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ALINA BARBULESCU

RESULTS ON FRACTAL MEASURE
OF SOME SETS

The fractal dimensions are very important characteristics of fractal
sets. A problem which arises in the study of fractal sets is the deter-
mination of their dimensions. The Hausdorff dimension is difficult to
be determined, even if the box dimensions can be computed. In this
article we present some relations between these types of measures
and we estimate them for some sets.

1. INTRODUCTION

The dimensions calculus is fundamental in the fractals study. The Haus-
dorff measures, the box and packing dimensions are widely used and in
many papers the relations between them are given ([5] - [7], [11]). In [1] -
[4] we gave some boundedness conditions for a class of fractal sets, in R".
This type of conditions is important in order to prove theorems concerning
the module and the capacities and the relations between them ([10]) or to
determine the dimensions of fractal sets ([8], [9], [12], [13]).

In what follows we shall work with the following basic notions.

Definition 1. Let R"™ be the Euclidean n-dimensional metric space, E a
subset of R™ and rq > 0.

A continuous function h(r), defined on [0,ry), nondecreasing and such that
limh(r) = 0 is called a measure function.

r—0

If0 < B < o0 and h is a measure function, then, the Hausdorff h-measure
of E is defined by:

H,(E) = lim inf {Z W|Ui|) : E C UU L0 < Ui < ﬁ} .

where |U;| is the diameter of U;.
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Remark. There are definitions where the cover of the set E is made with
balls. The relation between these ”spherical” Hausdorff h - measure, de-
noted by H; and Hj, is:

Hy(E) < Hy(E). (1)

Definition 2. Let p1, o > 0 be functions defined in D C R™. We say that
w1 and o are similar and we denote by: @1 ~ o, if there exists Q) > 0,
satisfying:

%mx) < oo(z) < Quu(x). ¥z € D.

Definition 3. Let 6 >0 and f: D C R* — R. fis said to be a 6 - class
Lipschitz function if there exists M > 0 such that:

|f(z 4 ) — f(x)] < M|a|’, Vo € D,Va € R™ withe + o € D,

where for a € R™, ac = (v, ..., o0,), ||| = D00, o

f is said to be a Lipschitz function if 6 = 1.

Definition 4. A set E C R" is called k - rectifiable if there are a Lipschitz
function f: RF — R™ and a bounded subset F of R, such that f(F) =E.

If f:[0,1] — R, we denote by Ry [ti, t2] the oscillation of f on
[t1,t2] C [0,1] and by I' (f) the graph of the function f.
2. RESULTS

In ([1] — [3]), the following functions were studied:

2 ,0<z< %

glz) = —2(x-1),i1<z<3 (2)
2z-2) ,2<z<2

flz) = 3 N g(a), (W) € [0,1], (3)

where g is given in (2), s > 0 and {A;},.n+ is a sequence such that
(El)€> 1 :>\7L+1 25)\7,>0,(\V/) 1€ N*. (4)

Theorem 1. ([2]) If h is a measure function, h(t)"t?,

. p>2 f:[0,1] >R
is a 6- class Lipschitz function, 6 > 0, then Hy(I'(f)) < +oc.

+ The result
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remains true if p > 1 and § > 1.

Theorem 2. If his a measure function, h(t)"t?, p > 2, f is the function
defined in (3), with s € [0, 2) and {\;},cn+ € Ry is a sequence that satis-
fies (4), then Hu(T'(f)) < +oo.

Proof. For s € [1,2), the proof is analogous to that of theorem 2 [1]. It
remains to prove the result for s € [0, 1).
We consider 0 < a < 1, small enough and £ € N* such that:

Aoy S a <A (5)
Then:
|flz+a) - flz)] = Z)\S 2gi(z +a)) — g} <
< ZAS lgNi(z + @) — g(Nix)| + ‘Z A2 1N + @) = g(hiz)]-

From the definition of ¢ it results:
l9(Xi(z + @) — g(Aiz)| < 2.
Thus:

[f(z+a) - |<Z)\82|9 ir+a)—gha)+2 > N7 =

i=k+1

|flz+a)— |<2a2)\31+22)\32 (6)

i=k+1

Using (4) we have:

e <AL s< 1= XN AT H(ET)T =

k k 4 1— (l)k(l—S)
STy () T =T
i=1 i=1 L= (E)
- 1
DR S — 7
; 7 1 1 (%)1—5 ( )
The relations (6) and (7) give:

o o5 e 8
[flz+a) = fl@)| <a—"7=5 + Z P (8)
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o

ST () T =R (@) T =D (Y

i=k+1 7=0 j=0 §=0

Since s — 2 < 0,& > 1, the series Z (e572) is convergent and
j=0

00 ~ o 1
SONTPNE (9)

i=k+1 1— (5)2_3

From (8) and (9), it results:

e
Q) — 10
)= Sl < o+ (10
The relation (5) implies: A\;57 < a?™* < a because o € [0, 1). Thus:
207 2
|f<x+a>—f<x>|sa( L+ ) —aM &
1-(2) 1-(2)
[f(z+a) = fz)] < al, (11)

_ 2y 2
where M = e — + 1_(%)2,3.
From (11) it results that f is a Lipschitz function. Since the hypothesis
of the theorem 1 is satisfied, then Hy,(I'(f)) < +oc.

Theorem 3. Let h be a measure function, such that
h(t)"P(t)eT™® ¢t > 0, (12)
where P and T are polynomials:
P(t) = a1t + agt® + ... +a,t?, p > 1,

T(t) =bg+ bit+ ... + apt™,

with the property
P@)+P(t)-T(t)>0,t>0. (13)
If f :[0,1] — Rois a6 - class Lipschitz function, § > 1, then Hy(T(f)) <
+00.
The result remains true if p > 2,a; =0 and 6 € [0,1].

Proof. The condition (13) means that P(t)e”® t > 0 is itself a measure
function.
The first part of the proof follows that of [5].
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We suppose that the Lipschitz constant is M = 1.
To any x corresponds an interval (x — k, z + k) such that, for any = + «
of this interval:

[f@+a) = f(z)] < |al.

Since [0, 1] is a compact set, there exists a finite set of overlapping in-
tervals covering (0, 1):

(0,ko), (w1 — k1,10 + k), ooy (Tno1 = Bty Ty + ko), (1= Ky, 1).
If ¢; are arbitrary points, satisfying:

c1 € (0,1’1),@‘ - (Ii_l,l‘i>,i = 2, ey — 1,Cn - (I’n_l, 1)
¢ € (i1 —kic1,mim1 + kizy) ﬂ(iﬂz — ki, w + k), i=2,...,n— 1L

we have: 0 < <21 <<y < ... <Xp_1<c¢, <1

The oscillation of f(z) in the interval (c;_q,¢;) is less than 2 (¢; — ¢;_1)°
and thus the part of the curve corresponding to the interval (¢;_1,¢;) can
be enclosed in a rectangle of height 2 (¢; — c,~_1)‘S and of base ¢; — ¢;_1,
and consequently in [2 (c; — ci_l)é_l] + 1 squares of side ¢; — ¢;_1 or in the

Ci—Ci—1

number of circles of radius circumscribed about each of these squares.

The integer part of x was denoted by [z].

Given an arbitrary r € (0, %) it can always be assumed that: ¢;—c¢;_1 <,
1=2,3,...,n.

Denote by C, the set of all the above circles and consider

h(2r T(or
; h(2r) = Z {—eT(QT‘)(, P)(Qr) el P(27’>} .

Cr

From (12) it results that:
h(2r)
= e <

Then,
> her) <@ {" . Pr)} &
Cr Cr

S h(2r) < QY P(2r) - St
Cr c,

re (0, %) = Z h(2r) < Q - eXi=olbsl . ZP(QT)'
c, r

We have to estimate ) P(2r).
Cr
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The sum of the terms corresponding to the interval (¢;_1,¢;),i = 2,...,n

S; = { [2 (¢c; — C¢_1)6_1] + 1} . iak {(cZ — ¢ 1) \/§}k,

18:

where [z] is the integer part of x.

p
S; < {2 (¢; — Cz—1)6_1 + 1} . {ak (¢ — ci_l)k . 2k/2} =
k=1
p
Si S 2% . ma_x|ak| . Z {2 (Ci — Ci_l)k—‘ré_l -+ (Cz’ — Ci_l)k}
kel p —1

Ci — Cimq1 < 1,]€+(5— 1>1= (Ci — Ci_1>k+6_1 <c¢ —c_1=>

S; <3-25.p-max|a (¢; — ¢iny) =
kel p

[NJiS)

- p - max |ag| =
el,p

S P@2r) <325 pomax|a] Y (¢ — i) <302
C, kelp i—2

S h(2r) <3-2% - p- Q- max|ay| - eXiol,
Cr kel,p

Then H; (I'(f)) < 400 = H; (I'(f)) < +o0.
If M # 1, then

> h(2r) <325 -p- Q- M- max |ay| - ei=o" = Hy(T'(f)) < +o0.
kel,p
Cr

If p>2andd >0, then k > 2 (¢; — ci_l)k+5_1 < ¢; — ¢;—1 and the proof is
the same as above.

Theorem 4. If I'(f) is the graph of the function defined in (3), s €
0,2), {Ai}ien € Ry is a sequence of numbers, that satisfies (4) and h is a
measure function satisfying (12), then Hy(T(f)) < +oo.

Proof. The proof is analogous to that of the Theorem 3.

The following lemma will be used:

Lemma 1. ([6]) Let fe C'[0,1],0 < 8 < 1 and m be the least integer
greater than or equal to 1/8. If Ng(I'(f)) is the number of the squares of
the — mesh that intersects I' (f), then

m—1 m—1

BN Ry [58, (G+1) B8] < Na(T(f)) < 2m+ 87> Re[iB, (G +1)5].

j=0 7=0
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Let us consider § > 0 and a d - class Lipschitz function, f : [0,1] — R.
Then:

[f(z) = f(y)] < Mz —y]°, (V)z,y € [0, 1].
Re[3f, G+1)pBl = sup |f(t) = f(u)] =

JB<tus(j+1)8

Ri[iB, G+1)B <M  sup |t—u =
i<t ul(3+1)8

Ry [jB. (7 +1)8) < MpB°.

Let N3(I'(f)) be the number of 3 - mesh squares that cover the set I'(f).
Denoting by [z], the integer part of z € R and using lemma 1, it can be
deduced that:

J%WU»SQE}+ﬂ4E}Mw=>
NYT(f) < MB™2 + %. (14)
But,
Ny m(T(f)) < Na(D(f)) < 2"Ns(T(f)), (15)

where Ng(I'(f)) is the smallest number of discs of diameters at most 3 that
cover I'(f).
The relations (14) and (15) give for n = 2:

0—2
NA(D(f)) < N5 (D(f)) < M (ﬁ) L2V2

4 vz)
No(T(1) € Ny (0() < 5+ M'B™2, (16

Theorem 5. If f : [0,1] — R is a d-class Lipschitz function, § > 0 and
h is a measure function such that h(t) ~ t?, p > 2, then H,(I'(f)) = 0. The
assertion remains true if p > 1 and 6 > 1.

Proof. By hypotheses, I'(f) is a compact set. Therefore, if 5 > 0, for every

cover of I'(f) with open discs U;,7 € N*, with diameters d; < 3, there is a
finite number of discs, ng, that covers I'(f).

1,(L(f)) = }?ii%inf {Z h(|U]) - E C UUi 0< U] < ﬂ} -
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ng

~ lim inf {Z h<|Ui|>} < tim inf {A(3)ns}.
since h is nondecreasing. Then

Hj,(D(f)) < lim {h(B)Np(T'(f))}

B—0

where Ng(I'(f)) is the smallest number of open discs of diameters at most

3 that cover I'(f).
Denoting by Nj(T'(f)) the number of 3 - mesh squares that cover I'(f)
and using the relations (1) and (16), the previous inequality becomes:

HA(T(f)) < H)(T(f)) < lim {h(ﬁ)N'ﬁ(F(f))} =

B—0 vz
Hy(T(f)) <lim {R(B)(387" + M'°7?)} =

B—0
Hﬁnﬁ)<hm{%£z

R e,

(351)—1 + M/ﬁp+6_2)} ]
Since h(t) ~t?, p > 2, there is @) > 0 such that:

1
—P <} p
Qté(ﬂéQh

and then
H(T()) < QUm (357~ + M/35°%) = 0,

because p—1>0and p+0 —2 > 0.
So, H,(I'(f)) = 0.
If p>1 and 6 > 1 the proof is the same because p+ 4§ — 2 > 0.

Remark. Theorem 5 gives a better result as the theorem 6 [2], where it
was proved in the same hypotheses, that H; (I'(f)) < oo.

Lemma 2. ([4]) If ECR™ F CR", f: E — F is a surjective Lipschitz
function, with the Lipschitz constant M and h is a measure function, then:
Hy(F) < H,(M - E).

Theorem 6. If E C R" is a k-rectifiable set and h is a measure function
such that h(t) ~t?, p > 2, then H,(E) = 0.

Proof. If E C R" is k - rectifiable, there exists a bounded set G C R¥ and
f:R¥F — R" such that:

1f (@) = fW)ll < Mllz = yl, (V)z,y € RF
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and f(G)=FE.

The restriction of f at GG is a surjection and, by Lemma 2,
Hu(f(G)) < Hy(M - G) < Hp(E) < Hp(M - G).

M - G is bounded, so there is a disc B(zo,r), (r > 0) such that M -G C
B(zp,7). Therefore,

Hy(E) < Hy(E) < Hy(B(z,7)) =

— Tim 1 - C - | < =
lim inf {Z h(|Ui|) : B(zo,7) C UU 0 < |U;| < ﬁ}
= lim inf {ns - A(|Ui])},

where ng is the number of the open discs U; with the diameters |U;| < 3,
that covers B(zg,r).
mr? r?

Hy(E) < Hy(B(z0,7)) < liminf {ng - h(3)} =

2
— lim(8)inf s = Limh(9) - - = 4Ly hé? _

. h(/g) _ . _
_ 2 . AQp—2 < 2 p—2 __
=4y 111’% {—31; 6 } 4@7 hH})ﬁ — 07

where it was used that h(t) ~ t*,p > 2. So, H,(F) = 0.

Remark. If in Theorem 6, p = 2, it results that H,(E) < 4Qr? so the
Hausdorfl A-measure of the k - rectifiable set £ is finite.
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