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S. D. IVASYSHEN AND I. P. MEDYNSKY

THE FOKKER-PLANCK-KOLMOGOROV EQUATIONS FOR SOME
DEGENERATE DIFFUSION PROCESSES

We clarify the connection between diffusion processes and partial differential equa-
tions of the parabolic type. The emphasis is on degenerate parabolic equations.
These equations are a generalization of the classical Kolmogorov equation of diffu-
sion with inertia which may be treated as the Fokker-Planck-Kolmogorov equations
for the respectively degenerate diffusion processes. The basic results relating to the
fundamental solution and the correct solvability of the Cauchy problem are presented.

1. DIFFUSION PROCESSES (DPS) AND PARTIAL DIFFERENTIAL EQUATIONS (PDE)

DPs occupy, probably, a central place in the theory of Markov processes. This can be
explained by a few reasons.

Firstly, DPs are exact enough models of important physical processes. In particular,
we mention a model of diffusible particle in liquids — the phenomenon opened by the
English botanist R. Brown in 1828.

Secondly, just DP is a binding link between the theory of stochastic processes and the
theory of PDE. Thus, it follows to mark the reciprocity of influences of these theories:
while studying the properties of DP, the analytical results from the theory of PDE, and
vice versa, while studying the Cauchy problem, the boundary-value problems for PDE
probabilistic methods are used.

One of the important problems of DP theory is the development of methods of DP
construction at the known diffusion coefficients: the diffusion matrix b, drift vector a,
and coefficient of absorption c. If the process isn’t torn off, then ¢ = 0.

From the point on the phenomenon of diffusion, the drift vector a is a macroscopic
velocity of the liquid, and the diffusion matrix b characterizes the random movement of
a particle as a result of collisions with molecules of liquid which are in a thermal motion.
Which conditions should be satisfied by a vector function ¢ and a matrix function b
characteristic of DP? What does the fact of existence of local characteristics of motion
for some DP mean?

A.N. Kolmogorov was the first who gave a solution to this problem in 1931. In his
work [1], he selected the class of continuous Markov processes which later got the name
of DP. By definition, a process which has the value in R and the transition density
P(s,x,t,T),0<s <t € R™ where I' is a Borel subset of R™, is called DP if the
following conditions are satisfied:

1) for any € > 0,

1
(1) lim —/ P(t, x, t+ At, dy) =0,
A0 A J(jy—af>e)

2) there exist the functions a and b such that, for some € > 0,
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lima¢—o ﬁ / (y—2z)P(t, z, t+ At, dy) =alt, z),
(2) ly—=|<e}
limas—o =5 (y—=z, 0Ptz t+At, dy) = (b(t, 2)6, 0) ,
{ly—zl<e}
where 6 is an arbitrary vector in R™.

The functions a and b defined by formulas (2) are local characteristics of DP. Obviously,
the matrix b is nonnegative definite. In the mentioned work, A.N. Kolmogorov showed
that DP are closely connected with the second-order PDE of the parabolic type. Namely,
if a function P (s, x, t, I') determines the transition density to DP with the drift vector
a and the diffusion matrix b, then, under such conditions, the function

) u(s,0)i= [ )P s ot dy)

is the solution in a layer { (s, )| s € [0, t), = € R™} for the equation

1 m m
(4) Osu + 3 Z bik (5, ) Op; O, u + Z aj (s, ©)0g;u =0

J, k=1 j=1
with the initial condition

(5) limu (s, ) = o (2).

Here, bji, (s) are the elements of the matrix b, a; are coordinates of a vector a, and z;
are coordinates of a vector .

Except the inverse equation (4), the so-called direct equation is obtained in that work
as well. Both equations are PDE of the parabolic type.

Let us pay attention to the fact that direct equations for some special cases have been
got by the physicists Fokker and Planck a bit earlier, who studied the phenomenon of
diffusion. That’s why it is also called the Fokker—Planck equation.

Kolmogorov’s result showed the way, following which one could hope to find a solution
to the problem of DP construction with given diffusion coefficients. In this way, a lot of
important analytical results connected with the study of Cauchy problem (4), (5) was
obtained. First of all, it is:

— existence of a fundamental solution of the Cauchy problem (FSCP);
— properties of the FSCP:
e estimates of the FSCP and its derivatives,
e positivity,
e normality ,
e the convolution formula;
— properties of the Poisson and volume potentials;
— conditions for the existence of integral representations of solutions;
— correct solvability for the Cauchy problem in the corresponding functional spaces.

It is a natural to expect that such results can be obtained at minimal assumptions
about the diffusion coefficients.

This definition of DP is based only on the transition density function. In a more
advanced theory of Markov processes [2], DP in R™ is a continuous strictly Markov
process, whose characteristic operator A has the following property: (Af) (z) is defined
for all functions f which are given and twice continuously differentiable in any neighbor-
hood of z € R™. The characteristic operator A of DP on the set of twice continuously
differentiable functions coincides with the elliptic operator L which is defined by the
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formula

(L) () = 5 D by (00,00 f + a5 (2)0, f + () f.
3, k=1 j=1
The operator L is called a generating differential operator for DP.
Together with the elaboration of analytical methods, the direct stochastic methods of
DP construction were developed as well. While using such an approach, the path of a
process satisfies the stochastic differential equation

de(t) =a(t, z(t) dt+ B(t, x(t) dW (1),

where W is the m-dimensional Wiener process, and B is such m-order square matrix
that b = BB*.

Many scientists studied the development and the usage of analytical methods of DP
construction according to their local characteristics under different assumptions. Among
them, we mention such scientists as N. Wiener, A.N. Kolmogorov, V. Feller, M.V. Krylov,
A. Tanaka, I.I. Gikhman, A.V. Skorokhod, and M.I. Portenko. Because of their efforts,
not only different theorems on the DP existence where proved under general assumptions
about the diffusion coefficients, but also different generalizations of the very notion for
DP were obtained. Thus, in monograph [3], the processes with a local unbounded drift
vector and a sufficiently smooth diffusion matrix were constructed. Such processes the
author call the generalized DP.

Note that Eq. (4), which is a starting point in the analytical approach, is the uniformly
parabolic equation (in the sense of the theory of PDE), so it is not degenerate as well.

2. DEGENERATE PARABOLIC KOLMOGOROV-TYPE EQUATIONS

These equations are a natural generalization of the classical Kolmogorov equation of
diffusion with inertia. This equation appears in the study of models for the Brown-
ian motion. In the classical theory of the Brownian motion developed by Einstein and
Smoluchowski [4], [5], the inertia of a Brownian particle is neglected, i.e., the mass of a
particle is actually assumed equal to 0. Therefore, a Brownian particle in the Einstein—
Smoluchowski theory cannot have a finite velocity. The Brownian motion of a physical
system in the Einstein—Smoluchowski approximation is a continuous Markov process in
the coordinate space (the Wiener process, for the case of a free particle).

The fact of the non-differentiability of Brownian paths in the Einstein—Smoluchowski
theory is closely related to the idealization made in this theory (the neglect of inertia)
making it invalid on small time intervals. For the simplest case of the Brownian motion
of a free particle, a theory taking inertia into account was developed as early as 1930 by
Uhlenbeck and Ornstein [6]. In this more precise theory, paths are already differentiable
(but do not have the second derivative, so that now the acceleration becomes infinite).

In fact, the same generalization is contained in paper [7] by A.N. Kolmogorov. He
considered the general case of the Brownian motion for an arbitrary physical system with
n degrees of freedom. According to Kolmogorov, inertia is taken into account if a state of
the system is described by values of n coordinates ¢, ..., ¢, and n their time derivatives
(velocities) ¢1, ..., ¢,. Here, the model of the Brownian motion is a continuous Markov
process in the 2n- dimensional phase space of coordinates and velocities.

In paper [7], it was assumed that, whenever we know the values of ¢ := (q1,...,qn)
and ¢ := (q1,...,q¢n) at an instant of time ¢, we can find the probability density

G(t,q,¢:t'.q,q")

of possible values ¢ and ¢ of the coordinates and their time derivatives at an arbitrary
instant ¢’ > ¢. It is assumed that G does not depend on the behavior of the system before
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the instant ¢ (there is no aftereffect, the process is of the Markov type). It is proved that
the function G is a FSCP for the Fokker—Planck differential equation

6)  wg=—> di0yg—> 0y (f;(t',d,d)9) + D 9404 (ku(t',d',d)g)-
=1 j=1

dl=1
If n = 1, then this equation has the form
(7) at/g = _qaq/g - atj/ (f (t/a q/a q/) g) + 83’ (k (tlv qu q,) g) .

If f and k are constants, then, as A.N. Kolmogorov showed, a FSCP for Eq. (7) is
given by the formula

G(t,og, ¢t qd,¢)=
=23 (¢ = ) Pexp {— (4R (¢ = 1) (¢ —d - f (¢~ 1) -

=3k (=) —a -2 @ D) (1)

t<t, {¢, 4 q,d}CR.

This is a classical formula for a FSCP for Kolmogorov’s equation of diffusion with inertia.
Equations (6) and (7) are a prototype for the family of evolution equations arising in
the kinetic theory of gases that take the following general form:

(8) Su=1(u).

Here, the function R?" 5 x — u (z, t) € R is the density of particles which have velocity
Z1,...,T, and position Tn41 ..., T2, at the time ¢;

n
Su := Ou + Z xjcp)‘x”ﬂu

=1

is the so-called total derivative of u, and I (u) describes some kind of collision. This last
term I (u) can take different forms, either linear or nonlinear. For instance, in the usual
Fokker—Planck equation, we have

n n
I(u)=- Z ajjaiﬂlu+ Zajaxju—i— au

j, =1 j=1

The term I (u) may also occur in the divergence form

I(u)=- Z Ou; (aji(t, ©)0p,u+ bj(t, x)u) + Z a;j(t, ©)0z;u + c(t, v)u.

=1 =1

The nonlinear collision operator in the Fokker—Planck—Landau equation has the form

n
I(w)=>" 0, (aj (2 u)0nu+bj (2, u)).
jil=1
While studying mathematical models of options, a model Markov type appears in
the case where the dynamics is defined by a stochastic differential equation in the N-
dimensional space of states

9) dz(t) = (Bz(t) + b (t, z(t))) dt + o (t, z(t)) AW (2),
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where W is a d-dimensional Wiener process, d < N, B := (bj;) is an N x N matrix which
has constant real entries, o is an N x d matrix, and the vector b := (by,..., by) is such
thatO:bd+1:-'~:bN.

Under some assumptions about the matrices o, B, and b, the transition density for
Eq. (9) is a FSCP for the equation

d
1
5 Z ajl t x 8%8xlu+ Z bjlxlaxlu—k

7,l=1 7,l=1

d
(10) +> by (t, 7) Op,u+ Qu =0.

Jj=1

Many works have been recently devoted to the study of mathematical models of op-
tions (see a review article [8], where a wide survey of the related literature is presented).
In these works, different problems connected with such models are investigated by ana-
lytical, probabilistic, and numerical methods.

Differential equations with a nonlinear total derivative term of the form

(11) Agu+0yg (u) — Ou = f

have been considered for convection-diffusion models and for pricing models of options
with memory feedback. The linearized equation (11) can be reduced, if the derivative of
the function g is different from zero and smooth enough, to the Kolmogorov equation.

Equations (6)—(8), (10), and their generalization are degenerate equations of the par-
abolic type. Such equations belong to a class of ultraparabolic or elliptic-parabolic equa-
tions. They are called the Fokker—Planck—Kolmogorov equations for the respectively
degenerate diffusion processes.

The development of the theory of ultraparabolic equations of the Kolmogorov type
in subsequent investigations is aimed at finding as weaker conditions as possible for the
existence of a FSCP, obtaining its precise estimates, and considering equations with a
more complicated structure. The investigation of the FSCP and the correct solvability
of the Cauchy problem for degenerate parabolic equations of the Kolmogorov type under
different assumptions for coefficients of equations was executed by M. Weber, A.M. II'in,
I.M. Sonin, Ya.l. Shatyro, L.P. Kuptsov, S.D. Eidelman, A.P. Malitska, L.M. Tychinska.
S.D. Ivasyshen, L.N. Androsova, and V.S. Dron’ (see monograph [9]).

Equations of the Kolmogorov type which have the form

Po Po
Lu: = Z aji (t, x) Og; O0pu + Zaj (t, x) Op,u+c(t, v) u+
g, =1 j=1
N
(12) + Z bjlxj 83:[“ - 8tu = 07
jol=1

were investigated in the series of papers of Italian mathematicians (see the review article
[10]). Here, 1 < py < N, the matrix Ag := (a;;)"°,_, is symmetric and positive definite,

and B := (by)"

7, l=1

j.1=1 1s constant real matrix taking the block form

*
oS}

~
o

0
0

*

*

W
&)

*
*
*
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Here Bj-blocks are pj_1 X p; matrices of rank p;, where py, p1,..., p, are positive
integers such that pg >p1 > -+ >p,. > 1, po+p1+---+p- = N, and the blocks denoted
by * are arbitrary.

Note that, under the conditions imposed upon B, the well-known Hormander’s hy-
poellipticity condition is satisfied by the operator L with the coefficients in (12) which
are fixed at any point (¢, x).

It is well known [2], [11] that a nondegenerate DP with sufficiently regular character-
istics possesses a smooth transition density. In general, a degeneration of the diffusion
matrix leads to the nonexistence of the transition probability density. However, there
exist some classes of degenerate processes with smooth transition densities. As was
mentioned above, the processes of the Brownian motion with inertia considered by A.N.
Kolmogorov, A.M. II'in, R.Z. Khasminsky, and others are among such processes.In paper
[12], .M. Sonin studied a natural generalization of the process of diffusion with inertia.
For the class of processes considered, the transition densities are constructed as a FSCP
for the equations

By = ((% S ag (tw y, 2) By, + 0 a4 (t x,y, 2) By, +

(13) N "
+Ej:1 bj(t, x,y, 2) Op; + ZFI ¢ (t, x, y, 2) 82‘7.) u, {z,y,z} CR",

where b; (¢, x, y, z) behave “approximately” like y;, and ¢; (¢, z, y, 2) as x;. The exis-
tence of a FSCP for Eq. (13) under condition that the coefficients of the equation are
sufficiently smooth functions is proved.

Note that the results of construction and investigation of properties of a FSCP for
equations which have form (13) under weaker conditions for their coefficients are con-
tained in monograph [9]. Some novel results about the FSCP and the correct solvability
of the Cauchy problem for equations like (13) are presented in the following sections.

3. FSCP FOR THE FOKKER-PLANCK-KOLMOGOROV EQUATIONS OF DEGENERATE
DIFFUSION PROCESSES

The main object of our study in this section, the FSCP for some degenerate parabolic
equations, can be interpreted in a natural way as the transition density of a respective
diffusion process with a value from the n-dimensional phase space R™ of points x with
three different groups of phase coordinates x5 := (zs1,..., Zsn,) € R™, s € {1,2,3},
n=mni+ns+nsz, and 1 <ng < ng < nj.

We consider the equation with real-valued coefficients

(S - Z;L,llzl a;i (ta J)) 8:C1j8961l - Z;il a; (t7 J?) &Clj_
(14) —ao (tv x))u(ta LL') = f(tv (E), (tv :L') € 1_I(O, T] >

and the corresponding adjoint equation

S*v (7, &) = 327121 Oy, Oy (agi (1, §) v (7, §)) + 3051, Oy, (ay (15 &) v (7, §)) —
(15) —ao (Ta E) v (Ta E) =g (T7 g) ) (T7 g) € H[O, T)>

where Iy := {(¢, )|t € H, x € R"}, if H C R; T is a given positive number; S is a
differential expression determined as

no n3
S = 8,5 — E a:lj(‘)mj — E argj(‘)mj
j=1 j=1

or the Lie derivative of a vector field, and S™* is the expression adjoint to S.
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Before making assumption on the coefficients of Eq. (14), we introduce the following
notation:
3

d(z; €)= |oe —&[VETV d(t, ) =t — 7P+ d (2 €)
s=1

are the distances between points x and &, (¢, ) and (7, &), respectively;

Agf(7 $) = f() J)) - f(7 g)a A?f;f(t €T, ) = f(t7 €, ) - f(T7 §7 )7

X#)=X1(t),X2(t),X3(t)), X1(t) =21, Xs(t) :=(Xs1(t),..., Xen. (1), s €
{2, 3}, ng (t) = X2 + tﬂ?lj, ng (t) =x3; + tl‘gj + 2_1t2$1j.

A function f(t, ), (t, ) € Ijo 7}, is said to be Hélder continuous in the exponent
a € (0,1) in T, 7y if there exist a constant C' > 0 such that

ATSS (@) < Ot X (t = 7):7,€))",
for all {(ta (E), (7—; 5)} C rI[O7 T]-
For real-valued coefficients of Eq. (14), we use the following conditions:
Ay) there exist a constant § > 0 such that, for any (¢, ) € Iljg, 7] and o1 € R™, the
following inequality is valid:

ni

> aj(t, ) orjon > 6o’

j,l=1

Ay) the coefficients a;;, a;, and ag are bounded and Hoélder continuous in the exponent
a e (0, 1)in H[()’ )3

As) there exist the derivatives Ox1; Ox1; aji, and dz1; a; bounded and Holder contin-
uous in the exponent a € (0, 1)in Iy, 7

The following theorem is valid.

Theorem 1. If conditions A1, As are satisfied, then there exists a FSCP Z for Eq. (14)
with the estimates

Mzt 2y m ) <O —7) P E (12 €), k<2,
SZ(t, w7, Ol < Ct—7) M Be(t, 257, ),
AT OR1 Z(t, w7, €)] < C(d(; 7)o (¢ — 7y~ M—(il+e)/2 o
X (Ee(t, 357, &) + Ee(t, 237, €)), [ka| <2,
AT SZ(t, 7, €)] < Cld(w; & ) (t — )~ M—1=a/2 &
x(Bo(t, 257, €) + Eolt, 257, €)),
/ O Z(t, w7, €)dE| < C(t —7)~MIm2 0 < |k | < 2,

(16) | [ 0nZ(t, @i, §)dé| < Ot — )72,
R

where 0 < 7 <t < T, {x, 2, &} C R",C, and ¢ are positive constants, M = (n1 +

3712 + 5713)/27 Ec (ta x; T, g) = exp{—c Z§=1 (t - 7)172S|X8(t - T) - £|2}
If condition As is additionally satisfied, then a FSCP Z has such properties:
1) the FSCP is normal, i.e., a function

Z*(r, &ty x) =Z (t,x;1,8), 0<7T7<t<T, { x} CR".
is the FSCP for the adjoint equation (15);

2) the following convolution formula holds:

Z(t,x;T,f):/ Z(taihy) ZOwyi 7 O)dyp0<7<A<t<T, {r €} CR";
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3) there exists only one normal FSCP for Eq. (14);
4) the coefficients of Eq. (14) have a representation via the function Z:

aji (t, ) =27 lim, ((t =) fon (g — 215) (yu — 20) Z (L, 3 7, y) dy>7
aj (t7 J?) = hm7'—>t (t - T _1 f]Rn Y15 — mlj) Z (t7 X, T, y) dy) 5
ao (t, ©) =lim, ., ((t —7) (f do [on Z (L, z; 0, y) dy — 1)) , (t, x) € T, 793

5) the function Z is positive;

6) there exists such a number A € (0, T), that, for any to € [0, T—A], (¢, x) €
My, to+a), and § € (0, t —to), there exist such numbers w > 0 and v > 0 that the
following lower estimate is valid:

Z(t, 37, €) zwexp {—7[ef ), (1) €Ty, 1.

4. CORRECT SOLVABILITY OF THE CAUCHY PROBLEM

The results of Section 3 allow us to investigate properties of the potentials generating
by FSCP Z and then, by basing on these properties, to prove various theorems about
the correct solvability of the Cauchy problem for Eq. (14). Below, we present some of
them.

We use the necessary norms and spaces and define the functions

E(tv L_i) = (kl (ta al) s ko (ta a2) , ks (tv a3)); f(t) = (ll (t) ;L2 (t)v l3 (t)) ;

ks (t, as) == coas (co — ast23_1)71 , sef{l,2 3};

I (t) ==k (t, a1) + 2t%ko (t, a2) + t1ks (t, a3),
lo (t) = 2ky (t, ag) + 4t2]€3 (f,, Clg) , 3 (t) = 4ks (f,, Clg) , te [0, T] ,

where ¢ € (0, ¢), c is a constant from the estimates of FSCP (16), and @ := (a1, a2, as)
are a set of nonnegative numbers such that 7' < minse{17273}(co/as)l/@s’l).

Let p € [1, o], and let u (¢, ), (t, v) € I, 7}, be a given function measurable in =
for any t € [0, T']. For every t € [0, T], we define the norms

exp{ Zk; (£, a.)| X, )|}

)

Lp(R™)

lu (¢, )| =

I
u (£, )| =

3
u(t, x) exp {—le(t)|xs|2}

We use the following spaces: Lz(t’a), tel0,T], pée€]ll, o], the spaces of measur-
able functions ¢ : R™ — R with finite norms H(,OHI;(t’a); L= Lz(o’ D M is the space of
generalized Borel measures p on R™ satisfying the condition

Il s= | exp{ Zas|xs| } il &) < .

—I(T)

where || is the total variation of p; L
R with a finite norm

is the space of measurable functions ¢ : R" —

o]

)
L1 (Rn)
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Cy 1) is the space of continuous functions 1 : R” — R such that

3
¢ ()] exp {Z ls(T)|$s|2} — 0,

as |z| — oo.

For the term on the right-hand side of Eq. (14), we use the following conditions:

B,) the function f is continuous, satisfies the local Hélder condition on x respect to the
distance d uniformly in ¢ in I}y, 7}, and, for any ¢ € (0, T, the expressions || f (¢, - )H];(t’ 9)
and F, (t) := fot Ilf (7, ~)||];(T’ Ddr are finite, where p € [1, 0c].

Theorem 2. Suppose that conditions Ay-Asare satisfied. Then:
1) for any function ¢ € Lg and any function f that satisfy condition B,, p € [1, o0,
the formula

utoa)= [ Z(t0.€) () de+

t

(17) +/ dT/ Z (tv xT, E)f (7—7 5) dgva (tv LE) € 1_I(O7 T] >
O n

defines the unique solution of Eq. (14) satisfying the estimates
lu e, 5™ < (lelly + B (1), te o, T1,

and the relations

: RN O N
(18) lim fJu (¢, -) = (I, =0,
. —I(T)
and, for any function ¢ € L, ,
(19) lim () u(t, z) de = P (x)p(x) de
t—0 Rn Rn

forp € [1, o) and p = oo, respectively;
2) for an arbitrary generalizing measure p € M and for any function f which satisfy
condition By, the formula

it x)z/nZ(t, 20, €)du (€) +

t
(20) +/ dT/ Z (ta T5 T, g)f (Ta g) dfa (tv (E) € 1_I(O, T] >
0 n
defines the unique solution of Eq. (14) satisfying the estimates
Jutt, IFE? <o (lul®+ R @), te 1],
and, for any function ¢ € CO_I(T), the relations

(21) i [ g @)ul ) de= [ g)du).
R~ R

The following theorem is inverse (in some sense) to Theorem 2.



66 S. D. IVASYSHEN AND I. P. MEDYNSKY

Theorem 3. Suppose that the coefficients of Eq. (14) satisfy conditions A1-As, function
[ satisfies condition By, and the solution u is defined in the layer Il 1) and satisfies
the conditions

(22) lut, EED <o, te (1],

with some constants C > 0 and p € [1, co]. Then, if p € (1, 0], then exists a unique
function ¢ € Lg, and if p = 1, then there exists a unique generalized measure p € M?
such that the solution wu is represented by formula (17) or (20).

Corollary 1. Theorems 2 and 3, under conditions on the coefficients and the right-hand
side f of Eq. (14), yield

1) the spaces Lg and M@ are the sets of initial values of the solutions of Eq. (14) if
and only if these solutions satisfy condition (22) with p € (1,00] and p = 1, respectively;

2) solution (14) has representations in form (17) or (20) with ¢ € L& and pn € M® if
and only if condition (22) is valid;

3) under condition (22), solutions of Eq. (14) satisfy the initial condition with t=0 in
the sense of (18), (19), and (21).

By concluding, we formulate a theorem, whose proof is based on the maximum prin-
ciple for solutions of Eq. (14).

Theorem 4. Suppose that conditions A1-Asz are satisfied. Then the Cauchy problem for
Eq. (14) cannot have more than one nonnegative solution.
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