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A. A. DOROGOVTSEV, IA. A. KORENOVSKA, AND E. V. GLINYANAYA

ON SOME RANDOM INTEGRAL OPERATORS GENERATED BY AN
ARRATIA FLOW

We study some properties of a random integral operator in Lz (R) whose kernel is
generated by a stationary point process related to an Arratia flow. To prove that
this random operator is not bounded we estimate the rate of growth of the maximal
amount of clusters in Arratia flow on intervals of unit length.

1. INTRODUCTION

Let {z(u,s), u € R, s € [0;¢]} be an Arratia flow [1] on the interval [0;¢], ¢ > 0, and
{y(u,s), u € R, s € [0;¢]} be its conjugated Arratia flow [9]. Define a random operator
T; in Lo (R) which describes the shift of functions along z(-,¢) : R — R, i. e.

(L)) = fz(-1),  feL(R).
It is proved in [6] that the image under T; of any boundedly supported function is a
zero function with positive probability. However, for any f # 0 the function T3(f * p),

u? .
where p(u) = \/%76_7 is not zero almost surely. Moreover, by the formula of change of

variables for an Arratia flow [11], the following equality holds

W) T D)2 = / / F@) ) S g0, p(u — 0)p(v — O)dudo,

0€0,

where ©; is a set of all points of discontinuity of the function y(-,t): R — R, and
Ay(97 t) = y(9+7 t) - y(9_7 t)

The right-hand side of (1) is a quadratic form of a random integral operator K; in
Ls(R) with the kernel

(2) ke(u,v) = > Ay(6,t)p(u— 0)p(v — 0).

0€O,
In this paper we prove that K; is a strong random operator [15] in Lo(R), and is not
a bounded one. However, for an orthogonal projector Qq 5, a < b, from Lo(R) onto
Ls([a; b)) random operators K;Qqup, QapK; are bounded. Moreover, with probabil-
ity one QqpK:Qq,p is nuclear. In the article we estimate the rate of convergence of
|Q—rn:n I Q—pin || to infinity when n — co.

2. RANDOM INTEGRAL OPERATORS AND POINT PROCESSES
For a fixed t > 0 let us define the set
0; = z(R, t).

Since {y(u,r), u € R, r € [0;¢]} is an Arratia flow on the interval [0;¢] in the backward
time, and its trajectories don’t cross trajectories of {z(u,r), u € R, r € [0;t]}, the set
O, consists of all points of discontinuity of the function y(-,¢): R — R.
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RANDOM INTEGRAL OPERATORS GENERATED BY AN ARRATIA FLOW 9

Thus, the stationarity of {x(u,r), u € R, r € [0;¢]} with respect to the spatial variable
implies the stationarity of the point process ©;. Let us build a random measure on B(R)
in the following way

= Ay(6,1)6(B),  BeBR).
0cO,

Since Oy is stationary, n; is a stationary random measure.
Lemma 2.1. For any bounded set B € B(R)

En(B) = A(B),
where X is the Lebesgue measure on R.

Proof. By the definition of »,

En(B)=E > Ay(6,1).
0co.NB

Using the formula of change of variables for an Arratia flow [11] one can check equalities

E > Ay(6,t) E/]IB u,t))du = E|T 153, g)-
0cO.NB

It is proved in [2] that for any function f € Lo(R)

ET 112, @) = 117, @)
Hence,
B|Tp|%,@ = \B),

which proves the lemma. (I
Corollary 2.1. An analog of Campbell’s formula for a point process [12] holds

(3) E " Ay(0,t)h(0) = /Rh(u)du

0€O,

for any non-negative function h € Ly (R).

Let us consider a random integral operator K; in La(R) mentioned in the introduction.
Theorem 2.1. For any t >0 K; is a strong random operator in Lo (R).
Proof. Let us show that for any f € Ly(R)

E/ (Ko f (u du<—|—oo.

Denote by p,(u) = 1 15*, a > 0. Hence, the following relations hold

E/ (K f(u)) du—E//pg w—v)(f *p)(w)(f *p)(v)n(du)n(dv) <
S/R/RU(””"f(m)'E/R/Rp?(“_“)p(“_rl)P(“—Tz)ﬁt(du)m(dv)drldrg.

One can check that

E /R /Rpg(u —v)p(u — r1)p(v — ro)n(du)n:(dv) =
—E Y > pafy — 02)p(61 — 11)p(02 — m2) Ay(01, £) Ay(fa, 1) <

k1,k2€Z 01 €0N[ky; k1+1)
02€0¢N[ka; ka+1)
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< > e pa(u—v)pu—ri)p(v —7r3) - E > Ay(01,8)Ay(0a,1).
kl””EZve[k; k;+1§ 6, €0:N[k1; k1 +1)
92€®tﬂ[k2;k2+1)

Let {w(a,r), 7 > 0} be a Wiener process, w(a,0) = a. Define
T=inf{s>0|w(a,s) =01},
and consider a new process w(a,r) = w(a,r A7), r > 0. Then
2\ 2
B Mu0008000 < (B(ulh+ 10 - yh0) ) x

01€0:N[k1;k1+1)
02€0:N[ko; ka+1)

N|=

X <E(y(k2 +1,t) — y(ka, t))2) = Bw(1,2t)?.

Consequently,
B [ [ palu= olptu = roplo = ra)mldum(do) <
RJR
(4) < Cy E max  pa(u—v)p(u — ri)p(v — ra),
u€lky; ki1+1)
kl’kZEZ €lk2; ka+1)
where

Cy = Bw(1,2t)* < +o0.
Tt suffices to show that expression in the right-hand side (4) is a kernel, which generates
a bounded integral operator in Lo(R). Let us notice that the following inequality is true
max  pa(u—v)p(u —ri)p(v —ra) < [p(ry — k1) +p(r1 — k1 — 1)] x

ue[kl; lirl)
’L}E[k‘g; kg—‘rl)

(5) x [p(ra — ka) + p(ra — ke — 1) x 2pa(k1 — k) + pa(k1 — ko — 1) + pa(k1 + 1 — ko))

For any a,b € R there exists positive constant C' such that

Zpa— (k—0) < Cps(a—0).

kEZ

Thus, with some constants C; > 0, i = 1, 2, the following relations hold

> pla—k1)p(b — ko)pa(ky — ko) =

k1,ko€Z
=G0 Y pla—knplb—ka) [ plls = r)plr — ko) =
kl,kzez R
e Z (a —k1)p(k1 — 1) X Z p(b— ka)p(ke — r)dr <
Rriez ko €7

< CQ /Rpg(a —7r)p2(b—r)dr = 52p4(a —b).

Hence, by (5), the right-hand side (4) is bounded by the kernel ps(r4 — r2) with some
constant. This kernel generates a bounded operator in La(R). Consequently, there exists

C, > 0 such that for any function f € Ly(R)

E / (Ko f () du < G / / PO - 1 (ra)] - palrs — ra)dradra < 400,

which proves the statement. (I

Lemma 2.2. K; is not a bounded random operator in Lo(R).
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Proof. Tt suffices to show that
sup || K¢yl L, r) = +00 a. s.
neN

One can check that there exists b > 0 such that the following relations are true
2

n+1
Kl > [ | X au0n) [ pu o)dupto-0) ) ao>

€0, N[n;n+1]
(6) >b Y (Ay6.)”
€0 N[n;n+1]

Let us consider random variables

Cn = Z (Ay(@,t))Q, n € N.

0€©:N[n;n+1]
One can check that
(7) sup(p, = +00  a. s.
neN

Really, since the trajectories of {x(u,r), u € R, r € [0;¢]} and {y(u,7), u € R, r € [0;¢]}
don’t cross, for any m € N and uniform partition {u;, j =1,2M + 2} of [-M; M]

P{G >M}=PS > (Ay0.t)*>M >

0€0,n[1;2]
>P{1<z(ur,t) =x(uz,t) < x(us, t) = x(uq,t) < ...
< $(’U,2M+1,t) = $(’U,2]\/[+2,t) < 2} > 0.

Thus, essup (; = 400, which, by stationarity and mixing property [10] of the sequence
{Cn}nen, proves (7). Hence,

sup || K W1 117, ) > bsup Gn =400  a.s.
neN

O

For a fixed a < b consider an orthogonal projector @, of La(R) onto Lo([a; b]), which
we identify with the subspace of Lo(R) of functions supported on [a; b].

Lemma 2.3. Random operators Qq K¢ and KiQqp are bounded in La(R).

Proof. One can check, by Holder inequality, that for any f,g € La(R)
©)  (KiQual: 9y < 0= Mool S S0(6,6) mas plu—0)
0cO,

Let us notice that the same upper estimation of (Qq K¢ f, g)LQ(R) is true.
Due to (3) the following equality holds

EZAyGt maxpu— /maxpu—v)dv<—|—oo
oco, u€la;b] R u€la;b]
Lemma is proved. ([l

Lemma 2.4. For any a < b with probability one the random operator Q. K:Qap is
nuclear in Lo(R).
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Proof. For a fixed 6 € ©; denote by By an integral operator in Ls(R) with the kernel
he(u,v) = p(u — 0)p(v — ) |gp) (u) Wjgy) (0).
The nuclear norm of By equals to ||p(- — G)H[a;b](o)Hi(R). Since
Qa,bKtQa,b = Z Ay(oat)B97
0€0,
the nuclear norm of Qs K:Qq b is the value
(9) > Ay(0,0)1p(- = ) W0y ()17, (r)-
0€O,

By (3), the following relations are true

E Y Ay(0,0)lp( — )Wy I, ) = /IR P (- = 1) Wiaiey (17, (ry de =

0cO,
b
= / / p?(u — v)dudv < 400.
RJa

Consequently, the value (9) is finite with probability one, which proves the lemma. O

Since K; is not a bounded random operator, the operator norm of Q_, ,K:Q_p
tends to infinity when n — oo. Let us notice, that the rate of growth of ||Q7nnRiQ7nn||
was investigated in [7], where K is a random integral operator in Ly(R) with the kernel
generated by a stationary point process ©

k(u,v) = Z p(u—0)p(v —6).
0ce

It was proved in [7] that
(10) 1Q—nn KQ—nnll? > max |© N [ks k +1]].
k=0,n

In the next section, in the case of the point process ©;, we estimate the rate of growth
not only of the value in the right-hand side (10), but also of

max Y (Ay(6,1)%

F=0m g co,Alkikr1]

Using this one can estimate the rate of growth of [|Q_,, nKiQ_p | to infinity, because

(11) ”an.,nKthn,n”Q > max Z (Ay(@,t))z.

k=0m pco,nlkskt1]

3. RATE OF GROWTH OF ||Q_,, nKiQ_p, || TO INFINITY
For any n € NU {0} let us consider a random variable
&n = |z([n;n+1],1)],

where |A| is a cardinality of the set A. Since Arratia flow is stationary with respect to a
spatial variable, {£, }nenu{o} is a stationary sequence.

Theorem 3.1. There exist positive Cy and R such that for any C' > Cjy
1

(12) -

InP{{ > C} > —Rt.
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Proof. Consider an integer C' > 0. Denote by {uk, k=0,C+ 1} the uniform partition
of [0;1]. Thus,
P{& > C} =P{l=([0;1],1)] > C} >
(13) > P{z(ug,t) < z(uy,t) < ... < z(uct1,t)}.
Consider a Wiener process (i, -) in R“+2 which starts from the point
U= (UO, Uty .- - ,uC+1).

Denote by

AC+2: {’l_}'GRCJr2| Vo S’Ul S §1)0+1}.
Let us notice that

P{z(up,t) < z(ui,t) <...<z(uct1,t)} =

(14) =P{ for any s <t W(d,s) ¢ OAcya}.

Since is a distance from the point @ to any

1
V2(C+1)

HZ:{ﬁG RC+2|'Ui:Ui+1}; i:O,C,
the probability in the right-hand side of (14) is not less than

S 1
P< for a <t ||w(0, < — 7,
{tor sy s <t g oo < 21

where 117(6, -) is a Wiener process in RE*2 (0, 0) = 0. Hence,

P{x(up,t) < x(u1,t) < ... < z(ucy1,t)} >

~ 1
> ]P’{ sup ||@(0, 8)||gc+2 < },

s€[0:] 2(C+1)
and
P sup [0, 8)[ors < 5t >
sup ||W(0,s)||re+z < ——= p >
s€[05t] * 2(C+1)

1
>Pq forany j=0,C+1 sup |w;(0,8)] < —+ 3,
{ sE[O;t]l 5(0.9)1 2C +2)3

where {w;(0,-)}; g7 are independent Wiener processes in R, w;(0,0) = 0. Conse-
quently,

- 1
P< sup [|[W(0,s)||gore < ———— » >
{se[o;t] H ( )HR 2(C+1)}

1 C+2
> | Pq sup |wp(0,s)] < ———5 .
( {se[O;t]| (0,9) 2(C+2)2 })

Due to [13] ((3), p.261),

1 4 a2

P< sup |wp(0,8)] < ———5 p ~ 76774t(c+2)3, C — oo.
s€[05t] 2<C + 2)5 ™

Thus, there exists Cy > 0 such that for any C' > Cj

1 2 x2 :
P< sup |we(0,8)| < ——— ¢ > Zem T+
s€[05t] 2(C + 2)5 71—
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Hence, there exists R > 0 such that for arbitrary C' > Cj

1 C+2 2 _x2 3
o mP{e(0;1] )] = C} = —; (1n7r+1ne 2t<C+2>>th,

which proves the theorem. ([l

Using Theorem 3.1 one can prove that with probability one max;_g7 &» tends to
infinity when n — oc.

Theorem 3.2. For any [ € (0; i) almost surely

max
(15) k:()inl — 400, n — 00.
(lnn)a—
Proof. For an integer n > 3 define N,, = [[J;an]}' For any j = 0, N,, denote by
K} =j-[v8Inn].
To prove (15) it suffices to show that with probability one
max_ Egn
j=0,Nn "’

(16) — 400, n — 00.

(Inn)i=~8
Due to Borel-Cantelli lemma, to prove (16) it is enough to check a convergence of the
series

(17) ZP{ max 5,6; < C(lnn)i—ﬂ}
n=3

J=0,Nn,

for any C' > 0. Denote by
a(h) = sup{|P(B N D) — P(B)P(D)|,
BeF',, DeFiy, ueR},

where 7Y = of{x(w,-), w € [u;v]}, h > 0. It was proved in [10] (Lemma 4.2) that for
any h >0

(18) alh) < 2\/2/;00 e~ do.

The process {z(u,t), v € R} is stationary. Thus, for any j = 0, N,,
P{g < Cmn)i~7} =P{g < Cmn)i =7},

which implies the following relations

< a([V8Inn]) Nilp{go < C(lnn)%-ﬁ}j +P {50 < C(lnn)i—ﬂ}N” .
j=0

To show a convergence of the series (17) it suffices to check that series

(19) 3" a((VET)) Nifp{go < Cmm)t=)
(20) f}P{fo < C(lnn)i~? }N"

n=3
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converge. For any h > 0, by [14] (Lemma 12.9, p.349), the inequality is true

21 +oo uzd 1 K2
e e 2dv < e 2.
(21) \/27r/h T hV27

Due to (21), the following relations hold

oo N,—1
Z a([vV8Inn]) Z P{§0<C(lnn)4 ﬂ}
n=3 7=0
<Z 81nn )N, <4Z . L 6_@ < —+o00.

= [\/sm Naroivr:

Hence, the series (19) converges.
By Theorem 3.1, for any n > n; the following inequalities hold

P{&>Cmn)i "} >

n
Vv8Inn

<2 1_ 4 1
(22) > n efRTt(C(lnn)él B) > nz

~ V8Inn ~ (8Inn)

Consequently, by (22), the series (20) converges. O

N

In the next we estimate a rate of growth ||Q_,, ,K:Q_y | to infinity, when n — oco.
To do this, by (11), we consider a random variable

Go= Y. (Ay(,1)?
€O N[k;k+1]

for k € NU {0}, and prove that with probability one max,_g ( tends to infinity when
n — oo.

Theorem 3.3. With probability one

Inlnn

(23)

- max (x — +00, n — 0.

Inn  k=0n

Proof. For a natural number n > 3 consider values N, and ki, j = 0, Ny, which are
defined in the proof of Theorem 3.2. Let us show that almost surely

(24) Inlnn

- max Ckn—>—|—oo n — o0.
Inn j=0,N,

By Borel-Cantelli lemma, it is sufficient to prove that

Inn
(25) Z]P’{max Gn <C nnn}<+oo

Jj=0,Nn

for any C' > 0. Since the process {y(u,t), u € R} is stationary,

P Cmgclnn _p COSCIHH .
J Inlnn Inlnn

As in the proof of Theorem 3.2, the following inequality holds
1
]P){ ax(kngC nn}g
Jj=

oN, Inlnn
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Due to (18), the series Y~ , a([v81Inn])N,, converges. Thus,

> ! Inn Y’
< .
a([v8lnn]) Z IP’{CO < Clnlnn} < +00
n=3 7=0
Let us check that
> Inn )V
2 P < .
(26) ; {Coclnlnn} < +00

To do this we will use the following theorem.

Theorem 3.4. For anyt > 0 there exists a; > 0 such that for any C >t

1
P{(y > C} > Gt\fce_%w

Proof. Since the trajectories of conjugated flows
{y(u,r), v € R, r € [0;¢]} and {x(u,r), u € R, r € [0;t]}
don’t cross, for any C > 0
P{Go>C}=PS > (Ay(6,1)>>Cp>
0€0,N[0;1]
(27) >P {x(O,t) = 2(VC,t), z(0;t) € [0; 1]} .

Let {wi(s), s > 0}, {wa(s), s > 0} be independent Wiener processes, and w;(0) =
w2 (0) = 0. Denote by

7 = inf {r >0: wi(r) = \/5"‘102(7")}.
Then, to estimate (27) one can notice

P {a:(O,t) = 2(VC, 1), 2(0;¢) € [0; 1]} =P{r <t wi(t) € [0;1]} >

[ /+°° 1 2
e 2tdu- e 2t du.
V2t Vo V2rt

For any h > 0, due to [14] (Lemma 12.9, p.349), the inequality is true

> P{\Eﬂuz(t) <0, wi(t) € [0; 1}} - /01

1 oo 2 h 1 02
_— “Tdy> — . e T,
\/27r,/h ¢ v= h?+1 \/2776

Hence, for all C' > ¢ the following estimation holds

/1 1 2 /+°° 1 2 1 _c
e 2tdu- e 2tdu > ap——e 2,
o V2rt NS ="

1 [t
ay = — e~ 2t du.
87 Jo

where

The theorem is proved.
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Due to Theorem 3.4 relations hold

Inn n Inn
> = >C— 5 >
NnP{COCIHInTL} [\/8lnn]P{Coclnlnn}

a; nvinlnn _ _cuwn
> ¢« —————¢ Z2tlnlnn
- \J/8C Inn

Hence, by (28), (26) is true. Consequently, for any C' > 0 the series (25) converges, which
proves (24). Thus, (23) holds. O

(28)

Due to Theorem 3.4 and inequality (11) the following estimation holds

Inlnn

(29) : HQ[_nm]KtQ[_n;n]’F — 00, N — 00 a. s.

Inn
Let us notice that in the case of a random operator I?t, which is generated by a stationary
Poisson point process with intensity one, the same estimation of ||Q[_yn Kt Q[—n;n) |? as

in (29) was proved in [7]. The rate of growth of this value is different in the case K
generated by ©,. Really, by Theorem 3.2, for any 8 € (0; 1)

1 ~
1_[3 : ||Q[fn;n]KtQ[7n;n]H2 — 00, N — 0 a. S.

(Inn)z
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