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VOLODYMYR MASOL AND SVITLANA SLOBODYAN

ON THE ASYMPTOTIC NORMALITY OF THE
NUMBER OF FALSE SOLUTIONS OF A SYSTEM
OF NONLINEAR RANDOM BOOLEAN
EQUATIONS

The theorem on a normal limit (n — oo) distribution of the number
of false solutions of a system of nonlinear Boolean equations with
independent random coefficients is proved. In particular, we assume
that each equation has coefficients that take value 1 with probability
that varies in some neighborhood of the point %; the system has a
solution with the number of ones equals p(n), p(n) — oo as n —
00. The proof is constructed on the check of auxiliary statement
conditions which in turn generalizes one well-known result.

1. INTRODUCTION

Let us consider a system of equations over the field GF(2) consisting of
two elements

gi(n) )
S0 ad? g a,=b, i=1,...,N, (1)

k=1 1<j1<...<jr<n

that satisfies condition (A).

Condition (A):

1) Coefficients ag-?mjk, 1< jp < .. < <nk=1.,9n),i=
1,..., N, are independent random variables that take value 1 with probability
P { ag-?._.jk = 1} = pix and value 0 with probability P { ag»zl)._.jk = 0} =1—pi.

2) Elements b;, i =1,..., N, are the result of the substitution of a fixed
n-dimensional vector z°, which has p (n) /n — p(n)/, components equal to
one /zero/ into the left-hand side of the system (1).

3) Function g;(n), i = 1,..., N, is nonrandom, g¢;(n) € {2,...,n}, i =
1,... N.
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Denote by v, the number of false solutions of the system (1), i.e. the
number of solutions of the system (1) different from the vector z°.

We are interested in the conditions under which the random variable v,
has a normal limit (n — oo) distribution.

2. FORMULATION OF THE THEOREM
Theorem. Let condition (A) hold, and moreover
P‘] =27, (2)
where m =n — N, [] is the sign of the integral part,

1 p(n)

21+ atw) o8 p(n)Inn’ #n) =0 @
A — 00, (4)
AMalna—a—1) — oo, (5)

WV — 00 (6)

as n — oo;
let for any arbitrary i, i =1,..., N, there exist a nonempty set T; such that
for all sufficiently large values of n

7—;; g {2a37 agz(n)}’ ZFZ 7£ ®’

6it(n) < py <1 —"06i(n), te€T; (7)
Im (e +w)AB (p(n) — 1, 1) < oo, (8)
N
B (X,Y) = :zjlexp {—Ztg% 5it(n)C§<_Y};

(2+(1+a+w)ln2))\—%+1nB(5gp(n),0)—>—oo (n—00), (9)

where € = const, 0 <e < 1;

Tim (—In N +1n B (gp(n),1)) <0 (n — o0). (10)

n—oo

Then distribution function of the random variable ”'\L}/\)‘ tends to the stan-
dard normal distribution function .
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3. AUXILIARY STATEMENTS

Lemma 1. Let & and n be random variables that take non-negative integer

values. If
max [M(€),(M(n),) ™ = 1| =er < 1; (11)

1<r<T
M(n), <CA, 1<r<T, (12)

where M(C), denotes r—factorial moment of a random variable ¢, r > 1,
then for an arbitrary t, 0 <t <T —aX and a > 1,

|P{€ =1t} = P{n =t} <
<€ (epe™ 4y e {(t 4 M = Dhu)}),
T /27 max(1,A1—1) T £/ 27 max(1,a\1) ! ’

where u(a) = (a—1)(alna—a—1) for2 >Ina >0, andu(a) =lna—1
forlna > 2.

13)

Proof. By virtue of Bonferrony inequalities, for any arbitrary random vari-
able ( that takes non-negative integer values, and for any arbitrary integers
t>0andd>0

t4-2d+-6 1 t+2d 1

S (AHOTEMQ, < P2 1) € Y (F)HCE M), (14)
r=t —
where min (M (¢)i42d4+8, M(Q)i2q) < 00, [ € {—1,1}. (Proof of relation
(14) for B = —1, M(¢)t+24-1 < 00 look, for example, in ([1], p.136, 223))

Let numbers ¢ and T have identical parity. Then, using (14) for § = —
we receive

PE> 1)~ P{n > 1) < (1) + MO (15)
P{E> 1} — Pl > 1} > T(T) - M(n)r O o, (16)

T—1
where I(T) = 3 (1) iz hM (), (448 —1).

If the difference P{{ >t} — P{n > t} is non-negative /non-positive/that
we obtain

P{E> 1) — P{n 2 )] < IN(T)| + 4 Cicl max (M(O)r, M(p)r) (17

by virtue of conditions (15), (16).
It is easy to check up that

max (M(©)r, M) < Moy (14567 1) 0y
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Using (17), (18) and conditions (11), (12), we obtain
IP{€ >ty =P{n=t}| <

<0 (sr O+ (1 en) T HORS 1)

Hence

|\P{¢>t} - P{n>t}<C </\1 eMep + (1 +er) (T)‘l__t>! i‘—:l) . (20)

Below the following relations will be established for the integer u, u > 1,

% < (2rmax(1, A\ — 1))_1/2 e (21)

for the integer N, N > max(1, a);),

N
ﬁ < (2rmax(1, aX)) V2 exp{(A\; — N)u(a) — A}, (22)
where u(a) = (o — 1) (alna —a—1) for 2> Ina > 0, u(a) =lna —1
for lna > 2.
Relations (20)—(22) prove (13), when ¢ and 7" have identical parity .

Let now parameters ¢ and 7" have different parity. Let us show, that
we can obtain (17) in this case. Using (14) for some d > 0, § = 1 and
t+2d="T —1, we receive

P{E =t} — P{n =t} <T(T) + M(n)r CT it (23)

P>ty — P{n>t} >T(T) — M(&)r C% . (24)

Tl
By virtue of (23), (24), we obtain (17) similarly when we used inequalities
(15) and (16).

To complete the proof of Lemma 1 it is, therefore, enough to establish
(21) and (22).

Let us check (21). Indeed, it follows from Stirling formula that u! >

(u/e)*v/2mu. Hence

)\1{ )\16 “ 1

— < | — . 25

ul T ( u ) V2mu (25)
Let p(u) = (%)u and let us show that

Jnax o(u) = @A), (26)

Indeed, the first derivative ¢'(u) = @(u)(InA; — Inu) and ¢'(u) = 0 at
u = A;. Since the second derivative ¢”(u) = ¢(u)((InA\; — Inu)? — u™t)
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is negative at v = Ay, ¢”(A1) < 0, relation (26) holds. Using (26), we
establish (21) for u > max(1, A\; — 1).
Let further 1 <u < A; — 1; and let ¥(u) = (%)u ﬁ, then

, Jmax. W) =9 = 1). (27)
Indeed,
Y'(u) = P(u)(In Ay — f(u)), (28)

where f(u) =Inu+ (2u)™!
Let us show that function f(u) takes its maximal value on an interval
1§u§)\1—1atu:)\1—1,

max f(u) = f(A —1). (29)

1<u<i—1

Indeed, f'(u) =u™' — su™? and f'(u) = 0 at u = 1. At the same time
f”(u)|u:% = (—u?+ u_3)|u:% = 4. Therefore, function f(u) increases for

u > % and (29) holds on the interval 1 < u < A\ — 1. As a result we get
P(u) >0 for 1<u<)—1. (30)
Indeed, taking into account (29),

In\; — f( )
1 31
21n<1+xl—1>_2(h T ( ) (81)

for A\ > 2. (Here the inequality In(1 + {E) T — 5:82 has been used for
x> 0.)

Relations (28) and (31) prove (30). Estimate (30) allows, apparently, to
conclude that equality (27) holds. With the help of (25) and (27) we find

” A1—1 A1
M (—Ale ) L (32)
ul =\ -1 V2r(a —1) T y2r(h - 1)

for 1 <u <) —1.
Estimate (32) proves (21) for 1 <u < A; — 1. Relation (21) is proved.
Let us check (22). With the help of Stirling formula and inequality

’J\V—l < 1 we can obtain
«

N
AL 1 h(l-lna)y

N S N
<exp {(1—na+=22) (N = )b exp{~M(2 —na)}. (33)

By virtue of conditions N > aA;, 2 —Ina > 0, and a > 1, the right-hand
side of the inequality (33) can be estimate as follows

—L_M1-na) gy {(1 —lna+ = lna> (N — )\1)}

varN {)\1 )alna a— 1}.

34
xeXp{—)\l(Q—lna)}gm e M exp { ( o (34)
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From relations (33) and (34) the estimate (22) follows for o < €.
Let now « > €. Then

S
N! = /2rN

Relation (22) is proved for all @« > 1. Lemma 1 is proved.
Lemma 2. Let X andY be random variables that take non-negative integer

values, and MX = \*. If for all r < (o + ) \*

e Mexp {—(N = A)(Ina—1)}.

M(Y), <C(\) (35)
with some constant C, and
A (alna—a—1) — oo, (36)
v >0, (37)
) o2\
L e |M(X),(M(Y),) ™ =1 Ve 0 (38)
as \* — oo,
then
max |[P{X >t} —P{Y >t} —0 (A" — o). (39)

0<t<yA*

Proof. Assumptions (35) and (38) imply the conditions of Lemma 1, by
virtue of which (13) holds for 0 < ¢t < yA*, a > 1. Using (36) and (37)
it is easy to show that exp{(t+ A" — (@ + Y)A*)u(a)} — 0 as \* — oo
uniformly for 0 < ¢ < yA*. Taking into account (38), it follows from the
last statement that the right-hand side of the inequality (13) tends to zero
as \* — oo uniformly, for 0 <t < yA*. The left-hand side of the inequality
(13) tends, therefore, to zero too for A* and ¢ mentioned above, which
proves, obviously, (39). Lemma 2 is proved.

Remark. The lemma 2 (for & = 5 and v = 2) follows from the lemma 3 in

[2].

4. PROOF OF THE THEOREM

Let us show that under the conditions of the theorem we can use Lemma 2.
Let the random variable Y in the mentioned lemma have a Poisson dis-
tribution with parameter 2™, while the distribution of the random vari-
able X coincides with the distribution of the random variable v,,. Then
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M(Y) =2 r > 1, while expectation My, can, by virtue of its explicit
form obtained in [3], be presented in the following way

My, = 2™ (1 — 2%) M, (40)
where exp {—B(p(n) —1,1)} < M < exp {B(p(n) —1,1)}.
Now condition (35) becomes

oM < (M) (41)

It follows from (40) that inequality (41) holds true for r < (1 + a +w)Mwv,
and

1\ ~(+atw)Mvn
) exp{(1 +a+w)B(p(n) — 1, )Mu,}.  (42)

2 (1- 5
By virtue of conditions (3), (8), and equality (40), the right-hand side of
(42) is limited as n — oo. Therefore, it is possible to choose a limited
constant C' < oo such that condition (35) holds true.

Further we note that under conditions (3)—(10) relation (38) is estab-
lished in [4] for « = 5 and w = 1. For arbitrary a and w satisfying conditions
of the theorem, verification of the relation (38) can be executed similarly.

By virtue of Lemma 2, we obtain

P{v, >t} —P{Y >t}| -0 as n — oo, (43)

max
0<t<(1+w)A*

where \* = Mwv,, according to the notations introduced above. By virtue of
(40) and conditions (3) and (8), the last equality allows to present \* as

AN =1 +7r(n), (44)
where ]
r(n) = O (B(p(n) —1,1)) + O (27) (45)

and r(n) — 0 as n — oo.
We can write relation (43) in the following way

P{V"_)\ zl}—P{Y_)\ >z}'ﬁo, n— oo, (46)

max
VA <I<wVA* Vv A* VAT
ot
where [ = A

Let us show that distributions of the random variables ”\L/;—’\ and VT/_X)\
coincide as n — oo. Indeed,

Up — A" Uy — A

VA VA

+ N, (47)
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where 7, = % (O (8()\—”)> + O(r(n))) — ’\T(”)_‘E%Hr(")), A] = A —e(n),
0<e(n)<l.

The random variable 7,, tends in probability to zero as n — oo. Indeed, for
an arbitrary € > 0

Piml>eb< bt <2 (o ()| + o (o)) s

and, by virtue of (3), (8), and (45), the right-hand side of (48) tends to zero
as n increases, i.e.

P{|n.| >¢e} — 0, n— oo. (49)

Relations (47), (49), and theorem ([5], p.157) prove that distributions of

the random variables ”’z/};\* and ”’z}/\)‘ coincide as n — oo. Similarly we can
' T Y-)* Y—[)
verify that distributions of T and NG are the same as n — oo.

Thus, relation (46) can be writen as

Up — A B Y — [ 50 n— oo
P{ % zz} P{ N zl}‘ 0, . (50)

Finally we notice that the random variable Y\;—[[)\’\]] has the standard normal

max
VA<V F

distribution as A — oo. The theorem is proved.
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