satisfy the system of ordinary stochastic differential equations
dui(t) = pi(0)ui(t)dt + A7 “Wi(t),

uf (0) = Up;



BERNSTEIN-VON MISES THEOREM ... 11

where p;(60) = k; + 6ov;. The solution of the above SDE is

t
ui(t) = ugeti (@)t 4 e)\;a/ e“i(eo)(t_s)dWi(s).
0

The likelihood Z%n’e(u) can be written as

Z8 . (u) = Z}Iz::(u"’e) = exp{ (0 — 6o) ZA%Z/ ()dW;(t)
i - (2.11)
o oyt [
0

i=1

The Fisher information corresponding to the likelihood Z%.,, () is given by

n T
Inclto) = 2B Y322 [ jui) e
0

£1(57)

For smooth initial conditions, i.e., > .~ ; < oo for some s, the first sum con-
verges as n — oo. The second sum domlnates the thlrd

Similar to the operator A?, the operator A; supplemented by the Dirichlet boundary
conditions D7 u(t, x)|ag = 0 for all |[y| < r — 1 can be extended to a closed self-adjoint
operator on Ly(G). We will denote this operator by £;. Its domain D(L;) consists of all
functions u € I/VOT’2 such that £1 € La(G). Thus A1h; = v;h; for alli =1,2,.... Accord-
ing to the spectral theory of self-adjoint operators, the asymptotics of the eigenvalues p;
and v; are given by |v;| ~ "™/ and p; ~ —i®™/?, 2m = max(mg, m1).

Due to the asymptotics of the eigenvalues we have

= 2 )‘2 2 2/% _
Z Z

2s/d

o0 2 o0
_Z Vi _ Zi2(m1—m)/d < 00
- M

since 2(ord(A1) — ord(Ag 4+ 0A;))/d = 2(my —m)/d < —1 by (HL).
Hence

2c¢,,2
lim lim €21, (00) =lim lim ¢ 1, (b)) = Z )\;ulfi w2, (€T — 1) = I(6).

n—o00 e—0 e—0n—oo0 1
i=

With smooth initial condition this sum converges and the Fisher information is finite
1(00) < oo and if ug; # 0, then I(ao) > 0.

T
The Fisher information I,,(6y) related to & 9T — is given by
90

.“0i(62MiT —1) =: I,(6o)

Let w be a real valued, non-negative loss function of polynomial majorant defined on R,
which are symmetric, w(0) = 0 and monotone on the positive real line.

Under the conditions (H1) - (H5), Huebner [9] showed that 6, and 0., are strongly
consistent, asymptotically normally distributed with normalization e~! and asymptoti-
cally efficient with respect to the loss function w as e — 0 and n and T are fixed.
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3. BERNSTEIN-VON MISES THEOREM

In this section, we show the convergence of the posterior distributions to normal
distribution, which is called the Bernsten-von Mises theorem or Bayesian central limit
theorem. Suppose that II is a prior probability measure on (0, D), where D is the o-
algebra of Borel subsets of ©. Assume that IT has a density 7(-) with respect to the
Lebesgue measure and the density is continuous and positive in an open neighborhood
of 90.

The posterior density of 6 given u€ is given by

2 (u)m(9)
Jo 28 (wyn(6)do’

Let 7 := ¢~ 1(6 — 6°). Then the posterior density of e1(4 — §¢) is given by

p(6luc) = (3.1)

pH(r|u) = e ' p(6° + er|uc).

Let . . .
dPI JdPPe  dPTe
vr(T) = T T = gpTe

e /APy, Ge

C. = / b ve(T)m(6° + er)dr.

—0o0

Clearly
P (r|u) = Clup o (T)m(0° + €7).
The pseudo-posterior density of 8 given in ©™€ is given by
Z% n, e(U)W(ﬁ)
Jo 24 . (w)m(0)do

The idea behind pseudo-posterior density is that while a regular posterior density uses
the full exact likelihood, pseudo-posterior uses the partial likelihood based on the finite
number of Fourier coefficients u™* := (u§(t),...,us(t)), t € [0,T]. Because the complete
observation can not be observed in practice, pseudo-posterior density has computational
advantage.

Let ¢ := ¢ 1(0 — QA”E) Then the pseudo-posterior density of e~ (6 — é”f) is given by

q*(Blu™e) == e 1q(0™° + eplu™c).

q(flu™) == (3.2)

Let T . 7
. dPen EJrE(z)/dPeo’ ’ dPen ted
VTne((b) - dPTne - dPTne ’
gne/denF on.e
D, = / VTm,e(qﬁ)?T(ée + eg)do
Clearly

" (Blu™) = Dy vr o ($)m (07 + €9).
Let K(-) be a non-negative measurable function satisfying the following two conditions :
(K1) There exists a number 1,0 < n < 1, for which

(oo}
1
/ K(1)exp{—=7%(1 — n)}d7 < cc.
. 2
(K2) For every A >0 and 6 >0

o Ae? K(e '7)m(0° + 7)dr — 0 as. [Py,] as € — 0.
|[7]>6
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We need the following Lemma to prove the Bernstein-von Mises theorem.
Lemma 3.1. Under the assumptions (H1) - (H5) and (K1) - (K2),
(i) There exists a 69 > 0 such that

ve(T)m(0° + e717) — m(6y) exp(—%[(@o)TQ) dr =0 a.s. [Py,

lim K(7)

€20 |71<b0e1

(ii) For every § > 0,
lim/ K(7)
€0 |T|>de—1t

Proof. From (3.1) and (3.2), it is easy to check that

1 T
logv (r) = —57—252 / | Ajuc(s)||2ds
0

Now (i) follows by an application of dominated convergence theorem.
For every § > 0, there exists A > 0 depending on § and 8 such that

ve(T)m(0° + e 17) — m () exp(f%I(Oo)Tz) dr =0 a.s. [Py,

N 1
lim K(7) |ve(T)m(0™ + e7) — 7(00) exp(—=72)| dT
€0 |T|>d6e—1 2
N 1
< / K(T)ve(T)m(0™ + eT)dr + / 7(0p) exp(—=72)dr
|7|>8e—1 |T|>d8e—1 2
- A 1
< e 2/ K(r)m(0™ + eT)dT+7T(00)/ exp(—=72)dr
|T|>8e—1 |T|>de—1 2
= F.+G,
By condition (K2), it follows that F, — 0 a.s. [Py,] ase€ — 0 for every § > 0. Condition
K(1) implies that G — 0 as ¢ — 0. This completes the proof of the Lemma. |

Now we are ready to prove the generalized version of the Bernstein-von Mises theorem
for parabolic SPDEs.

Theorem 3.1. Under the assumptions (H1) - (H5) and (K1) - (K2), we have
I(6 1
(rtue) - (0172 e L 10 r2)

(oo}

lim K(t)|p

e—0

dr =0 a.s. [Py,]-

Proof. From Lemma 3.1, we have

lim h K(7) |ve(T)m(6° + er) — 7(6) eXP<_%I(9)72)

e—0

dr =0 as. [Py,]. (3.3)

Substituting K (7) = 1 which trivially satisfies (K1) and (K2), we have

o0

Co= [ @ +er) 5 700) [ ep(-310P)r as (P (39

— 00 — 00

Therefore, by (3.3) and (3.4), we have
B 12 L o
| K@) - () expl- 57

| K@)
+/Z K(r)

— 0 as. [Py,] as e — 0.

dr

Cl (1) (0° + er) — C7 1 (6y) exp(—%I(HO)TQ)

O w(l) exp(—57) — (
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Theorem 3.2. Suppose (H1)-(H5) and [*_|0]"7(0)d6 < oo for some non-negative in-
teger r hold. Then

o0
Jim / e
e—0 J_ o

2m
Proof. For r = 0, the verification of (K1) and (K2) is easy and the theorem follows from
Theorem 3.1. Suppose r > 1. Let K(7) = |7|",d > 0 and € > 0. Using |a + b|" <
27=1(Ja|” + |b]"), we have

1(0)

p*(rfu®) = ( )2 eXp(—%I(Ho)TQ) dr =0 a.s. [Py,]-

e’ K(Te_l)w(é6 + 7)dT
|7|>6

< e/ 2 AT / w(T)|T — é€|rd7'
|7—8¢|>8
< 2leTe / (77| dr + / w(7)|6|"dr]
|[7—0¢|>6 |[7—0¢|>6

< roere ([ a@rar o)
—o0o
— 0Oas. [Py,]ase—0

from the strong consistency of 6¢ (see Huebner [9]) and hypothesis of the theorem. Thus
the theorem follows from Theorem 3.1. (]

Results similar to Theorems 3.1 and 3.2 hold when the posterior density is replaced
by the pseudo-posterior density, the MLE by the AMLE and the Fisher information by
1,,(0p).

Theorem 3.3. Under the assumptions (H1) - (H5) and (K1) - (K2), we have

0 () - (02 (L1 )7

oo

lim K(7)

e—0 J_

dr =0 a.s. [Py,]-

o0

Theorem 3.4. Suppose (H1)-(H5) and [*_|0]"7(0)d6 < oo for some non-negative in-
teger v hold. Then

g%[mw

Remark 3.1. For r = 0 in Theorem 3.2, we have

In(GO)
2w

1
)1/2 exp(—iln(ﬁo)Tz)

¢ (Plu™) = (

dQZS =0 a.s. [Pgo].

N e N 24 () 1
lim P (T]u) — (7)1/2 exp(fif(GO)Tz) dr =0 as. [Pp,].
For r = 0 in Theorem 3.4, we have
. o * € In(eo) 1
lgr(l) . q*(T|u) — ( o )2 exp(—§I(90)72) dr =0 as. [Pa,].

These are the classical forms of Bernstein-von Mises theorem for parabolic SPDEs in
its simplest form.
As a special case of Theorem 3.2, we obtain for all » > 1,

Eg,[e71(6° — 60)]" — E[¢']

as € — 0 where £ ~ N(0, I(6y)).
As a special case of Theorem 3.4, we obtain for all r > 1,

Egy[e71 (0" = 60))" — B[(']
as € = 0 where ¢ ~ N(0, I,,(6p)).
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4. BAYES ESTIMATION

As an application of Theorem 3.1, we obtain the asymptotic properties of a regular
Bayes estimator of 6. Suppose (0, ¢) is a loss function defined on © x ©. Assume that
1(0,9) = 1(]0 — ¢|) > 0 and I(-) is non decreasing. Suppose that J is a non-negative
function on RT and K(-) and G(-) are functions on R such that

(B1) J(e)l(re) < G(r) for all € > 0,

(B2) J(e)l(re) — K(7) as € — 0 uniformly on bounded subsets of R.

(B3) [*_ K(7+ s)exp{—17?}dr has a strict minimum at s = 0.

(B4) G(-) satisfies (K1) and (K2).

/ 1(0,v)p(0|uc)d

Let
A regular Bayes estimator 6¢ based on u¢ is defined as
¢ .= inf B.(1).
arg inf Be(y)

Assume that such an estimator exists.

Further assume that R is a non-negative function on N x R* and K(-) and G(-) are
functions on R such that

(M1) R(n,e€)l(te) < G(7) for all n and € > 0,

(M2) R(n,¢€)l(re) — K (1) as € — 0 uniformly on bounded subsets of R.

(M3) [ K(1 + s)exp{—372}dr has a strict minimum at s = 0.

(M4) G(-) satisfies (K1) and (K2).

Let

Mo (1) = /@ 10, )q(B]u™)db.

n,e

A pseudo-Bayes estimator 6™ based on u™¢ is defined as

é"’e = arg inf M, .
& PEBO e ("/J)
Assume that such an estimator exists.

The following Theorem shows that MLE and Bayes estimators are asymptotically
equivalent as € — 0.

Theorem 4.1. Assume that (H1) - (H5), (K1) - (K2) and (B1) - (B4) hold. Then we
have R

(i) (0 — 0 0) = 0 a.s. [Py,] as e =0,

(i) lim J(©)B(F) = lim J () B.(6)

— (%)1/2 /_OO K(7) exp(—%I_l(HO)TQ)dT a.s. [Pa,].

Proof. The proof is analogous to Theorem 4.1 in Borwanker et al. (1971). We omit the
details. ]

Corollary 4.1. Under the assumptions of Theorem 4.1, we have
(i) ¢ — 0y a.s. [Py,] as e — 0.

(ii) € 1 (6° — 00) 5 N(0,171(8p)) as ¢ — 0.

Proof. (i) and (ii) follow easily by combining Theorem 4.1 and the strong consistency
and asymptotic normality results of the MLE in Huebner [9]. O

Theorem 4.2. Under the assumptions of Theorem 4.1, we have

lim lim sup FEw ( LG — 90)) = Ew(¢), L&) =N(0,1"1(6p)),

d—o00 =0 ‘9 0o |<5
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where w(-) is a loss function as defined at the end of Section 2.

Proof. The Theorem follows from Theorem III.2.1 in Ibragimov, Has’minskii [12] since
here conditions (N1) - (N4) of the said theorem are satisfied using Lemma 3.1-3.3 and
local asymptotic normality (LAN) property. O

The following theorem shows that the AMLE and pseudo-Bayes estimators are asymp-
totically equivalent.

Theorem 4.3. Assume that (H1) - (H5), (K1) - (K2) and (M1) - (M4) hold. Then we
have
(i) €10 — ™) = 0 a.s. [Py,] as e — 0,
(i) hm R(n, €)M, (07°) = 111% R(n, €)My, (0™°)
€E—

o0 1 _
— G [ K@) exp(- 31 )N as. ().
Corollary 4.2. Under the assumptions of Theorem 4.3, we have
(i) 0™ — 0y a.s. [Py,] as e — 0.
(ii) € (6™ — o) SN (0, 171(8p)) as € — 0.
Theorem 4.4. Under the assumptions of Theorem 4.3, we have

lim lim sup Fw ( “Lome — 90)) = Fw((), L(¢)=N(0,I,"(6)),

d—o00 e—=0 |0—00|<6

where w(+) is a loss function as defined at the end of Section 2.

5. EXAMPLE

Here we give an example where the conditions of the previous theorems are satisfied.
Consider the parabolic SPDE

2
du(t,z) = Ou(t,z) + Wué(t,a:)dt +edW(t,z), 0<t<T, z€|0,1] (5.1)
x
u(0,x) = ug(z) € Lo([0,1]) (5.2)
u(t,0) = u(t,1) (5.3)
Here Ag = 622, Ay = 1. Thus my = ord(Ay1) = ord(I) =0, myg rd(Ag) =

ord(m) = 2. Recall that 2m = ord(A?) = max(my,mg). Hence m = ord(aa— +0I)/2 =
1. The dimension of the z-space d = 1 since z € [0,1]. Hence m — 4 =1—-1 =1 >0.
So (H1) is satisfied. Other conditions are trivially satisfied. Thus al the results of the

previous sections hold for this case.

[\
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