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MING LIAO

MARKOV PROCESSES AND GROUP ACTIONS

We develop basic properties of a Markov process that is invariant under the action
of a locally compact topological group.

1. INTRODUCTION

The invariance of probability distributions under various transformations plays an
important role in the probability theory. In the classical theory, the translation invariant
Markov processes in a Euclidean space R™ can be identified with Lévy processes, which
are processes r; that have independent and stationary increments in sense that for any
s < t, xy — x5 is independent of the process up to time s and its distribution depends
only on t —s. Lévy processes in R™ have been extensively studied, but they still generate
enormous interests, see Applebaum [1], Bertoin [4] and Sato [35] for some of modern
books on this subject. By the celebrated Lévy -Khinchin formula, a Lévy process may be
represented by a triple of a drift vector, a covariance matrix and a Lévy measure, in the
sense that its distribution is determined by the triple, and to any such triple, there is a
Lévy process, unique in distribution. A natural extension is to study Markov processes in
a group that is invariant under the left or right translations. Hunt’s 1956 pioneering work
[20] provided an explicit formula for the generator of such an invariant Markov process
in a Lie group, which allows us to represent such a process in distribution by a triple of
a drift vector, a covariance matrix and a Lévy measure, just as for a Lévy process in R™.

Purpose of this paper is to develop the basic definitions and properties of invariant
Markov processes under the more general framework of a topological group acting con-
tinuously on a space, both are assumed to be locally compact. Some of these results may
be known in various contexts, but this is the first time they are put together in a unified
and cohesive fashion.

Invariant Markov processes under topological group actions may be considered at
three levels of generality. First, we may consider Markov processes in a topological
group G that are invariant under the left (or right) translations. Such processes are
direct extensions of classical Lévy processes in R™, and can be identified with processes
in G that have independent and stationary increments of the form x;'z; (or z4x 1) for
s < t. At the second level, we may consider a Markov process x; in a topological space
X that is invariant under the transitive action of a topological group G on X. In this
case, X may be identified with a topological homogeneous space G/K, and x; with a
Markov process in G/K invariant under the natural G-action.

We will call a Markov process in GG invariant under left translations, or a Markov
process in G/K invariant under the natural G-action, a Lévy process. A homogeneous
space G/K does not possess a natural product structure. To study invariant Markov
processes in G/K, we have developed a theory of a kind of product “in distribution” on
G /K that allows us to carry over almost all the results on the group G to the homogeneous
space G/K. For example, it is easy to show that Lévy processes in G/K, which are
defined as G-invariant Markov processes, can be characterized as processes that have
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independent and stationary increments in a suitable sense, just as their counterparts in
G.

At the third level of generality, we may consider a Markov process x; invariant under
the non-transitive action of a topological group G. In this case, under some suitable
assumptions, x; may be decomposed into a radial part and an angular part. The radial
part can be an arbitrary Markov process in a subspace that is transversal to G-orbits,
whereas under the conditional distribution given the radial part, the angular part is a
(time) inhomogeneous Markov process in a standard G-orbit that is invariant under the
G-action.

This leads us to consider inhomogeneous Markov processes that are invariant under
a group action. It is easy to show that inhomogeneous Markov processes z; in a group
G invariant under left translations, or in G/K invariant under the natural G-action,
may be identified with processes that have independent, but not necessarily stationary,
increments, so such processes will be called inhomogeneous Lévy processes.

As our purpose is limited to developing the basic properties under the general frame-
work of the action of a locally compact topological group, without involving Lie structures
and Fourier analysis, so many deeper aspects of invariant Markov processes are not dis-
cussed here. We briefly mention some of these topics. Heyer [18] generalized Hunt’s
generator formula on Lie groups to locally compact groups in the form of a sum of three
maps, corresponding to a drift, a diffusion part and a jump part. Using a projective
basis of Lie algebras, Born [6] rewrote Heyer’s formula in a form more closely resembling
Hunt’s formula. For inhomogeneous Lévy processes in Lie groups, Feinsilver [11] (1978)
obtained a martingale property, generalizing a result of Stroock-Varadhan [37] (1973) for
continuous processes. By this martingale property, an inhomogeneous Lévy process is de-
termined in distribution by a time dependent triple of a deterministic path, a covariance
matrix function and a Lévy measure function. A different form of martingale representa-
tion on more general locally compact groups, in terms of the abstract Fourier analysis, is
obtained in Heyer-Pap [19]. The author [27] obtained an extension of Feinsilver’s result
to homogeneous spaces.

Lévy processes in noncompact semisimgple Lie groups and symmetric spaces exhibit
interesting path limiting properties which are not present for their counterparts in Eu-
clidean spaces. Limiting properties of products of random matrices and random walks
in semisimple Lie groups, which may be regarded as discrete time Lévy processes, were
studied Furstenberg-Kesten [12] (1960), Furstenberg [13] (1963), Tutubalin [40] (1965),
Virtser [42] (1970), Guivarc’h-Raugi [15] (1985), and Raugi [34] (1997). The study of Lim-
iting properties of Brownian motion in semisimple Lie groups and symmetric spaces can
be traced to Dynkin [9] (1961), Orihara [33] (1970) and Malliavin-Malliavin [29] (1972),
and continued in Norris-Rogers-Williams [32] (1986), Taylor [38, 39] (1988, 1991), Babil-
lot [3] (1991) and Liao [24] (1998). Author’s monograph [25] (2004) provides an account
of limiting and dynamical properties of Lévy processes in noncompact semisimple Lie
groups and symmetric spaces.

Probability measures on locally compact groups have been studied extensively. For
a comprehensive treatment, the reader is referred to Heyer’s 1977 classic treatise [18],
which is still an invaluable reference today. Some of more recent developments can be
found in Siebert [36], Pap [31], Dani-McCrudden [7, 8] and Liao [28]. A comprehensive
analysis of probability measures on compact Lie groups can be found in Applebaum’s
recent book [2].

We now briefly describe the content of each section. The formal definition of invariant
Markov processes under group actions is given in the next section §2. Lévy processes
in a topological group G and in a topological homogeneous space G/K are discussed
respectively in sections §3 and §4. Inhomogeneous Lévy processes in G and G/K are
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considered in §5. In §6 and §7, the decomposition of an invariant Markov process under
a non-transitive action into a radial part and an angular part is introduced, and it is
shown that given the radial part, the conditioned angular part is an inhomogeneous
Lévy process in a standard orbit. This has been done in Liao [27] on Lie groups.

2. INVARIANT MARKOV PROCESSES UNDER GROUP ACTIONS

We now state some general definitions and conventions to be used in this paper, most
of which are also commonly used in the literature. On a topological space X, let B(X)
be its Borel o-algebra, and let By(X) and By (X) be respectively the spaces of B(X)-
measurable functions that are bounded and nonnegative. A measure p on X is always
assumed to be defined on B(X) unless when explicitly stated otherwise. For a measurable
function f, the integral [ fdu may be written as p(f). If p is a measure on a measurable
space X and if F' is a measurable map from X to another measurable space Y, then Fu
denotes the measure on Y given by Fu(f) = u(f o F) for any measurable function f > 0
on Y. This may also be written as Fu(B) = u(F~1(B)) for measurable B C X. A kernel
K from X to Y is a family of measures K(z,-) on Y, v € X, such that x — K(z, B)
is measurable on X for any measurable B C Y. It is called a probability kernel, or a
sub-probability kernel, if for all z € X, K¢(z,X) =1, or K(x,X) < 1.

A topological group G is a group and a topological space such that both the product
map G x G — G, (g,h) — gh, and the inverse map G — G, g — g~ !, are continuous.
A continuous action of G on a topological space X is a continuous map G x X — X
given by (g, x) — gz such that g(hz) = (gh)z and ex = z for g,h € G and = € X, where
e is the identity element of G. In the sequel, the action of a topological group G on a
topological space X is always assumed to be continuous unless when explicitly stated
otherwise. The action is called linear if X is a linear space and the map x — gz is linear
for each g € G.

The group action defined above is also called a left action. We may also consider a
right action when the action map is written as (z,g) — xg and satisfies (zg)h = z(gh).
In the sequel, all actions are assumed to be left actions unless when explicitly stated
otherwise.

A function f or a measure p on X is called invariant under a measurable map g:
X — X, or g-invariant for short, if fog = f or gu = p. An operator T on X with
domain D(T) being a set of functions on X is map from D(T') to a possibly different set of
functions on X. It is called g-invariant if Vf € D(T), fog € D(T) and T'(fog) = (Tf)og.
A kernel K from X to itself may be regarded as an operator K f(z) = K(x, f) on X with
domain D(K) = B, (X), then it is g-invariant if K(g(z), B) = K(z,g }(B)) for z € X
and B € B(X).

A function f, a measure p, an operator T or a kernel K on X is called invariant under
the action of a group G, or G-invariant for short, if it is g-invariant for any g € G.

For g € G, let Iy, 4 and ¢4 be respectively the left translation, the right translation
and the conjugation map: G — G, defined by l,@ = gz, ryo = g and ¢,z = grg~! for
z € G. The group G acts on itself by left translation and also by conjugation, whereas
the right translation is a right action of G on itself. A function f or a measure p on G is
called left invariant if it is invariant under the action of G on itself by left translations.
that is, if fol, = f or lju = p for g € G. Similarly, an operator T on G is called left
invariant if for f € D(T), fol, € D(T) and (T'f)oly, =T(f oly) for g € G. If this holds
only for g contained in a subgroup K of G, then f, u or T is called K-left invariant. The
(K-) right invariant and (K-) conjugate invariant functions, measures and operators on
G are defined similarly. When they are both left and right (resp K-left and K-right)
invariant, then they are called bi-invariant (resp. K-bi-invariant).
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Throughout this chapter, let X be a topological space and let G be a topological
group that acts continuously on X, both are equipped with lescH (locally compact and
second countable Hausdorft) topologies. We will let C(X), Cp(X), Co(X) and Cy(X)
denote respectively the spaces of continuous functions, bounded continuous functions,
continuous functions with compact supports and continuous functions convergent to 0
at infinity (under the one-point compactification topology) on X. Note that Cy(X) may
also be characterised as the space of continuous functions f on X such that for any ¢ > 0,
there is a compact K C X with |f| < e on K¢ (the complement of K in X).

A family of sub-probability kernels P; from X to X, t € Ry = [0, c0), is called a
transition semigroup on X if P,Ps; = P, for s,t € Ry and Py(z,-) = d, (the unit mass
at point ). A Markov process x; in X, t € R, usually means a family of processes, one
for each starting point x € X, associated to a transition semigroup P; and satisfying the
following simple Markov property: for t > s > 0 and f € B(X),

(1) E(f(xy) | Fs] = Pi—sf(xzs) P almost surely,

where {F;} is the natural filtration of process z;. If (1) holds under a larger filtration
{F:}, a possibly stronger requirement, then x; is called a Markov process associated to
{Fi} or an {F; }-Markov process. The symbol P, is used to denote the distribution of the
process starting at x on the canonical path space and F, is the associated expectation.
Occasionally, a Markov process means a single process with a given initial distribution and
this should be clear from context. We will allow a Markov process z; to have a possibly
finite life time as P; is assumed to be sub-probability, not necessarily a probability kernel.

A family of sub-probability kernels Ps; from X to X, 0 < s < t < oo, is called
a two-parameter transition semigroup on X if P, ,P,; = P,; for any r < s < ¢ and
P, (z,) = 0;. A (time) inhomogeneous Markov process z; in X is a family of processes,
one for each pair of starting time s € R and starting point € X, associated to a two-
parameter transition semigroup Ps; and satisfying the following inhomogeneous Markov

property:
(2) E[f(x) | Fs) = Psif(xs), P-almost surely.

where {F;} is the natural filtration of process z;. If the above holds for a larger filtration
{F:}, then the inhomogeneous Markov process x; is said to be associated to {F;}.

A Markov process x; in X is called invariant under a measurable map g: X — X, or g-
invariant for short, if its transition semigroup P;, as an operator for each ¢, is g-invariant,
that is, if

3) Pi(g(x
forany t e Ry, z € X and B € B(X
for any t €e Ry, z € X and f € By(X).

,B) = Pi(z,971(B))

. Note that (3) is equivalent to

)
)

Proposition 1. A Markov process x¢ in X is g-invariant if and only if for any x € X,
the process gx; with xo = x has the same distribution as the process x; with ro = gz.

Proof. It is clear that the same distribution implies the g-invariance (4). Now assume (4).
Let {F;} be the natural filtration of process x;. Then for 0 < t; < t3 and fi, fo € By(X),
by the simple Markov property,

Egolfi(ze,) f2(t,)] = Egad f1(4,) Ega[f2(21,) | Fiu 1} = Egalf1(we,) Pry—t, fa(1,)]

= Eﬂ?[fl(gxtl )Pt2—t1f(gxt1 )} = [fl(gxtl )Pt2—t1 (f © g)f(xh)]
= Eo{filgze,)Exlfo(gze,) | Fol} = Exlfi(gae,) f2(g921,)]-
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Inductively, it can be shown that for t; < to < --- < t,,

Egofi(ze,) fa(@ty) -+ fu(@e,)] = Exlfi(gze,) fo(gae,) - - falgne, )]

This proves the same distribution. ([l

The g-invariance for an inhomogeneous Markov process x; in X is defined in a similar
fashion. The process x; is called invariant under a measurable map g: X — X, or
g-invariant, if its transition semigroup Ps; is g-invariant, that is, if

(5) Vt>s>0, z€ X and B € B(X), Py (g2, B) = Py 4(z,97H(B)).
The following proposition may be proved as Proposition 1.

Proposition 2. An inhomogeneous Markov process xy is g-invariant if and only if for
all s € Ry and z € X, the process gz, t > s, with x5 = x has the same distribution as
process x¢, t > s, with x5 = gx.

A Markov process z; in X is called invariant under the action of a group G, or G-
invariant, if its transition semigroup P, is g-invariant for any g € G. Similarly, an
inhomogeneous Markov process x; in X is called G-invariant if its transition semigroup
P, is G-invariant.

A process is said to have rcll paths, or called a rcll process, if almost all its paths are
right continuous with left limits in its state space. In literature, a rcll process is often
called cadlag (French “continue & droite, limite a gauche”). Most processes in this work
will be assumed to be rcll. We will see in Remarks 5, 15, 21 and 28 that many of these
processes in fact have rcll versions if they are continuous in distribution.

A Markov process x; in X is called a Feller process if its transition semigroup P; is
Feller, that is, if for any f € Co(X), P.f € Co(X) and P,f — f pointwise on X as t — 0,
noting that this in fact implies that P,f — f uniformly on X. A Feller process has a
rcll version, so it will be assumed to be rcll, and it has many other useful properties,
including the strong Markov property. See for example [21, Chapter 19] for more details.

3. LEVY PROCESSES IN TOPOLOGICAL GROUPS

A Markov process x; in a topological group G invariant under the action of G on itself
by left translation is called left invariant. Its transition semigroup P; is left invariant in
the sense that

(6) Fi(folg)(x) = P f(gz)

fort e Ry, z,9 € G and f € Byp(G).

Let x¢ be a rcll left invariant Markov process in G. Recall e is the identity element of
G. Then P.f(z) = Pi(f oly)(e) = Ec[f(xx:)]. By the rcll paths, one sees that P; is a
Feller transition semigroup, and hence z; is a Feller process.

Let x¢ be a process in G with an infinite life time, and let {F7} be its natural filtration.
It is said to have independent increments if for s < ¢, z; 'z, is independent of FZ. It is
said to have stationary increments if for s < t, the distribution of x;'z; depends only
on t — s, that is, if x;lxt and xalxt,s have the same distribution. A rcll process x; is
called a Lévy process in G if it has independent and stationary increments.

The classical example is a Lévy process z; in the d-dim Euclidean space R? when R?
is regarded as an additive group. In this case, the increment x 'z, is written as z; — x,.

For a Lévy process z; in G, let

(7) x§ = xy vy

It is clear that process x§ is also a Lévy process in G starting at e and is independent of
Zo-
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Let z; be a Lévyprocess in G. For t € Ry, x € G and f € B,(G), put
(8) Py f(z) = E[f (zxf)].

It is easy to see that this defines a transition semigroup P; on G, which is conservative,
that is, P;1 = 1, and is left invariant.
For t > s,

Elf(x) | Fs] = E[f(xsxs_lxt) | Fs] = E[f(22{_,)] |lo=z,= Pi—s f(s).

This shows that the Lévy process z; is a left invariant Markov process.
Now let x; be a rcll left invariant Markov process in G with an infinite life time. Then
for t > s and f € By(G),

Blf (a7 @) | Fo] = Blf (27 we) | Fo] loma,= Pros(f 0 1,1)(25) = Pres f ().

This shows that z; has independent and stationary increments, and hence is a Lévy pro-
cess. We have proved that the class of Lévy processes in G coincides with the class of
left invariant rcll Markov processes in G with infinite life times.

Let x; be a left invariant rcll Markov process in G with a possibly finite life time.
Then P;1(z) = Pi(10l;)(e) = P;1(e), which is right continuous in ¢ due to the right
continuity of paths. By the semigroup property and the left invariance of P;, Ps;.1(e) =
[ Ps(e,dz)P,1(x) = Psl(e)P1(e). It follows that Pi1(z) = e for all z € G and for
some fixed A > 0. Let Pt = eMP,. Tt is easy to see that Pt is a conservative and left
invariant Feller transition semigroup. The Feller process Z; associated to P, is a left
invariant rcll Markov process with an infinite life time, and hence is a Lévy process. Let
T be an exponential random variable of rate A (7 = oo if A = 0) that is independent of
process Iy, and let ; be the process &, killed at time 7, that is, 2} = &; for t < 7 and
xy, = A for t > 7, where A is the point at infinity (see Appendix A.3). It is easy to show
that x} is a rcll Markov process with transition semigroup P; and hence is identical in
distribution to process x;. To summarize, we have proved the following result.

Theorem 3. A left invariant rcll Markov process in G with an infinite life time is a
Lévy process. Conversely, a Lévyprocess x; in G is a left invariant rcll Markov process
with an infinite life time and its transition semigroup is given by (8).

In general, a left invariant rcll Markov process x; in G with a possibly finite life
time is a Feller process and is identical in distribution to a Lévyprocess Ty killed at an
independent exponential time of rate A > 0. The transition semigroup P; of x; and P, of
&, are related as P, = e~ MP,.

Remark 4. Let x; be a process in G with an infinite life time. The above proof shows
that x; is a left invariant Markov process if and only if it has independent and stationary
increments.

Remark 5. Let z; be a left invariant Markov process in G without assuming an in-
finite life time, and let P; be its transition semigroup. Then P;f(x) = Pi(f ol,)(e) =
Jo f(xy)pe(dy), where py = Py(e,-). If iy — 6 (the unit point mass at e) weakly as
t — 0, then P, is Feller and hence x; has a rcll version. Therefore, if x; also has an
infinite life time, then after a modification on a null set for each ¢ > 0, x; becomes a
Lévy process in G.

Given a filtration {F;} on the underlying probability space (2, F, P). A Lévy process
x4 is called associated to {F:}, or an {F;}-Lévy process, if it is adapted to {F;} and for
any s < t, x; 'z; is independent of F,. A Lévy process is clearly associated to its natural
filtration. By the proof of Theorem 3, it is easy to see that a Lévy process is associated
to a filtration if and only if it is associated to the same filtration as a Markov process.
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It is easy to see that if z; is a Lévy process associated to a filtration {F;} and if s > 0 is
fixed, then z}, = x; 'zs4+ is a Lévy process identical in distribution to the process z¢ and
is independent of Fs. The following theorem says that s may be replaced by a stopping
time.

Theorem 6. Let x; be a Lévyprocess associated to a filtration {F;} in G. If T is an {F;}-
stopping time with P(T < 00) > 0, then under the conditional probability P(- | T < 00),
the process @, = x-1x, 14 is a Lévyprocess in G that is independent of F,. Moreover,
the process xy under P(- | T < 00) has the same distribution as the process x§ under P.

Proof. First assume 7 takes only discrete values. Fix 0 < t; <ty < --- < t3, ¢ € Cp(GF)
and § € (Fr)4. Because {1,—y € (F)4, where 14 denotes the indicator of set A, we
have

Elp(@: @rptys 527 g )E | T < 0]
= Z E[¢(xt_1xt+t13 e 7xt_1xt+tk)£1[r=t]]/P(T < OO)
t<oo
= Y EBlp(; wigy, e wy ) B(EL =) /P(T < 0)
t<oo
9) = Blg(ag @y, ag @, )|EE | T < 00)
Setting € =1 ylelds E[¢(x:1x7+t17' ne 7$;1x7+tk) | T < OO] = E[(z)(xalmtla T 7x(;lmtk)]'

Therefore, for a general £ € (F?), the expression in (9) is equal to
Blp(@r Trpty, @7 Trgy) | T < 00 B(E | T < 00).

This proves the desired result for a discrete stopping time 7.

For a general stopping time 7, let 7, = (k+1)27™ on the set [k-27" <7 < (k+1)27"]
for k =0,1,2,.... Then 7, are discrete stopping times and 7, | 7 as n 1 co. The result
for 7 follows from the discrete case and the right continuity of x;. O

The convolution of two measures p and v on G is the measure p * v on G determined
by

(10) prw(f) = / F(wy)(dayw(dy)

for f € B4(G), and it is a probability measure if so are g and v. It is easy to check
that the convolution is associative, that is, (u* v) %y = p* (v * ), and hence, it is
meaningful write a convolution product pq * o * - - - * u, or an n-fold convolution power
W=k k- kL

A family of probability measures pu; on G, t > 0, is called a convolution semigroup on
G if syt = ps * pe. Although convolution semigroup may be defined for more general
measures, in this work, a convolution semigroup will always mean a family of probability
measures. It is called continuous if p; — po weakly as t — 0. By [18, Theorem 1.5.7], if
[+ 18 continuous, then p; — ps weakly as ¢ — s for all s > 0. An alternative proof will
be given shortly.

Let x; be a Lévyprocess in G. It is easy to see that P;(e,-), the distributions p; of
x§, t > 0, form a continuous convolution semigroup of probability measures on G (the
continuity follows from the right continuity of paths) with pg = ., which will be called
the convolution semigroup associated to the Lévy process g;. On the other hand, if u; is
a continuous convolution semigroup on G with g = J., then

(11) Pif(x) = pe(f ola),

for f € Cy(G), defines a left invariant conservative Feller transition semigroup P; on
G. There is a Feller process z; associated to P;, which is left invariant, and hence is a
Lévy process with u; as the associated convolution semigroup.
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Because z; is a Feller process, it is stochastically continuous, that is, x; = z;— almost
surely for all t > 0 (see for example ([21, Proposition 25.20]). It follows that y; is in fact
continuous in ¢ under the weak convergence, as mentioned before.

To summarize, we have the following result.

Theorem 7. For a Lévyprocess x; in G, the distributions p; of x§ = xalxt form a con-
tinuous convolution semigroup on G with pg = de. conversely, if p; is such a convolution
semigroup on G, then there is a Lévyprocess xy in G with p; as distribution of xf.

Using the Markov property, is easy to show that the finite dimensional distributions
of a Lévy process x; in G with associated convolution semigroup u; are given by

E[f(xe, @ty ..y 24,)] = /f(xoml,xomlxg,...,moxlxg-nxn)

(12) po(dzo) e, (dwy) prey—¢, (dw2) - - - g, (d2p)
for f € By(X™) and 0 <t <ty < -+ < t,, where g is the initial distribution.

Remark 8. In the definition of Lévy processes, if the increments z 'z, for s < t are
replaced by x,z;1, this will lead to a different definition of Lévy processes, which co-
incide with Markov processes in G that are invariant under right translations. In [25],
the Lévy processes defined earlier and defined here are called respectively left and right
Lévy processes. Because the group G is in general non-commutative, left and right
Lévy processes are two different classes of processes, but they are in natural duality
under the map z; — z, 1 All the preceding results established for left Lévy processes
hold also for right Lévy processes with suitable changes. For example, 2§ = x L4, should
be changed to z§ = 225" and (11) holds with I, replaced by r,. Note that a contin-
uous convolution semigroup py on G with pg = 0. can be used to generate either a left
Lévy process by (11) or a right Lévy process by the counter part of (11) with I, replaced
by ;.

In this paper, we will exclusively consider left Lévy processes, unless when explicitly
stated otherwise, and we will omit the adjective “left” in its name.

4. LEVY PROCESS IN TOPOLOGICAL HOMOGENEOUS SPACES

Let X be a topological space and let G be a topological group that acts transitively on
X, both are equipped with lcscH topologies. Fix a point o in X. The isotropy subgroup
K of G at o, defined by K = {g € G; go = 0}, is a closed subgroup of G.

For any closed subgroup K of G, the space G/K of left cosets gK, g € K, is called
a homogeneous space of G. It is equipped with the quotient topology, under which the
natural projection

m: G = G/K, g~ gK,
is continuous and open. Under this topology, the natural action of G on G/K, given by
zK — gzK for g € G, is continuous. Moreover, when K is the isotropy subgroup at
0 € X as defined above, then under the map: gK +— go, G/K is homeomorphic to X,
and the G-action on X is just the natural action of G on G/K (see Theorem 3.2 in [16,
chapter II]).

We may identify X and G/K together with the associated G-actions in this way.
Under this identification, the natural projection m: G — G/K is just the map: G — X
given by g — go, where o = eK.

Note that if G is a topological group with a lescH topology, and if K is a compact
subgroup, then the homogeneous space X = G/K, under the quotient topology, is a
lcscH space.

In the rest of this section, we will assume K is compact. We will also assume the
homogeneous space G/K has a continuous local section in the sense that there are a
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neighborhood U of 0 in X and a continuous map ¢: U — G such that 7o ¢ = idy (the
identity map on U). Because the isotropy subgroup at a different point go, g € G, is
gK g™, it can be shown that these assumptions are independent of the choice for the
point o € X. Under these assumptions, it can be shown that the map: (x, k) — ¢(z)k is
a homeomorphism from U x K onto a neighborhood of e of G. Some sufficient conditions
for the existence of a continuous local section map may be found in [22, 30], and see also
[22] for some non-existence examples.

It is well known and also easy to see that a continuous local section, even a smooth
local section, exists if G is a Lie group. By Theorems 4.6 and 4.7, and Corollary 4.8 in
[23, Chapter I}, the group G of isometries on a connected Riemannian manifold X has a
Lie group structure and acts smoothly on X, and the isotropy subgroup K of G at any
o € X is compact. In this case, if G acts transitively on X, then X = G/K satisfies all
the assumptions stated here.

A measurable map S: X — G is called a section map on X if 70 S = idx. By the
existence of a continuous local section, one can always construct a section map on X. In
general, it may not be continuous on X, but for any x € X, there is a section map that
is continuous on a neighborhood of x (even smooth there when G is a Lie group).

A measure on a lescH space is called a Radon measure if it has a finite charge on
any compact set. Note that the usual definition of Radon measures on Hausdorff spaces
includes a regularity condition, which is automatically satisfied on a lcscH space. It is
well known that on a topological group G equipped with a lcscH topology, there is a
nontrivial left (resp. right) invariant Radon measure p, called a left (resp. right) Haar
measure on G, which is unique up to a multiplicative constant. In general, left Haar
measures do not agree with right Haar measures, but when they do, the group G is
called unimodular. In this case, we will simply say Haar measures. It is easy to show (by
applying right translations and the inverse map to a left Haar measure) that a compact
group K is unimodular and there is a unique left invariant probability measure on K,
which is also invariant under right translations and the inverse map on K. This measure
is called the normalized Haar measure on the compact group K, and is denoted as pg
or simply dk in computation.

The convolution between two measures p and v on X is the measure p * v defined by

(13) prw(f) = /X N /K F(S(@)ky)dkp(d)v(dy),

for any f € B4 (X). This definition does not depend on the choice for the section map
S (because if S’ is another section map, then S’(x) = S(x)k, for some k, € K), and
reduces to the convolution on G when K = {e}. Because for any g € G and = € X,
S(gx) = gS(x)k for some k = k(g,z) € K, it is easy to show that the convolution on
X, as on @G, is associative, that is, (u* v) * v = p * (v * 7), so the n-fold convolution
41 % fig * -+ -k iy, 1S well defined.

Recall a measure p on X is called K-invariant if ky = p for any k € K. If v is a
K-invariant measure on X, then u * v can be written a little more concisely as

(1) o v(f) = /X (S@)(da)(ay)

for f € B4 (X), which does not depend on the choice for the section map S. Moreover,
if p is also K-invariant, then so is p * v.

A convolution semigroups on X and its continuity are defined in the same way as
on G given in §3. Thus, a family of probability measures pu; on X, t € Ry, is called a
convolution semigroup on X if psiy = ps * pg, and it is called continuous if py — po
weakly as t — 0. Recall that if u; is a continuous convolution semigroup on G, then



38 MING LIAO

e — s weakly as t — s for any s > 0. The same holds for a continuous convolution
semigroup p; on X, as an easy consequence of Proposition 12 later.

The following result provides a basic relation between invariant measures on G and
on X = G/K. Recall a measure p on G is called K-left or K-right invariant if {xu = p
or rpu = p for k € K, and K-bi-invariant if it is both K-left and K-right invariant.

Proposition 9. The map

W= V=TU
is a bijection from the set of K-right invariant measures p on G onto the set of measures
v oon X. It is also a bijection from the set of K-bi-invariant measures p on G onto the

set of K-invariant measures v on X. Moreover, if v is a measure on X, then the unique
K-right invariant measure p on G satisfying v = mpu is given by

(15) Vf € By (G) / / F(S(@)k)dk v(dz),

where S is any section map on X. Furthermore, the map p — mu preserves the convo-
lution in the sense that for any measures 1 and ps on G,

(16) m(p1 * pi2) = (mpa) * (Tp2),

provided one of the following three conditions holds: py is K-right invariant, or ps is
K-left invariant, or uo is K-conjugate invariant.

Proof. For g € G, Som(g) = gk for some k € K. If i is a K-right invariant measure on
G with 7 = v, then for f € B4 (G),

u(h) = [ wisoraab= [ u(rorosomik= [ v(forosar
K K K
This shows that p satisfies (15). Conversely, using the K-right invariance of dk, it is
easy to show that p given by (15) is K-right invariant with 7 = v. It is also clear that
w is K-bi-invariant if and only if v is K-invariant. For two measures p; and ps on G,
satisfying one of the three conditions stated above, let v; = 7wy and v, = muse. Then for

f € B+(X)7

m(yis * 12) (f) = / F(r(g192)) 111 (dgn )z (dga)

/f(7(91/€92))u1(d91)PK(dk)M2(d92)

/ f(g1km(g2))p1(dgr) prc (k) p2(dge) = / f(gky)p1(dg)px (dk)va(dy)

/f Nk ky) 1 (dg)pr (dk)ve(dy)  (for some k' € K)

/ F(S (@) (da) s (dR) val(dy) = 1 * a( ).

Proposition 10. Let pg be a left Haar measure on G.

(a) pc is K-right invariant.

(b) px = mpa is a G-invariant measure on X = G/K, and any G-invariant measure
on X is cpx for some constant ¢ > 0. In particular, if G is compact and if pg is the
normalized Haar measure on G, then px is the unique G-invariant probability measure
on X.
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Proof. For k € K, rypg is left invariant and so rypg = A(k)pg for some A(k) > 0.
For f € C.(G), pa(fork) = Mk)pg(f). This shows k — A(k) is continuous. Then
k + A(k~1) is a continuous group homomorphism from K into the multiplicative group
(0, 00). Its range as a compact subgroup is necessarily {1}, and hence rypg = pg. This
proves (a). It is clear that px = mpg is G-invariant. For any G-invariant measure v on
X, the unique K-right invariant measure p on G with mp = v, given by (15), is clearly
left invariant, and so p = cpg for some constant ¢ > 0. This implies v = cpx and proves
(b). O

In the literature (for example, in [14]), the convolution of measures in X = G/K has
been defined by identifying the measures on X with the K-right invariant measures in G
and then use the convolution on G. By Proposition 9, this definition is consistent with
our definition given in (13).

Convolution of functions on X = G/K have appeared in literature under various
contexts, but in the present setting, they all take the following form (see for example
[41]): For f1, fo € B+(X),

(17) fi % fa(gK) = /G (I fo(h 9K ) pldh), g € G,

where p denotes a left Haar measure on G. This definition is compatible with our
definition of convolution of measures on X by the following proposition.

Proposition 11. If uy and ps are measures on X = G/K with densities f1 and fa with
respect to mp, then py * po has density fi x fo.

Proof. By Proposition 10 (a), p is K-right invarint. For f € B, (X), writing dg and dh
for p(dg) and p(dh) respectively,

o ma() = [ Sk dku(dav(dy) = [ FSRE)hgR )iy (hE) fo(g K ) dhdg

/ F(hgK) f1 (hK) fo(gK ) dhdg = /G oK) /G (WK f2(h~ 9K ) dh]dg

_ / FGK)(fr * f2)(9K)dg
(]

A probability measure p on G satisfying pu * u = p is called an idempotent. By [18,
Theorem 1.2.10], if p is an idempotent, then u = py for some compact subgroup H of
G. For a convolution semigroup p: on G, po * pg = g, SO g = py for some compact
subgroup H of G. Then p; is H-bi-invariant because p; = g * iy = [t * fio-

Proposition 12. (a) If a convolution semigroup u; on G is K-right invariant, that is,
if each py is K-right invariant, then it is K-bi-invariant.
(b) If vy is a convolution semigroup on X = G/K, then each v; is K-invariant, and
vy = wpy for some compact subgroup H of G containing K.
(¢) The map

Mt > V=Tl
s a bijection from the set of K -bi-invariant convolution semigroups u: on G onto the set
of convolution semigroups vy on X = G/K. Moreover, u; is continuous if and only if so
is vy.

Proof. By the preceding discussion, pg = pg and p, is H-bi-invariant for some compact
subgroup H of G. The K-right invariance of po implies K C H. This proves (a).
Let v; be a convolution semigroup on X, and let p; be the unique K-right invariant
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probability measure on G with mu; = 1. By Proposition 9 and (a), p is a K-bi-
invariant convolution semigroup on G, and hence v; = 7w, is K-invariant. Moreover,
wo = pg for some compact subgroup H of G. Because pg is K-bi-invariant, K C H.
This proves (b). Now (c) follows from (b) and Proposition 9. Note that to derive the
continuity of p; from that of v, (15) is used, where [, f(S(x)k)pk (dk) is continuous in
x if f is bounded continuous on G. This is because the integral does not depend on S,
and S may be chosen to be continuous near any x (that is, in a neighborhood of z). O

Because a left invariant rcll Markov process in G with an infinite life time is a
Lévy process in G, a G-invariant rcll Markov process z; in X = G/K with an infi-
nite life time will be called a Lévy process in X. Let P; be its transition semigroup. By
the G-invariance of P, it is clear that pz = Pi(o,-), t € Ry, are K-invariant measures.
We now show that they form a continuous convolution semigroup on G with pg = d,,
which will be called the convolution semigroup associated to the Lévy process x;. For
f € By(X) and s,t € Ry,

ps+t(f) = Psyif(0) = PsPif(o) = /

X

uxiwﬂf@%:[;mhhﬂiﬂSWW)

/X ps(dx)Pi(f o S(z))(o) (by the G-invariance of P)

_ / 1 (da) e (dy) F(S(2)y) = prs * s (F)-
XxX

This shows that pu; = Pi(o,-), t € Ry, form a convolution semigroup on X, which is
continuous by the right continuity of ;.

On the other hand, given a continuous convolution semigroup p; on X with pg = 6,
let

(18) aﬂm:/}wwmmwm

fort € Ry, z € X and f € B (X). Because p; is K-invariant, this expression does
not depend on the choice for the section map S, and defines a conservative G-invariant
Feller transition semigroup P; on X (recall that S may be chosen to be continuous near
any point in X). The associated Feller process x; is a G-invariant rcll Markov process
with an infinite life time, and hence is a Lévyprocess in X with y; as the associated
convolution semigroup.

For a G-invariant rcll Markov process z; in X with a possibly finite life time, it can
be shown as on G that its transition semigroup P; satisfies P;1(z) = e~ for some
A > 0, and hence z; is equal in distribution to a Lévy process killed at an independent
exponential time of rate A\. To summarize, we have the following result.

Theorem 13. Let x; be a Lévy process in X = G/K, that is, a G-invariant rcll Markov
process with an infinite life time, and let Py be its transition semigroup. Then py = Py(o,-)
is a continuous convolution semigroup on X with ug = d,. conversely, if py is such a
convolution semigroup on X, then there is a Lévy process x; in X with xo = o such that
Wy s the distribution of xy.

In general, a G-invariant rcll Markov process x; in X with a possibly finite life time
is identical in distribution to a Lévy process Ty in X killed at an independent exponential
time of rate A\ > 0. The transition semigroup P; of xy and P, of &; are related as
Pt == G_Atpt.
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Although there is no natural product structure on the homogeneous space X = G/K,
the integrals like

/ f(zy)p(dy)
(19) / f(ay, zy2)u(dy)(dz)

/f(S(:v)y)u(dy%
/ F(S(2)y, 8'(S(x)y)2)u(dy)v(dz)
- / F(S(@)y, S(@)S' () 2)u(da)v(dy),

are well defined for K-invariant measures p and v on X, that is, they do not depend on
the choice for section maps S and S’, noting that S’(S(z)y) = S(x)S'(y)ks,y for some
kg, € K. In this notation, the formula (12) for the finite dimensional distributions of a
Lévy process in G holds also for a Lévy process x; in X = G/K. This follows from the
Markov property of x; and (18).

The following result says that a Lévyprocess in X may also be characterized by
independent and stationary increments, just like a Lévy process in G.

Theorem 14. Let x; be a rcll process in X = G/ K with an infinite life time and let {F7}
be its natural filtration. If x4 is a Lévy process with associated convolution semigroup pit,
then for any section map S and s < t, x3'w; = S(xs) 'y is independent of F* and
has distribution ui_s. Consequently, this distribution is K-invariant, and depends only
on t — s and not on the choice of S. Conwversely, if for some section map S and any
s <t, x;tay = S(xs) tay is independent of FT, and its distribution is K -invariant and
depends only on t — s, then x; is a Lévyprocess in X.

Proof. Let x; be a Lévy process in X with associated convolution semigroup p;. Then
from its finite dimensional distributions given in (12), it can be shown that z;lz; =
S(xs)~ L, is independent of F* and its distribution is y;_,. For simplicity, we will prove
that for r < s < t, xs_lsct is independent of z,. and has distribution u;_ . Fix an arbitrary
section map S, we will write z129 - - 12 for S(z1)S(z2) - S(xr_1)x), and x~1 for
S(x)~L. By (12), for f,g € B (X),

B[f(z,)g(x7 ' z)]

= /Mo(dfﬂo)ﬂr(dxl)usfr(d@)ﬂtfs(dxs)f($0901)9((900351%2)71%0%1%2%3))

- / b0 (A0) (01 ) (i) oo () f (201 (3)

= E[f(z,)]E[g(x—s)].

This shows that S(xs)’lxt is independent of x,. and has the distribution p;_s. There is
no difficulty in this proof to replace z, by (z,,Zpy,s ..., @y, ) for rg <rg <--- <1 <,
except the expressions will be much longer. Conversely, assume for some section map S
and any s < t, v 'z, = S(ws) ', is independent of F2, and its distribution, denoted

as fis ¢, is K-invariant and depends only on ¢ — s. Then for f € B4 (X),

Elf(z) | FY] = E[f(S(z)S(xs) " ) |f§]=/Xf(S(xs)y)us,t(dy)

/ F(S(a)y)to e (dy).
X

Because p; 4 is K-invariant, by (14), g, s * fts.+ = pirs for r < s < t. Because p,, depends
only on t — s, it then is easy to show that p, = o is a continuous convolution semigroup
on G and z; is a G-invariant Markov process in X with associated convolution semigroup
1+, and hence z; is a Lévy process in X. (I
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We note that by Theorem 14, for a Lévy process x; in X and a section map S on X,
(20) x§ = S(wo) 1y

is a Lévy process in X with 2§ = o and is independent of x, and its distribution does not
depend on the choice for S. Moreover, the process z; is equal in distribution to S(zg)x.

Remark 15. Let x; be a G-invariant Markov process in X = G/K with transition
semigroup P; and let yi; = Py(0,-). Then P, f(x) = Py(f 0 S(z))(e) = [ f(S(x)y)pm(dy).
If uy — 9, weakly as t — 0, then P; is Feller and hence z; has a rcll version. In this
case, if z; has an infinite life time, then this version of z; is a Lévy process, and pu; is a
continuous convolution semigroup on X.

The following three results deal with some simple relations between processes in GG
and in X = G/K.

Proposition 16. Let g; be a Markov process in G. Assume its transition semigroup Py
is K-right invariant, that is, (Pyf) ory = P(f ory) for f € By(G) and k € K. Then
zy = w(g:) = gi0 is a Markov process in X = G/K with transition semigroup

(21) Quf(x) = Pi(fom)(S(x)), zeX and feBy(X),

which does not depend on the choice for the section map S. Moreover, if g; is a Feller
process in G, then so is x; in X.

Proof. The K-right invariance of P; shows that Q; defined by (21) does not depend on
the choice for S. Note that (21) may be written as (Q¢f) om = P,(f om). Then

Qstef(x) = Pope(f om)(S(x)) = Ps[Pe(f o m)|(S(x)) = Ps[(Qef) o 7](S(2))
= (Qthf) © W(S(l‘)) = Qthf(x>

This shows that @ is a transition semigroup. Since S may be chosen to be continuous
near any fixed point z in X, it is easy to see that if P; is a Feller transition semigroup
on G, then so is @; on X. The Markov property of x; follows from E[f(zst¢) | FY] =

E[f om(gsse) | Fil = Pu(f o m)(gs) = (Quf) 0 m(gs) = Quf (ws)- O

Proposition 17. Let g; be a right Lévy process in G as defined in Remark 8, that is, a rcll
Markov process with a right invariant transition semigroup Py and an infinite life time.
Let uy = Pi(e,-) be the associated convolution semigroup. Then for any z € X = G/K,
xy = giz is a Feller process in X with transition semigroup Q¢ given by (21). Moreover,

(22) Qif(z) = /Gf(gx)ut(dg), z € X and f e By(X).

Proof. Because g; = gygo and g:z = gfgoz, replacing z by goz, we may assume go = e. If
the reference point o in X is replaced by z, then the natural projection 7: G — X given
by g — go should be replaced by n,: G — X given by g — gz. If S is a section map
on X with respect to o, then S,(-) = S(-)S(2)7! is a section with respect to z because
S.(z)z = S(x)S(2)"'z = S(z)o = = for any z € X. Because P; is right invariant, by
Proposition 16, z; = g:z is a Feller process in X with transition semgroup

Quf(x) = P(f 0 m2)(S(2)S(2)™Y) = Pulf o 7 0 rs(aysiey-1)(€)
- / Py(e. dg) [(98(x)S(2)'2) = / e (dg) (95 (x)0) = / ue(dg) f (g2).
G G G

This proves (22). From above, Q,f(x) = [ u:(dg) f(gS(x)o) = [ Pi(e,dg)f(9S(x)o) =
Jo Pi(S(x),dg) f(go) = Pi(f om)(S(x)). This is (21). O
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Recall that for g € G, ¢;: G — G is the conjugation map x — gzg~'. A Lévy process
g: in G is called K-conjugate invariant if its transition semigroup is K-conjugate invari-
ant, that is, if P,(f ocg) = (Pif) o ¢y for f € Bp(G) and k € k. By the left invariance of
Py, this is equivalent to the K-right invariance of P;. In terms of the process, this is the
same as saying that for any t € R, and k € K, kgik—! = g¢ in distribution.

Theorem 18. Let g; be an K-conjugate invariant Lévy process in G. Then x; = g:0 is
a Lévyprocess in X = G /K with transition semigroup Q¢ given by (21).

Note: It can be shown that any Lévy process in X = G/K may be obtained from an
K-conjugate invariant Lévy process in G as in Theorem 18 when G is a Lie group, see
[25, Theorem 2.2].

Proof of Theorem 18. By Proposition 16, x; = g;0 is a rcll Markov process in X with
transition semigroup ; and infinite life time. It remains to show that @Q; is G-invariant.
This follows from the left invariance and K-right invariance of P;, because for f € By(X
and g € G, Qi(fog)(x) = P(fogom)(S(z)) = Fi(fomoly)(S(x)) = Pi(fom)(gS(x))
Py(f o m)(S(gx)k) (for some k € K) = Pi(f omor)(S(gz)) = Fi(f om)(S(gz))
Qi f(9).

~—

o

5. INHOMOGENEOUS LEVY PROCESSES

As before, let G be a topological group equipped with a lescH topology. An inhomo-
geneous Markov process z; in G with transition semigroup P ; is called left invariant if
it is invariant under the action of left translations, that is, if Ps¢(foly) = (Psf) ol for
g € G and f € By(G).

Assume x; has an infinite life time. By the simple Markov property and the left
invariance, for s < t and f € B,(G),

E[f(xs_l,rt) | ]::] = PS,t(f © lacgl)(mS) = PS,tf(e)-
This shows that 'z, is independent of F¥ and has the distribution Ps(e,-). Thus,

S
like a left invariant homogeneous Markov process considered in §3, z; has independent
increments. However, these increments are in general not stationary.

A rcll process z; in G, with an infinite life time and independent increments, will be
called an inhomogeneous Lévy process. In contrast, the Lévy processes defined in §3 may
be called homogeneous. Note that the class of inhomogeneous Lévy processes includes
homogeneous ones as special cases. As for homogeneous Lévy processes, it is easy to
show that an inhomogeneous Lévy process x; is a left invariant inhomogeneous Markov
process. To summarize, we have the following result.

Theorem 19. The class of left invariant inhomogeneous Markov processes in G, that
have rcll paths and infinite life times, coincides with the class of inhomogeneous Lévy pro-
cesses in G. For such a process x, with transition semigroup Py, Ps(e,-) is the distri-
bution of the increment xs_lxt, 0<s<t.

A family of probability measures pu,; on G, 0 < s < t, is called a two-parameter
convolution semigroup on G if p,; = piy 5% ps ¢ for r < s <t. It is called right continuous
if ps+ — pu,» weakly as s L uw and t | v. It is called continuous if y,; is continuous in
(s,t) under the weak convergence. Note that if u; is a continuous convolution semigroup,
then pis+ = p¢—s is a continuous two-parameter convolution semigroup. For simplicity, a
two-parameter convolution semigroup may also be called a convolution semigroup.

It is easy to see that if x; is an inhomogeneous Lévy process in G, then by the rcll
paths, the distributions g, of its increments r;lay, s < t, form a right continuous
convolution semigroup with p:; = J. for all ¢ > 0, which is called the convolution
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semigroup associated to process x;. Moreover, p, is continuous if and only if x; is
stochastically continuous.

Now let 115+ be a continuous (two-parameter) convolution semigroup on G with p;; =
de. For u,t € Ry, v € G and f € Co(Ry x G), let

(23) Rof(uz) = /G £+, 2yt ().

It is easy to show that this defines a conservative Feller transition semigroup R; on the
product space Ry x G. Let z; be the associated Feller process in Ry x G. Then z; has
an inﬁnite life time, and given zp = (u,z), 2t = (u + t,y;) is such that for f € C.(G),
Ewalf fG (xy) pouutt(dy). Let x4 = y—y, for ¢ > u. Then z; is a left invariant
1nhom0geneous Markov process with an infinite life time, and its transition semigroup
P, ; is given by P ;(e, -) = s+, and hence z; is an inhomogeneous Lévy process associated
to the convolution semigroup pi5 ;. As a component of a Feller process, x; is stochastically
continuous.
To summarize, we have established the following result.

Theorem 20. Let ps4, 0 < s < t, be a two-parameter convolution semigroup on G
with ey = d.. Then psy is associated to a stochastically continuous inhomogeneous
Lévy process in G if and only if ps+ s continuous.

By the Markov property, it can be shown that the finite dimensional distributions
of an inhomogeneous Lévy process z; in G with initial distribution po and associated
convolution semigroup fis ¢+ are given by

E[f(xtlvxtgv"'axtn)] = /f(xoxlvmoxlx%”'vxoxll?"'xn)

(24) po(dzo) o, (dzy) iy o, (d) - - pre,_y 1, (dn)
for 0 <t <ty <---<t,and f € By,(G").

Remark 21. Let x; be a process in G with an infinite life time. By the proof of
Theorem 19, z; is a left invariant inhomogeneous Markov process if and only if it has
independent increments. In this case, if for any s > 0, z;'x; — e in distribution
as t — s, then the distributions s, of x; 'z, s < ¢, form a continuous convolution
semigroup with p; ¢ = 0, for ¢ > 0. It follows that the transition semigroup R; of the
process z; = (u +t,Zy41), given in (23), is Feller, and hence z; has a rcll version that is
an inhomogeneous Lévy process in G.

More generally, let x; be a left invariant inhomogeneous Markov process in G without
assuming an inﬁnite 1ife time, and let Ps; be its transition semigroup. Then P, ,f(x) =
Py (f o fG xy) st (dy), where ps, = P (e, ). Assume p,, is continuous in
(s,t) under the weak convergence. Although p; is a sub-probability, R, defined by (23)
is still a Feller transition semigroup on R, x G, and hence z; has a rcll version.

Recall that a Radon measure has a finite charge on any compact set. A measure is
called diffuse if it does not charge points. The reader is referred to [21, Chapter 12] for
the standard definition of a Poisson random measure.

Theorem 22. Let x; be a left invariant inhomogeneous Markov process in G with a
possibly finite life time and transition semigroup Ps:. Assume x: has rcll paths and
is stochastically continuous. Then there are a diffuse Radon measure X on Ry and a
stochastically continuous inhomogeneous Lévy process Ty in G with transition semigroup
Ps,t such that

(25) Py =e MNP,
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This means that process xy is equal in distribution to T; killed at the random time point
of an independent Poisson random measure & on Ry with intensity measure . More
precisely, if for any starting time s, let T be the first point of £ on (s, 00), and let x}, = &
for s <t <7 and x, = A fort > T, then x} is an inhomogeneous Markov process with
transition semigroup P ;.

Proof. To prove (25), note that by the left invariance and the semigroup property of tran-
sition semigroup, Ps;1 = Ps;1(e) and for r < s < t, P,;1(e) = [ P, s(e,dx)Ps 1(x) =
P, ;1(e)Ps 1(e). By the right continuity of P;;1(e) in ¢, it follows that there is a Radon
measure A on R such that P, 1(e) = e (&), Let Ps,t =eMEDP . Then Py is a
conservative two-parameter transition semigroup and fi5; = ]537t(e, -) is a two-parameter
convolution semigroup of probability measures on G. By the stochastic continuity of xy,
A is a diffuse measure and hence fi;; is continuous. By Theorem 20, there is a stochas-
tically continuous inhomogeneous Lévy process #; in G associated to fis¢. This proves

(25). O

As for a homogeneous Lévy process, we define an inhomogeneous Lévy process z; to
be associated to a filtration {F;} if x; is adapted to {F;} and for s < t, x;la; is
independent of Fs. This is equivalent to saying that x; is associated to the filtration
{F:} as an inhomogeneous Markov process.

Let z; be an inhomogeneous Lévy process x; in G with associated convolution semi-
group ps.. If it is associated to a filtration {F;}, then for fixed r € R4, the process
¥y = x4y, t € Ry, is an inhomogeneous Lévy process with associated convolution
Semigroup Vs ¢ = [ty4s r+t, and is independent of F,.. In a certain sense, this holds when
r is replaced by a stopping time. The following result is an inhomogeneous analog of
Theorem 6.

Theorem 23. Let x4 be an inhomogeneous Lévy process in G with associated convolution
semigroup pst. Assume it is associated to a filtration {F}. If 7 is an {F;}-stopping
time, then for t1 <ty < .-+ <t, and f € By(G"),

Bl (@7 @rsty 27 Trtas 07 it )< | ]
= /f(xlymlx2,...,x1x2...xn)

oty (AT oty ot (dT2) - prit, vt (A7) L r<oo)-

This implies that under the conditional distribution given T, x}, = x- 2,14 is an inhomo-
geneous Lévy process in G with associated convolution semigroup Vs = firys rit, and is
independent of F,. More precisely, this means that for any bounded F.-measurable H,

E[Hf(m;1x7+t17x;1xr+t2a s ax;lx'r+tn)1[r<oo] | O—(T)}

= E[H |o(7T)] / flxy, . i@ ) gy (A1) - gty rtet, (dxn)1[7<oo]'
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Proof. We may assume f € Cy(G™). As in the proof of Theorem 6, first assume 7 has
discrete values. Then

Elf (27 gy, 07 ity oo, 7 g, ) rcoo] | Frl
= Z E[f(xt_ll‘t-&-tul't_lxt-i-tza . 7$[193t+tn) | Fillpr—y
t<oo
- Z/f(x1a$1l‘2,.._73;13';2...%‘”)
t<oo

(it ety (AT ety s (dT2) - Bty et (AT0) 1=y
= /f(l‘1,iE1932,...,z1x2...zn)

for ity (AT1) for oty ety (d2) - fhrt, -y et (d20) L r <o)

For a general stopping time 7, choose discrete stopping times 7, | 7. The result
follows after taking the limit of the above expression with 7 = 7,,, as m — oo and using
the right continuity of pi ;. O

The basic theory of inhomogeneous Lévy processes in a homogeneous space X = G/K
may be developed parallel to the case of Lévy processes in G/K discussed in §4 with
suitable modifications, assuming K is compact and G/K has a continuous local section.
Thus, a G-invariant inhomogeneous Markov process z; in X, that has rcll paths and
an infinite life time, will be called an inhomogeneous Lévy process in X. Let P;; be
its transition semigroup and let ps; = Ps((0,-). Then ps, are K-invariant, and by the
Markov property and the G-invariance of P;., it can be shown that the finite dimen-
sional distributions of z; are given in (24) if the integral like [ f(zy, zyz)u(dy)v(dz) is
understood in the sense of (19) with a choice of a section map S (but not dependent on
the choice).

By (24), it can be shown that an inhomogeneous Lévy process in X can be character-
ized by independent increments just like an inhomogeneous Lévy process in G. This is
similar to the homogeneous case, see the proof of Theorem 14. The result is summarized
below.

Theorem 24. Let x; be a rell process in X = G/K with an infinite life time and let
{FF} be its natural filtration. If xy is an inhomogeneous Lévy process with associated
transition semigroup Psy, then for any section map S and s < t, x;tx, = S(xs) oy is
independent of FZ, and its distribution is p1sr = Ps(0,-), so is K-invariant and does
not depend on the choice for S. Conversely, if for some section map S and any s < t,
vtz = S(xs) Loy is independent of F¥ and its distribution is K -invariant, then x, is
an inhomogeneous Lévy process in X.

A (two-parameter) convolution semigroup ps; on X = G/K, 0 < s < t, and its
continuity and right continuity, are defined just as on G. For a convolution semigroup
tst on G, because for any ¢, iy, * pr 1 = pt ¢, it follows that p;; = py for some compact
subgroup H of G (which may depend on t). Because pis+ = pis,s%fbst = fbs t¥}itt, it follows
that if each ps is K-right invariant, then each p,, is K-bi-invariant. The following
simple result may be derived from Proposition 9 in the same way as Proposition 12.

Proposition 25. (a) If s, is a convolution semigroup on G such that each measure
s 18 K-right invariant, then each s is K-bi-invariant.

(b) If vsy is a convolution semigroup on X = G/K, then each vy, is K-invariant.

(¢) The map

Ust > Vst = Tls ¢
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is a bijection from the set of K-bi-invariant convolution semigroups pis+ on G onto the
set of convolution semigroups vsy on X = G/K. Moreover, ps; is continuous (resp.
right continuous) if and only if so is vs4.

For an inhomogeneous Lévy process z; in X, the distribution p,; of its increments
v ley = S(xs) tay, s < t, form a right continuous convolution semigroup on X with
Her = 0o for all £ > 0 (not dependent on the choice for the section map S), which is
called the convolution semigroup associated to process x;. The right continuity requires
a short proof given below.

Because a lescH space is paracompact, there is a partition of unity {¢;} on X. This
is a collection of functions ¢; € C.(X) with 0 <1; < 1 such that Zj 1; = 11is a locally
finite sum, that is, any point of X has a neighborhood on which only finitely many terms
1; are nonzero. We may also assume that for each j, there is a section map S; on X that
is continuous on the support of ¢);. Then by (24), for s < ¢, f € Cp(X) and a section
map S on X,

Ms.,t(f)

BIF(S(=0) ™ 2] = 3 Bl (22)(S(2) " 20)

(26)

D By () £ ()™ 20)] = B w5 () £S5 (20) 0]

This shows that i, .(f) is right continuous in s and ¢.
The following two results may be proved as for Theorems 20 and 22, respectively.

Theorem 26. Let p15, be a convolution semigroup on X = G/K with p; = d,. Then
st 15 associated to a stochastically continuous inhomogeneous Lévy process in X if and
only if ps ¢ 15 continuous.

Theorem 27. A stochastically continuous G-invariant inhomogeneous Markov process
¢ in X = G/K, with rcll paths and a possibly finite life time, is identical in distribution
to a stochastically continuous inhomogeneous Lévy process &, killed at the random time
point of an independent Poisson random measure on Ry with a Radon intensity measure
A. The transition semigroups Ps; of x¢ and 1557,5 of &y are related by (25).

Remark 28. Let x; be a G-invariant inhomogeneous Markov process in X = G/K. It
can be shown as in Remark 21 that if pus; = Ps(o,-) is continuous in (s,¢) under the
weak convergence, then x; has a rcll version. If z; also has an infinite life time, then this
verion is an inhomogeneous Lévy process in X.

As for a Lévy process, an inhomogeneous Lévy process g; in G is called K-conjugate
invariant if its transition semigroup Ps; is K-conjugate invariant, that is, if Ps;(focy) =
(Ps.tf)ocy for f € By(G) and k € K. This is equivalent to saying that for any ¢ > s > 0

and k € K, k(g;tg )kt 4 g: tg: (equal in distribution). For gy = e, this is also
equivalent to saying that for any k € K, the two processes g; and kg,k~! are equal
in distribution. The following result can be easily proved as for Theorem 18, and its
converse holds on a homogeneous space of a Lie group, see [27, Theorem 33].

Theorem 29. Let g; be a K -conjugate invariant inhomogeneous Lévy process in G. Then
xy = g0 is an inhomogeneous Lévyprocess in X = G/K. Moreover, the transition
semigroups Ps ¢ of gr and Qs+ of x¢ are related by (Qs ¢ f)om = Ps4(fom) for f € By(X).

6. MARKOV PROCESSES UNDER A NON-TRANSITIVE ACTION

Let X be a topological space under the continuous action of a topological group G,
both are assumed to be lcscH, and let z; be a G-invariant rcll Markov process in X with
transition semigroup P;. Suppose the G-action on X is non-transitive. Then X is a
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collection of disjoint G-orbits. In this case, under some suitable regularity condition, we
may obtain a decomposition of the process into two components, one transversal to the
G-orbits and the other along an orbit, with the former preserving the Markov property
and the latter preserving the G-invariance.

We first derive a simple result under a general setting. Let X/G be the space of
G-orbits and let J: X — (X/G) be the projection map: = — Gz. Equip X/G with
the quotient topology induced by J so that J is continuous and open. Note that if G is
compact, then X/G is lescH.

Theorem 30. J(x) is a rcll Markov process in X/G with transition semigroup Q; given
by
(27) Qify) =P(foJ)(x), y=J(x)eX/G and f € By(X/G)

(Q: does not depend on the choice of x in Gy due to the G-invariance of P;). Moreover,
when G is compact, if x; is a Feller process, then so is J(xy).

Proof. For f € By(X/G) and y € (X/G),

E[f o J(ze1s) | Fi'] = Po(f o J)(@) = Qs f(J(m1)).
This proves that J(z;) is a Markov process in X/G with transition semigroup Q;. When
G is compact, if f € Co(X/G), then foJ e Co(X) and (Qif) o J = P(f o J) € Cy(X),
which implies Q:f € Co(X/G). The Feller property of J(z;) follows from that of z;. O

Let Y be a topological subspace of X that is transversal to the action of G in the
sense that it intersects each G-orbit at exactly one point, that is,

(28) VyeY, (Gy)nY ={y} and X =UyueyGy.

Then Y will be called a transversal subspace of X (under the G-action). Let J;: X —» Y
be the projection map Jy(z) = y for x € Gy. Note that Y is naturally identified with
the orbit space X/G via the map y — Gy and J; identified with J, but the subspace
topology on Y may not be the same as the quotient topology on X/G induced by J.
However, when G is compact and Y is closed in X, then the two topologies on Y agree
and J7 is continuous.

In the rest of this section, we will assume the two topologies agree even when G is not
compact. Then Jj is continuous. The following result is an immediate consequence of
Theorem 30.

Theorem 31. y, = Ji(x¢) is a rcll Markov process in the transversal subspace Y with
transition semigroup Q¢ given by

(29) Qif(y) =P (fodi)(y), wyeY and f e By(Y).

Moreover, if G is compact and if xy is a Feller process in X, then y; is a Feller process
mY.

Now assume the isotropy subgroup of G at every point y € Y is the same compact
subgroup K of G. This assumption is often satisfied if the transversal subspace Y is
properly chosen. For example, consider R? without the origin under the action of the
group O(d) of orthogonal transformations on R?. The O(d)-orbits are spheres centered at
the origin, and any curve from the origin to infinity is transversal if the curve intersects
each of these spheres only once. When the curve is straight, that is, if it is a half line,
all its points will have the same isotropy subgroup of O(d).

Let Z = G/K. For y € Y and z € Z, the product zy = gy, where z = gK, is well
defined. For y € Y, zy traces out the G-orbit through y as z varies over Z, and hence
Z may be regarded as the standard G-orbit. Note that map F: (Y x Z) — X given by
(y,2) — zy is bijective. Because the restricted action map G x Y — X, (g9,y) — gy, is
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continuous and the projection map G XY =Y x Z, (g,y) — (y,gK), is open, it follows
that F' is continuous. If G is compact, then it is easy to show that F' has a continuous
inverse and hence F: Y X Z — X is a homeomorphism.

We will now take this to be part of our assumption. By slightly changing the notation,
our general setup may be stated as follows. Let X =Y X Z be a topological product with
7Z = G/ K, where G is a topological group and K is a compact subgroup. Assume both YV’
and G are lescH. Let G act on X by its natural action on G/K, that is, g(y, 2) = (y, 9z)
forge G,ye€Y and z € Z. Then Y x {o} is transversal to the G-action and K is the
common isotropy subgroup of G at every point of ¥ x {o}. Let

(30) J:X—=Y, and J:X =7

be the natural projections (y, z) — y and (y, z) — z, respectively.

The processes y; = Ji(x¢) and z; = Jo(xy) are called respectively the radial and
angular parts of process z;. By Theorem 31, the radial part y; is a Markov process in
Y. As the angular process z; lives in the standard G-orbit Z which is invariant under
the G-action, it is natural to expect that it should inherit the G-invariance of x; in
some sense. Before discussing the properties of the angular process z;, we present some
examples of spaces under group actions for which the topological assumptions made here
are satisfied.

Example 1: Let X = R™™ =Y x Z with Y = R™ and Z = R". In this case, G = R"
(additive group), and K consists of only the origin in R™.

Example 2: Consider the action of the orthogonal group G = O(d) on X = R? (d > 2).
Any half line Y from the origin is a transversal subspace. Except the origin, all the
points in Y have the same isotropy subgroup K of O(d), which may be identified with
the orthogonal group O(d — 1) on a (d — 1)-dimensional linear subspace of R%. The
O(d)-orbits are spheres in R? centered at origin.

Let X’ be the RY without the origin. Then X’ = Y’ x Z, where Y’ = (0, 00), and Z
is the unit sphere S?~! = O(d)/O(d — 1), via the map (r,2) — rz from Y’ x Z to X'.

Example 3: Consider the space X of n x n real symmetric matrices (n > 2) under the
action of G = O(n) by conjugation: (g,z) — grg~! for g € O(n) and € X. Because
symmetric matrices in X with the same set of eigenvalues are O(n)-conjugate to each
other, the set Y of all n x n diagonal matrices with non-ascending diagonal elements is
a transversal subspace.

Let Y’ be the subset of Y consisting of diagonal matrices with strictly descending
diagonals. Then all y € Y’ have the same isotropy subgroup K of G = O(n), which is
the finite subgroup of O(n) consisting of diagonal matrices with +1 along diagonal. Note
that an element of Y’ not in Y has a larger isotropy subgroup. Let X’ be the subset of
X consisting of symmetric matrices with distinct eigenvalues. Then X’ may be identified
with Y’ x (G/K) via the map (y, gK) — gyg~* from Y’ x (G/K) to X'.

Example 4: For readers who know symmetric spaces, we mention one more example.
Let X = G/K be a symmetric space of noncompact type, with a fixed Weyl chamber a
and the centralizer M of ay in K, see [16]. Let A, C G be the image of a; under the Lie
group exponential map from the Lie algebra of G to G. The set X’ of regular points in X
is diffeomorphic to A4 x (K/M) under the map: Ay x (K/M) given by (a, kM) — kaK,
so X’ under the K-action satisfies our assumption with Y = A, and Z = K/M. A
special case is the space X of n x n real positive definite symmetric matrices of unit
determinant, and X’ is the space of those matrices with distinct eigenvalues. This is a
subset of the space in Example 3.
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It may occur as in Examples 2, 3 and 4 that not all the points of the transversal
subspace Y share the same isotropy subgroup of G, but by restricting to a slightly
smaller open subset Y’ of Y and the G-invariant open subset X’ of X that is the union
of G-orbits through Y, our assumptions are satisfied. In this case, if x; is a G-invariant
rcll Markov process in X, then its restriction to X', defined below, is a G-invariant rcll
Markov process in X’.

The restriction of the process x; to X' is the process &y in X’ defined by

(31) Ty =x¢ for t<( and I;=A for t>¢(,

where ¢ =inf{t > 0; z; € X' or 23— ¢ X'} (inf ) = co by convention) and A is the point
at infinity (see Appendix A.3). Then I is a rcll process in X’. Moreover, ( is a stopping
time under the natural filtration {F7} of process z; because [( = 0] = [z & X'] and for
any t > 0,

[t <] = Upsi{lz: € X)]N [z, € X], for any r € Q with 0 < r < t]} € Ff,

where X/, are open subsets of X with closures X/ contained in X’ and X! 1 X’ as n 1 oo,
and Q is the set of rational numbers.

Proposition 32. If x; is a G-invariant rcll Markov process in X, then Iy is a G-
invariant rcll Markov process in X' with transition semigroup P; given by

(32) Pif(x) = Ey[f(x);t < (] for feBy(X') and z € X'

Proof. Let 0; be the time shift (see Appendix A.3). For s <, ;<] = Ljs<¢](Ljt—s<¢)0bs)
and

Ew[f(j;t) | ]:;U] = Ew[f(xt>1[t<4] | ]_-;c] = Ew{[f(xtfs)l[tfs<d] o0 | ]:;CH[S<C]
= Eo [f(@-s)lp—s<cllis<q) = Piesf(@s)s<q) = Pims f(25),
under the convention that any function on X or X’ vanishes at A. This shows that & is

a Markov process in X’ with transition semigroup P By Proposition 1, the G-invariance
of process z; implies the G-invariance of P;. ([l

Remark 33. We may also define the restriction of process z; in X’ by stopping x; at
the first time 7 when it exits X', where 7 = inf{t > 0; x; & X’}. Thus, let x} be defined
by (31) with & and ¢ replaced by z; and 7. However, 7 in general is not a stopping
time under FF and z; may not be rcll in X’. By the standard stochastic analysis, 7
is a stopping times under the filtration {F;} that is the completion of {F}_}, and if
the original process x; is quasi-left-continuous, that is, if z, = lim, x,, almost surely
on [0 < oo] for any {F;}-stopping times o, 1 o, then the two processes x} and Z; are
identical almost surely. To show this, let X/ be the open subsets of X’ with X] 1T X’
as defined earlier, and let 7,, be the first times when z; exits X,,. It is easy to see that
7o T ¢, and so by the quasi-left-continuity, ¢ = lim,, 2., almost surely. Because X7, is
open, z., & X/, and hence z; ¢ X' almost surely. This shows ( = 7 almost surely. It is
well known that a Feller process is quasi-left-continuous (see [21, Proposition 25.20]).

7. ANGULAR PART

As discussed in the previous section §6, when discussing an invariant Markov process
under a non-transitive action, by suitably restricting the process, it may be possible to
work under the following setup, which will be assumed throughout this section. Let
X =Y x Z be a topological product with Z = G/K, where G is a topological group
with identity element e and K is a compact subgroup. Assume both Y and G are lescH.
Let G act on X by its natural action on G/K. Then with o = eK, Y x {0} is transversal
to the G-action and K is the common isotropy subgroup of G at every point of Y x {o}.
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We will also assume G/K has a continuous local section (as defined in §4). As in §6, let
J1: X =Y and Jo: X — Z be the natural projections.

We mention an important case when this setup holds. When X is a manifold under
the (smooth) action of a Lie group G, and Y is a submanifold of X transversal to the
G-action, if the tangent space of X at any y € Y is the direct sum of the tangent space
of Y at y and that of the orbit through y, that is, if

(33) VyeY, T,X=T,(Gy)@®T,Y (adirect sum).

then by [17, II.Lemma 3.3], for any y € Y, there is a neighborhood U of y in Y, and a
neighborhood V of o = eK in Z = G/K, where e is the identity element of G as before,
such that the map (u,v) — vu is a diffeomorphism from U x V onto a neighborhood of
y in X. From this, it is easy to show that F: Y x Z — X is a diffeomorphism. The
existence of a continuous local section holds automatically in the Lie group case.

Let x; be a G-invariant Markov process in X. By Theorem 31, the radial process
yr = J1(z¢) is a Markov process in Y. The purpose of this section is to study the angular
process z; = Ja(x¢) under the conditional distribution given the radial process y;. We
now begin with some preparation.

Let (S, p) be a complete and separable metric space, and let D(S) be the space of rcll
paths in S, that is, the space of rcll maps: Ry — S. Under the Skorohod metric, D(.S)
is a complete and separable metric space (see [10, chapter 3]). By Proposition 5.3(c) in
[10, chapter 3], the convergence x,, — x in D(S) means that up to a time change that is
asymptotically an identity, ,,(¢t) converge to x(t) uniformly for bounded ¢. Precisely, this
means that for any T' > 0, there are bijections \,,: R. — R, (necessarily continuous with
An(0) = 0) such that |A,(t) —t] = 0 and p(x,(t), x(An(t))) — 0 as n — oo uniformly for
t € [0, T]. By Proposition 7.1 in [10, chapter 3], the Borel o-algebra on D(.S) is generated
by the coordinate maps: D(S) — S given by x — z(t) for t € R;. It is easy to show
that the topology on D(S) induced by the Skorohod metric is determined completely by
the topology of (5, p), and does not depend on the choice of p.

Let XA = X U {A} be the one-point compactification of X. Because X is a lescH
space, X is metrizable (see Theorem 12.12 in [5, chapter I]), and as being compact,
XA may be equipped with a complete and separable metric. Let D’(X) be the space of
rcll paths in X with possibly finite life times. These are rcll paths in XA such that each
path z(-) is associated to a life time ¢ € [0, oo] with z(¢) € X for t < ¢ and z(t) = A for
t > (. By Proposition 34 below, D'(X) is a Borel subset of D(Xa), and hence D’(X) is
a Borel space (see Appendix A.7 for the definition of Borel spaces).

Proposition 34. D'(X) is a Borel subset of D(Xa), and hence D'(X) is a Borel space.

Proof. Let X,, be open subsets of X such that X,, C X,,;; and X,, + X. Then D'(X) =
Nm>0A(m), where A(m) = U2, Upegr>0 A(m,n,r) and A(m,n,r) = {& € D(Xa);
z(s)=Afor se QNir, 0o0) and z(s) € X,, for s € QN [0, r — 1/m]}. O

For b > 0, let D;(X) be the subset of D’(X) consisting of all paths with a common
constant life time b. Then Dj(X) is a closed in D’(X) under the Skorohod metric, and
D (X) = D(X).

Recall J;: X — Y and Jy: X — Z are the natural projections ¥ x Z — Y and
Y x Z — Z. We will also use J; and J, to denote the maps

Ji: D'(X) — D'(Y), z(-) = y(), and Jo: D'(X) — D'(Z), =z() — =z2(),
respectively, given by the decomposition z(-) = (y(-).z(+)).

Recall z; is a G-invariant rcll Markov process in X. It may be regarded as the
coordinate process on the canonical path space D’(X), that is, z¢(w) = w(t) for w € Q.

The radial part y; = Ji(z;) and the angular part z; = Jao(z;) are thus the coordinate
processes on D'(Y) and D'(Z), respectively. For t > s > 0, let FY, = o{yu; u € [s, 1]},
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the o-algebra on D'(Y) generated by the radial process on the time interval [s, ], and
set FY = F; and FY = o{Uis0F7°}-

The distribution P, of the process x; with zg = z is a probability kernel from X to €.
By the standard probability theory, if the underlying probability space (€2, F, P) is a Borel
space, then for any o-algebra G C F, there is a regular conditional distribution Q(w, B)
of P given G, which is a probability kernel from (£2,G) to (22, F), such that for B € F,
P(B | G) = Q(-, B) P-almost surely. This result can be extended to our probability kernel
P, (by suitably adapting the standard proof as in [21, Theorem 6.3]). Let P.(z(:),-) be
of regular conditional distribution of P, given the radial process y; = Jiz;, that is, given
J;H(FY). This is a probability kernel from (X x Q, B(X) x J; ' (FX)) to (2, F). Because
it is B(X) x J; *(FY)-measurable, for any y(-) € D'(Y), P.(z(-),-) is constant on the
set JTH({y()}). Let PY (y(-),-) = PL((y(),0(+)),-), where o(-) € D'(Z) is the constant
path o(t) = o for all ¢t > 0.

For x € X with decomposition z = (y, z), let

(34) Qy = J1P: = Po(J7 ' ().

This is the distribution of the radial process y; = Jiz; with yg = y, and it does not
depend on z in the orbit Gy. For z € Z, y(-) € D'(Y) and x = (y(0), 2), let

(35) RYO() = P (y(), I3 ()
This is a probability kernel from Z x D'(Y) to D'(Z) such that for any y € Y, z € Z
and measurable F' C D'(Z), with x = (y, z),

(36) RYO(F) = P[J; Y(F) | JTHFY)]  for Qy-almost all y(-).

Thus, Rg(') is the conditional distribution of the angular process z; = Ja(x:) given the
radial path y(-) under P, with x = (y(0), 2).

The life time ¢ of process x; is equal to that of the radial process y;, and hence is
JH(FY)-measurable. Thus, given J; ! (FY) or under RYO), ¢ is a constant. For z € Z
and Q,-almost all y(-) € D'(Y), the measure RY") is supported Di(X).

For t € Ry, the time shift 6} on D’(Y) is defined as usual by 6} y(-) = y(- +t). Then
ys 00 = y.., for the coordinate process y, on D'(Y).

Recall Lévy processes in Lie groups and homogeneous spaces, including inhomogeneous
ones, are defined to have infinite life times, but these definitions may be easily modified to
include processes defined on a finite time interval [0, T'] or [0, T) for some constant 7' > 0.
The following result says that almost surely, given the radial process y;, the conditioned
angular process z; is an inhomogeneous Lévy process in Z = G/K for 0 <t < (.

Theorem 35. Fory € Y and z € Z, and Qy-almost all y(-) in D'(Y), the coordinate
process z; on D’C(Z) is an inhomogeneous Lévy process under RYY) . The associated con-

volution semigroup [is+, setting ps+ =0 fort > (, is fgft-measumble for any s <t (that
is, ps,¢(B) is FY,-measurable for B € B(Z)) and has the time shift property

(37) Iis,t = Ho,—s © 0) .

Moreover, the transition semigroup P; of the Markov process xy is given by
(38) VfeBy(X)andx=(y,2) € X, Pf(z)= Qy[/#O,t(dzl)f(yt,221)1[c>t]]-

Proof. Recall Q; is the transition semigroup of the radial process y;. By the existence of a
regular conditional distribution, there is a probability kernel R;(y,y1,) from Y2 =Y xY
to Z such that for y € Y, Pi((y,0), dy1 X dz1) = Qi(y,dy1)Re(y,y1,dz1). Then let
Ri(y,y1,-) = J2 R (y, (y1,0), ), noting R;(y, (y1,2),-) is constant in z € Z and supported

by Ji ({1 }).
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The G-invariance of P; implies that P;((y, 0),-) is K-invariant, and hence the measure
Ri(y,y1,-) is K-invariant for Q(y, -)-almost all y;. Modifying R; on the exceptional set
{(y,y1); Re(y,y1,-) is not K-invariant}, its y-section has zero Q¢(y, -)-measure for all y €
Y, we may assume R;(y,y1,-) is K-invariant for all y,y; € Y. Therefore, for z € Z, it is
meaningful to write R (y,y1, 2~ 'dz1) = Ri(y,y1, S(2) 'dz1) and [ f(z21)Re(y, y1,dz1) =
J f(S(2)z1)Re(y, y1,dz1) because they are independent of choice of section map S. We
then have, for z = (y, z) € X,

(39) VyeYand z€ Z, Pz, dz xdy) = Qily,dy1)Re(y,y1,2 "dz1).
For 0 < sy <sg<-+<s,<00,y€Y,2€Z heCy(YF*) and f € C,(ZF),

K, ys17~-~7ysk)f(zs17'"azsk)1[4>sk]]

[h(
//Psl(:r, dz1 x dys)

P52*81((y17zl)a dZQ X dyQ) te 'Pskfsk,_l((ykfluzkfl)y dzk X dyk:)
Ry, y2, - ye) f(21, 22, 28)

= /Qsl (y? dyl)Q32—51 (yla dy2) o st—sk71 (yk:—l; dyk:)h(yla Ya,. .. ayk)

/R81 (yv Y1, le)R32_31 (yla Y2, dz2) te RSk—Sk—l (yk—17 Yk, dzk)

flzz1, 22120, .., 221 -+ 2k)
= Ey[h(y&vysm RN ySk)/Rsl (y,ysl,dzl)R82_81 (yslnyQ,dZQ) L
RSk‘,*Sk—l(ySk—17ySk7de)f(ZZ]7 2129y BEL Zk)1[<>sk_]].

This implies that P,-almost surely on [( > sg],

Ef[f(zsl, .. ,Zsk) | Ysys-o- 7ysk] = /R81 (ya y517d21)R82*81 (yslvysgvdZQ) T

(40) Ry —siyYsp_1sYUspr Az ) f(z21, 22129, ..o 221 -+ 28)]-

For an integer m > 1, let I, be the set of dyadic numbers /2™ for ¢ = 0,1,2,...
and let I' = UX_ Ty, For s <t <T inT,,,let 0 =590 <s1 <sa3<---<s,=Thea
partition of [0, T spaced by 1/2™ with s = s; and ¢ = s;, and let

(41) /J'Z,It = R5i+175i (y5i7y5i+17 ) * R5i+2*8i+1 (y8i+17y8i+27 ) ke Xk stfsj—l(ysj—l7y5j7 )

By (40), K-invariance of P;((y,0),y1,-) and the measurability of ;" in ys,, ..., ¥ys,,
(42) Ng?t(f) = Er[f(zglzt) ‘ Ysiy-oos ysk] = Ex[f(zglzt) ‘ Ysiyeos ij]

P,-almost surely on [ > T for f € Cy(Z), which is independent of the choice for the
section map S to represent 271z, = S(z5) 12

By the right continuity of y;, as m — 00, o{ys,, ..., ys. } T F7 and o{ys,,...,ys, } T
th» it follows that as m — oo, ug(f) — E.(f(z7 %) | Fr] = Elf(z71z) | .7-'2;]
P,-almost surely on [ > T]|. The exceptional set may be chosen simultaneously for
countably many f € Cp(Z) and hence for all f € Cp(Z). It follows that P,-almost surely
on [¢ > T, there is an K-invariant probability measure s such that Hay = ps,t weakly
and for f € Cy(2),

(43)  psa(f) = Bolf (23 20) | FT ] = Eolf (27 20) | F2}] Po-almost surely on [¢ > T1.

Note that uy", is independent of choice 1" € I';;, with T' > ¢, and hence p ¢ is defined for
any s,t € I' with s <t < ¢. Set pyy = 6, and psy = 0 for ¢ > (. By (41), ps, is an
]-'s’f ,~measurable random measure independent of starting point x and has the time shift
property (37) for s,¢t € I'. Moreover, pi, s * pst = pirs for r < s <t in I'. Because I is



54 MING LIAO

countable, the exceptional set of zero P,-measure for the weak convergence pg'; — ps ¢
may be chosen simultaneously for all s <t and T in I'.

For 0 <t <ty <-+- <t, <TinT, it can be shown from (40) and by choosing
a partition 57 < sg < -+ < s of [0, T| from T' containing all ¢;, spaced by 1/2™, that
almost surely on [ > T1, for f € Cy(Z™),

Ew[f(ztm'") )|JT-T]_ 1E>n E[f(ztu'"aztn)|y817"',y5k]
m— 00
= "}i_f)noo flzz1, 22022, 221 2oy, (dz) g g, (d22) - gty (dzn).

This implies that for 0 <¢; <---<t, <Tinl, y €Y and z € Z, and @,-almost all
y() e[¢>T],

RYOf(zers -2 = Balf (2055 2,) | FY]
(44) /f (221, 22122, -, 221+ 2 o,y (21 bt i, (d22) - - e, 1, (d2).
Then the finite dimensional distribution of the conditioned angular process z; under R‘Z('),
when restricted to time points in I' N [0, 7], has the form consistent with an inhomoge-
neous Lévy process in Z. To prove that the conditioned process z; is an inhomogeneous
Lévy processes in Z, restricted to time interval [0, T, it remains to extend ps ¢ in (43)
to all real s <t in [0, T] and prove (44) for real times t; < t2 < --- < t, in [0, T].

By a computation similar to the one leading to (26), it can be show that for s < ¢ < T
inT and f € Cp(2),

ts t( ij 28)f(S;(zs)"t2) | FXY]  Py-almost surely on [¢ > T,

where {1} is a partition of unity on Z and for each j, S; is a section map on Z = G/K
that is continuous on the support of ¢;. The above expression for ps+(f) extends to
real times s < ¢, and it is clearly right continuous in s and ¢t. Moreover, considering
P.(- | FY) as a regular conditional distribution of P, given FX, no additional exceptional
set is produced. Because for real s < ¢, p is the weak limit of y, 4, for p,g€T'asp | s
and ¢ | t, taking limit in (44) shows that it holds on real time points. It is also clear
that s is F),-measurable and has the time shift property (37).
It remains to prove (38) which follows from

Pof(@) = Eolf((ye, )l csq] = E"L’{Rg(')[f((y/?Zt))}y/:yt]‘[g>t]}
= Q[ moal@) F (w22 o)
where the last equality is due to (44). O

The following result provides a converse to Theorem 35.

Theorem 36. Let y; be a rcll Markov process in'Y with life time ¢ and for any y € Y,
let Qy be its distribution on D'(Y) with Qy(yo = y) = 1. Assume for anyy € Y, z €
Z = G/K and Qy-almost all y(-), there is a probability measure RV on D'(Z) such that
under RZZJ('), the coordinate process zy on D'(Z) is an inhomogeneous Lévy process z; in
Z fort < ¢, with zo = z, and the associated convolution semigroup s (setting pus, =0
for t > () is FY -measurable and has the time shift property (37) as in Theorem 35.

Then x; = (yt,2¢) 18 a G-invariant rcll Markov process in X with transition semigroup
P, given by (38).
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Proof. For z € Z and y(-) € D'(Y), let RY" be the distribution on D’'(Z) of the inhomo-
geneous Lévy process z; in Z for t < ( with zy = z, associated to convolution semigroup
tst. Then for 0 <t; <t <---<t, <(and feCp(Z"),
RZ(.)[f(Ztlﬂzt27 ceesz,)] = /f(ZZh 22122, -, 22122 Zn)
po,t, (dz1) ey b (d22) - - pe,,_y i, (dn).-

Because jis, is F; measurable, Rg(')[f(ztl,ztw...,ztn)] is measurable on Z x D'(Y).

Then a simple monotone class argument shows that RY ) is a kernel from Z x D’ (Y) to
D'(Z).
For x € X with z = (y, 2), let P, be the measure on D'(Y') x D'(Z) defined by

VE € By(D'(Y) x D'(2)),  Puo(F) = Q{R!{V[F(y(), )]}

Then P, is a probability measure supported by the closed subset H of D'(Y') x D'(Z)
counsisting of (y(-),z(-)) with the same life time for y(-) and z(-). The map: z(-) —
(J12(-), Jox(+)) is continuous and bijective from D’(X) onto H, and its inverse is also
continuous under the Skorohod metric. We will identify D’(X) with H via this map, and
then P, may be regarded as a probability measure on D’(X).

For0<s; <sy<---<sp,=s5<t, heCpy(X")and f € Cp(X),

Er[M(ws,, s,y -0y Ts,) f 1))
- Qy{RZ() [h(zsl Y1,255Y25 -+ anyn)f(zty/)]ylzy(sl),yzzy(82)7~--,yn:y(sn%y’:y(t)}

= Qy{/ h(zzlysuZZlZZys'm e, RZ1RZ2 Znysn)f(ZZIZQ T anlyt)
10,5, (d21) fhsy s, (dz2) =+~ s,y s, (dzn)MS,t(dZ/)}

= Qy{/ h(221Ys,, 22122Ysgs - - -5 22122+ ZnYs, M0, (A21 ) sy s (d22) -+ fhs, 1 s, (d2n)
QI [ Hos-e 0 (@)F (12020 ) 06 | 7Y}

= Qy{/ h(z221Ys,, 22120Ysy, - - -5 22122 -+ ZnYs, JH0,51 (A21) sy .55 (A22) - - - s, 1 s, (d20)
Q[ o) a2 o))

= Qy{RZ('){h(zslyl, ZsoY2y + -y 25, Yn)
Qy., [/ p10,t—5(d2") f(Z2"y1—s) 5=z, byi=y(s:) 1<i<n}

= Px{h(l'slyxsw cee vmsn)Pthf(xS)}'

This shows that under P, x; is a Markov process in X with transition semigroup P

given by (38). It follows directly from (38) that P; is G-invariant. O
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