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A. A. DOROGOVTSEV AND IA. A. KORENOVSKA

SOME RANDOM INTEGRAL OPERATORS RELATED TO A POINT
PROCESSES

We study some properties of a random integral operator in Ls(R) whose kernel is
defined as a convolution of a Gaussian density and a stationary point process.

1. INTRODUCTION

Let © be a stationary point process on the real line [1]. In this paper we consider
integral operators in Lo (R) with the kernel

(1) k(u,0) =Y plu—0)pv—6),

6co
where p is some square-integrable function. The problem of investigating of a random
kernel of the kind arises in the theory of stochastic flows. For example, in articles
[2, 3] the strong random operators related to an Arratia flow [4] were introduced. If
{z(u,t),u € R,t > 0} is an Arratia flow then for every f € Lo(R) and ¢t > 0 a random
element T3 f in Lo(R) is defined by the equality

T:f(u) = f(z(u,t)), u € R.

It was proved in [2] that T} is a strong random operator in the Skorokhod sense [5] and it
is not a bounded random operator, though [3]. As is known, the map z(-,¢) : R - Ris a
step function with probability one, so one can assert that for any boundedly supported
function f € Ly(R) the Ly(R)-norm of T f equals zero with positive probability. To avoid
such a situation one can consider f * p., where p. is the density of a normal distribution
with zero mean and variance €. Then, due to the formula of change of variables for an
Arratia flow [3], one can write down

(2) /Tt(f*pg)(u)2du: Z Ay(&t)//ps(vl—Q)pg(vz—G)f(vl)f(vg)dvldvg,
R 9: Ay(6,£)>0 R JR

where {y(u,s),u € R,s € [0;¢]} is the conjugated Arratia flow [4]. On the right-hand

side of (2) one may see the quadratic form of the operator similar to (1). Hence, the

knowledge of the properties of (1) can be helpful for investigating the random operators

generated by the stochastic flows. The article continues studying the characteristics of

random operators from [6, 7].

2. SHIFTS OF A (GAUSSIAN DENSITY ALONG A POINT PROCESS
We will start with the following statement.

Theorem 2.1. Let © be a stationary ergodic point process on R [1] and 0 < E|© N
[0;1) | < 400. Then there exists an event Qo of probability one such that for any w €
Qo and a < b the linear span of the functions {pe(u — 0(w)), O(w) € O(w)} is dense in
La([as b]).
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Proof. Let us break the proof into several steps.

Lemma 2.1. Let © be a stationary ergodic point process on R with 0 < E|ON[0;1) | <
+o00. Then with probability one
4-00.
> i

Proof. 1t is sufficient to prove that

(3) Z % =400 a.s.

0€On|1;400)
Since Ygcon(iitor) § = Lome1 7 |© N [msn+1) |, it suffices to show that for a
sequence &, = |© N [n;n+1) | the series > 77 | L&, diverges almost surely. One may

note that {&,},-, is a stationary, ergodic, and E|&| < co. Hence, due to the ergodic
theorem, for S,, = ZZ:O &, the following convergence holds

1
(4) ES" — E&, n— o0 as.

Thus, with probability one C' = Sup, ey = Sn < 400, and there exists N € N such that
for any n > N

1 E&o
— > —.
(5) nSn - 2
One can check that for any m € N
Sk Sk_1 s Sk—l
(©6) Z Bk = Z( k—1>+kz_:2k(k—l)'
Due to (4)
— Sk Sk ~
— — <2C.
" > (5 -7sp) <

k=2

By (5), the series Ek > kfg’l diverges, which, by (6) and (7), proves the statement. [

Corollary 2.1. Using Lemma 2.1 and Muntz theorem one may verify that there exists
Qo of probability one such that for any w € Qp and 0 < a < b the linear span of the
functions {u®“), 0(w) € O(w)} is dense in La([a;b]).

Corollary 2.2. There exists Qg of probability one such that for any w € Qo and a < b
the linear span of the functions {€’“)*, §(w) € O(w)} is dense in La([a;b]).

Proof. Denote by LS {fi,k=1,n} the linear span of fi,..., f,. Notice that for any
a <band f € Ly([a;b]) the following relations hold

2
d(f,LS{e™, 0 ¢ 6});([@1)]) :igf/ ( Zcee ) du =

[2C]

= i?gf/@a ( IHU ZCGU > ? e “d <f LS {U 0 < 6})L2([ea eb])

0ce

where the function f(u) = f(Inu) belongs to Ly ([e®; e?]).
Thus, due to Corollary 2.1, with probability one for any a < b and f € La([a; b))

d <f7 LS {60u7 RS 9})L2([a?b]) =0
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To complete the proof of the theorem let us consider a fixed point 6 € ©, and a linear
bounded operator B on Ly([a;b]) such that (Bf) (u) = f(u)h(u), where

Then for any a < b and f € La([a; b])
2
d(f,LS{p-(u—10),0 € e})Lz([a;b])

u? 2 L0 ou 2
=d (B (f(u)\/27r€e Te E) ,LS {B (e < ec ) ,0 € @}>L2([a;b]) =
. , 2

= d(Bf(u),LS {Be 0

( f(w), S{ €=,0€ 6})L2([a;b])’

where f(u) = f(u)V/ Smeede e . Since B is a bounded linear operator on Ly([a; b]), the

inequality

d (Bf(u)’LS {Be o€ @}>L2<[a g S 18I (f(u)’LS{ e @})LQ([a )

holds true, and its right-hand side equals 0, due to Corollary 2.2. Consequently, with
probability one the linear span of the functions {p.(- — 0); 6 € O} is dense in La([a; b]).
The theorem is proved. (I

3. PROPERTIES OF THE INTEGRAL RANDOM OPERATOR
Now let us turn to the integral operator with kernel (1). Let p. be the same as before.

Lemma 3.1. For any f € La(R) and a stationary point process © with E|©N[0;1) | <

400 )
</f pEUG)du> < 400 a.s.

Proof. Since © is a stationary point process, its intensity measure is C A, where A is the
Lebesgue measure on R, and C = E|© N [0;1) |. Thus, by Campbell’s formula [1], for
every f € La(R)

EZ(/fmqu<EZ//f L7 0)p=(u — 0)p-(v — 0)dudv =

0co 0c©

= [ [ 151 IE S bt = 0)pe(o — dud -

0ce

—c [ [ 171 [ petu—tp.0 ~ Oataudo -

—C’//|f NI f (0)|p2e(u —v) dudv—C/h2 e d/\<C'/|f )| du,

where h is the Fourier transform of f € Ly(R) O

/€

Remark 3.1. It follows from the proof of Lemma 3.1 that the following integral operator

Z/f w)p-(u — 0)du - p.(v — 0)

0ce

is well-defined and is a strong random operator in Skorokhod sense [5].

The next lemma shows that A is not a bounded random operator in the most inter-
esting cases.
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Lemma 3.2. Let © be an ergodic stationary point process such that essup |© N [0;1]] =
+00. Then A is not a bounded random operator.

Proof. Tt can be checked that under the assumption on the process © with probability
one there exists an increasing sequence of natural numbers {ny; k > 1} such that

sup |© N [ng;nk + 1) | = +o0.
k>1

Consider the following sequence of functions from Ly (R)
fk: = ]I[nk;nk+1)a k > 1.

Then )
1
IAf&]* = > (/ ps(v)dv> pe(1)%.
0eON[nk;nk+1) 0
Hence, supy, ||Afr|| = +o0, and the lemma is proved. O

For a fixed interval [a;b] denote by Q. the orthogonal projection of Lo(R) onto
Ls([a; b]), which we identify with the subspace of Lo(R) of functions supported on [a;b].

Remark 3.2. For any a,b € R the random operators AQq b, QapA are bounded.
Proof. One can check, by Holder’s inequality, that for any f,g € La(R)

(AQanf,9) Z/ v)pe(v—10 / f(w)pe(u— 0)du <

0€©

_1 1
<275 (b a)2 gl o) | o) D Jnax pe(u —0).
0€cO ’

By Campbell’s formula [1],

E max u— max u—r)dr < 4o0.
Zue[abpa /]Rue[abpa ) +
Thus, Y yco MaXye[a;p) Pe(u — 0) < +00 a.s., which proves the statement. O

Lemma 3.3. For any a,b € R with probability one the random operator AQM =
QabAQq.p is nuclear.

Proof. To prove the statement, let us estimate the nuclear norm of Q4 AQq . For any
0 € © denote by ey the function

e = Qappe(- —0).

Evidently, the operator ey ® eg is nuclear, and its nuclear norm equals ||eg||?. Notice that

B fleoll® = Ez/psu_ _

0€© 0coe

—C/ /pgu—v Y dvdu < 400,

where, as before, C' = E|0© N [0;1]|. Its enough to note that
(8) QapAQap = Z ey @ eg.
€O
The lemma is proved. |
Due to the previous statement, the image K of the unit ball in Lo([a;b]) under the

operator Aq, , is a compact set with probability one. We obtain the following statement
about asymptotic behavior of the Kolmogorov width for the compact set K.
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Theorem 3.1. Let © be an ergodic stationary point process. Then with probability one
there exists C' > 0 such that

_ (Cn=b)? _ (Cn+a)?

dn(K):O(e = Ve : ),n—>oo.

Proof. Representation (8) allows us to estimate Kolmogorov widths of K. Let us denote
by N, & > 0, the number of elements of the set © N [—z;z], and by d,, the n-th
Kolmogorov width of K. It follows from (8) that

(9) dv, < ) lesll®.
0€O\[—z;x]

Due to the ergodic theorem, N, ~ 2C'x when x — +4oc0.
To estimate the right-hand side of (9), suppose that x > max{—a,b}, and consider

the sum
S felfs S (- a)pe(0— b2

0€0,0>x 0€0,0>x

Denote by &, = [©N[n;n+ 1) |. Then {&,;n > 1} is a stationary ergodic sequence. For
a natural x

“+o0
Z pe(0 — b)2 < Zps(x - b)zgk-
€0, 0>z k=x

For any k& > 1 let S = Zle &;. Since Sk ~ Ck, k — oo a.s., then, by Abel transform,
one can check that

+o0 foo
> pe(k —b)%6 = —pe(x = 0)*Spm1 + > Sk(pe(k — b)* = p(k + 1 —b)*) ~
k=x k=x
“+o0
~C> (pe(k = b)* = pe(k+1—1b)*)k, 2 — +oo.
k=x
Observe that
+00 too
1 (2k+1-2b) (k—b)2 1 (2—b)2
—_ b2 _ D= — —e - ~ e T
3 (oell =0 —pell 10k = 52 31— Je TR
and the statement is proved. O

For any interval [a;b], Ag, , is a bounded (nuclear) random operator. Despite this,
as [a; b] increases to R, Ag, , must converge to unbounded random operator A. Conse-
quently, one can expect that the operator norm [[Aq, ,|| will increase to infinity as [a; b]
increases to R. Using the arguments from the proof of Lemma 3.2 one can prove the
following statement.

Theorem 3.2. Let © be a Poisson point process with intensity 1. Then

Inlnn

I |Ag_, .|l = +00, n — oo a.s.

Proof. Using the arguments from the proof of Lemma 3.2, one can show that

Aq_., .,

> C'max &,
Tn

where the random variables {£,;n > 1} were introduced above. Now {&,;n > 1} are
independent poissonian random variables with intensity 1. Consequently,
o1
P{& =m} ~ —, m — +oo.
m!
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For any R > 0 P{max;_7, & < mpR} = (1 — P{& > m,R})". Thus, for m, =

manzﬁ fk

Mn

— 400, n = 00 a.s.,

and the theorem is proved.
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