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SHIZAN FANG

ON THE BEHAVIOUR OF METRICS H; ON LOOP GROUPS

The heat measures with respect to metric Hs on loop groups were introduced by P.
Malliavin; its behaviour as s | 1/2 of finite dimensional distributions was studied
by Y. Inahama [J. Funct. Anal., 198 (2003), p. 311-340]. In this note, we shall
transfer this problem to the long time behaviour of diffusion processes. We conclude
the result by using a metric equivalent form for the lower bound of Ricci tensors.

Let G be a semi-simple compact Lie group and § its Lie algebra endowed with an Adg
invariant metric (, )g. Let S be the unit circle and denote by C°°(S1,G) the space of
smooth functions defined on S*, taking values in G. Each h € C*°(S', G) has the Fourier
series expansion

0)=> h(n)e™’, with h(n) = / h()e~™"? 6
nez S1 2

The metric Hy on C*° (S, G) is defined by
B2 = (14 n)°|h(n)|g

g.
neE”Z

Let
Hy(G) = {h € L*(5",G); |h|s < 400}

By Sobolev embedding theorem, when s > 1/2, Hy(G) C C(S',G). In this case,
there is a Gaussian measure s on C(S!,G) such that (C(S',G), Hs(G), us) becomes an
abstract Wiener space in the sense of L. Gross [7].

1. GREEN FUNCTIONS ASSOCIATED TO H,

Let {un; n > 1} be an orthonormal basis of H4(R) and {e1,---,e4} an orthonormal
basis of G. Define

(1) ena(l) =un(0)eq, n>1, a=1,---.,d.
Then {e,.a; n > 1,a = 1,---,d} is an orthonormal basis of Hy(G). Let G*)(6;,65)

be the Green function on S! associated to the operator (1 — dd—;z)s; that is the solution
in the distribution sense of

d S
(- d92) G (01,-) = b, ,
where dg, is the Dirac mass at #;. We have the relation
(2) G(g) 91 92 Zun 91 un 92)
n>1

If we consider

V2 cosnf V2 sinnf
ug = 1,u2,-1(0) = W, uzn(0) = W, n>1,
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we obtain the following expression (see [9])

(g) ein(el—eg)
5(01,09) = —_—
(3) G ( L 2) Z (]_ +n2)s
nez

We have

(4) (G (0y,-),u)s = u(8)) forue H,.
2. BROWNIAN MOTION ON THE LOOP GROUP
Let {zp,a; n > 1,0 = 1,...,d} be a sequence of independent standard real valued

Brownian motion, defined on a probability space (2, F, P). Consider the Random series

(5) 2(t,0) = Y 20 (t)enalt).

It is known that for s > 1/2, almost surely the series (5) converges uniformly with
respect to (¢,6) € [0,1] x S'. We have the relation, using (2)

(6) E(<(E(f,91),a>g<$(8,92),b>g) = (t/\S)G(QMQQ) <a,b>g, a,beg.
For § € S! given, following P. Malliavin [10], we consider the SDE on G
(7) dig:(t,0) = g.(t,0) o drx(t,0), ¢.(0,0) =e.

It has been proved that in [10] and in [2] that (¢,0) — gz(t, #) has a continuous version.
Then ¢t — g,(t,-) is a continuous process taking values in the loop group

L(G) = C(S, G).

The geometry of L(G) endowed with the metric Hs was investigated in [6]. For
s > 1/2, geometric stochastic analysis was developed in [3, 2, 1, 4, 5, 8, 9], to mention
but a few.

3. A GEOMETRIC RESULT

Let M be a compact smooth Riemannian manifold. Denote by p the Riemannian
distance and m the normalized Riemannian volume of M. Let Ric be the Ricci tensor on
M. There are several equivalent descriptions for the lower bound of Ric. Let Pi(x,dy)
be the heat measure on M starting from = € M, then Pi(z,dy) = p:(z,y)m(dy). For a
probability measure p on M, we define P;"u by

/ f Py = / )P, dy) ds(z).
M M

1 is said to invariant under P; if Pp = p. It is known that the Riemannian volume
m is the unique invariant measure of P;. The following result is taken from [11]:

Theorem 3.1. The following properties are equivalent:

(i) Ric > K, which means that (Ric,v,v), > K|v|2, where { ), is the inner product
in the tangent space T, M .

(i) For any probability measures u,v on M,
(®) Wa (P, Piv) < e X' Wa(p,v), ¢2>0

where Wy denotes the Wasserstein distance between two probability measures, which is
defined by

(9) Wiw) =int{ [ pa . dy)s 7w e )
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where C(p,v) denotes the totality of probability measures on the product space having
and v as marginal laws.

In particular, taking u = m and v = ¢, in (8), we get
(10) Wa(m, Py(z,dy)) < e Kt Wa(m,é,), t>0
4. MAIN RESULT

Fix a partition P = {f; < --- < fx} of St. Consider the stochastic process
t— (ga:(ta 01)7 e 7gx(t7 GN))
on G*. In this note, we will give a new proof to the following result, due to [9].

Theorem 4.1. Let ugs) be the law of (9.(t,01), - ,9.(t,0n)) on GT. Then for any
t >0, when s | 1/2, uis) converges weakly to the normalized Haar measure dgy - - - dgn
on GF.

Proof. Denote by G*) = (G*)(6;,0;))1<ij<n, which is a positive definite matrix.
Let Q) = (ng))lgi,jgN be the inverse matrix of G(*). Equipe G7 with the metric

N
(11) ol = > Q% (@i a5)g, a= (a1, an) €G”.
i,j=1
According to (6), under this metric, t — (z(¢,61),- - ,x(t,0n)) is a standard Brownian

motion on G¥:
E(|(alt.00). - .2(t.65)2) = IN.

In order to explain our idea of proof, consider first By(t) = x\(/tg),

3)

where according to

1
azzG(G 0) = g — .
S ’ 2\s
= (1+n?)
We see that
(12) lim g = +o0.

s—1/2

Consider the SDE on G:

dtgx(t7 9) = \/a_sga:(tv 9) © dBG(t)a gz(oa 9) =e.
Then the law of  — g¢,(t,0) has the density pa.:(g), where p; is the heat kernel on
G. Therefore for any ¢t > 0, as s | 1/2, p,,+(g) converges weakly to the normalized Haar
measure dg on G. For the general case, let

e — g
Qs
Then as s | 1/2, the matrix U®) converges to Id. Define
J)(t, 01)

(13) Bp(t) = —U® -

NG

«(t,0))

where VU () denotes the square root of U(). Then by (11), t — Bp(t) is a standard
Brownian motion on G endowed with the direct product metric

(14) E((Bp(t), Bp(s))g) = d(tAs)5,;.
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where d is the dimension of G. Set gp(t) = (g(¢,61),- -, 9=(t,0n)). Then gp solves the
SDE on G7

dgr(t) = Va gp(t) o VUWABp (1), gp(0) = (e, se).
Now consider the SDE on G7
dgp(t) = gp(t) o VUGABp(t), §p(0) = (e, ,e).
Then by the above two SDE, the law /l§ *) of ap (t) satisfies the relation
(15) e = i)

gt

We know that U() induces a left invariant metric on G”. Let uﬁ;;? be the normalized
Riemannian measure on G¥. Then by uniqueness of the Haar measure

(16) ( ) = =dg1---dgn.

Lemma 4.2. There exists a § > 0 such that for each f € C(GT)

(17) lim  sup ‘/ fdﬂgs) —/ fdg1---dgn| = 0.
t=Fo0 el L44) JaP GP

Proof. We give first a general look. Let G be a general compact Lie group with the
Lie algebra G. Let {e1,- - ,eq} be a basis of G. Consider the structure equation

lei, e5] = E cwek

Let gi; = (ei, ej). Then the Christoffel Coefﬁ(nents are given by
d

1
Iy, = 3 Z gk (cfjge,k — g — cﬁkgh)
kf=1

where (g*?) is the inverse matrix of (g;;). It follows that the Ricci tensor Ric on G
depend continuously of the metric (g;;).

Now returning to our situation, denote by Rlc the Ricci tensor on G7 associated to
the metric U®®) and Ric” associated to the dlrect product metric. Then as s | 1/2,

(18) Ric? — Ric” = l101 on G7.

Therefore it exists § > 0 such that Ric( > 1Id for s € [27 5 + d]. For the simplicity,

denote by h the Haar measure on G¥. Let F € C1(G”) and any 7 € C(ﬂgs),h) (see
section 3), we have

Fdp$ — | Fdh= (F(z) — F(y))w(dz, dy).
GP GP GP xGP
It follows that for constant Cr > 0

[ paal? [ Ran] < oo waal?
GP GP

Cre /8 Wy(be, h)
due to Theorem 3.1, where e is the unit element of G”. It follows that for any f € C(GT),

(19) lim sup,ep1 l+5]‘/ fdﬂts) _/ dh‘ =0.
(22 GP GP

which is dominated by

t—+o0

The proof is complete. O



ON THE BEHAVIOUR OF METRICS H, ON LOOP GROUPS 43

We continue the proof of Theorem 4.1. Let f € C(G”). Then for so €], % + 6] and
according to (15)

‘/ fdu§s°)—/ fdgr“dgzv‘ = ’/ fdﬂfffo)t—/ fdg1-~dgN‘
G7 G? GP GP

< Supse[%’%+5]‘/c;7> fdﬂé?ot _ /GP dg - ..dgN‘,

which converges to 0 as sg — 1/2 due to Lemma 4.2. O
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