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V. I. SENIN

SOJOURN MEASURES OF RANDOM WALKS ON DETERMINISTIC
SEQUENCES

We prove that for some class of random walks {Z(n), n > 0}, the random sequence
Tz(n) almost surely inherits the property of a deterministic sequence =, to be uni-
formly distributed.

1. INTRODUCTION

The main object of this article is a random walk on indexes of a deterministic sequence.
More specifically, let X be a separable metric space, F be a Borel g-algebra on this space,
and {z,} be a sequence of points from this space. In the article we will investigate a
uniform distribution of the sequence {z Z(n)y M = 0}, where Z is a random walk on Z
with a reflecting screen at zero.

Asymptotic properties of random walks on deterministic sequences are investigated,
for example, in the papers [1] and [2], where authors consider a measure-preserving
automorphism S of probability space (M, M, i), and a random walk along the orbits of
S, that satisfy the following condition: a particle at € M jumps to Sz or to S~ 'z.
Denote by &,(n) the position at time n of the particle, which starts at z. In [1], [2] the
question of the existence of an invariant measure, that is absolutely continuous w.r.t. p,
is investigated for such random walks, along with the question of the convergence for
the limiting distribution of £,(n) to such a measure. These questions are considered for
diophantine rotations of the torus T? in the article [1], and for Anosov diffeomorphisms
in the paper [2].

In the present article conditions are given, sufficient for a random walk {Z(n),n > 0}
to have the following property: for any sequence {x,, } which is uniformly distributed with
some measure (i, almost all trajectories of the corresponding random sequence {xz(n)}
have the same property.

Our approach is based on the decomposition of the time axis (0, 00) into the random
intervals (6,-1,0;],7 > 0, where #_; = 0 and 6; = sup{n : Z(n) < j} is the moment
of the last visit of the state j (j > 0), with a subsequent use of the methods of renewal
theory. Despite random variables {6, j > 0} not being stopping times, such an approach
becomes possible thanks to the general results from the paper [4].

2. MAIN RESULT

Definition 1. Let {z,,n > 0} be a sequence of points from the space X. It is said that
this sequence is uniformly distributed with measure p (u.d. with measure p), if for any

A € F such that 1(0A) = 0 one has the convergence of sojourn measures pun of the set
A

]\}gnooMN(A) = N—>oo N+ 1 ZXLLEA )
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Note that being uniformly distributed with measure p means the weak convergence
of sojourn measures py of the sequence {z,,n > 0} to u.

Another definition of this property for a sequence in a compact metric space one can
find in [3], chapter 3, § 1.

Define homogeneous Markov chain {Z(n),n > 0} with phase space Z,, that starts
from zero and has the following transition probabilities:

Pji = Pi—j, if © > 0; pjo = > p_p; here p, > 0 for integer n; > p, = 1. Assume

n>j nez

also that the following condition holds:

(A1) For integer n > 1:p, =0.

Note that one can interpret Markov chain Z as a random walk with a reflecting screen
at zero.

The main result of the article is formulated in the following Theorem.

Theorem 1. Let the following conditions hold:

1) > np, > 0;
nez

2) 3" n?p, < .
nez

Then for any sequence {x,,n > 0}, which is uniformly distributed with some proba-
bility measure p, almost surely the sequence {xz(ny,n > 0} has the same property.

Below we make several remarks; before doing that, let us recall that 6; denotes the
moment of the last visit of the state j (j > 0).

Remark 1. Recall that the random walk in the theorem starts from zero. After minor
changes in the proof of the theorem, one can obtain the similar result for the random
walk, which starts from any non-negative state.

Remark 2. The first condition of the theorem is necessary because Z has to be transient.
Otherwise, the decomposition of the time azxis into the random intervals (6;-1,6;],5 >0
does not make any sense, because in this case even 0y = 0o almost surely.

Remark 3. The second condition of the theorem is imposed in order to guarantee, that
the random variables {0;—0;_1, j > 1} have finite expectations. This is a crucial property
for us, which allows a subsequent use of the methods of the renewal theory. Note that the
proof of the fact that {0; — 0,1, j > 1} has finite expectations is nontrivial and is based
on the article [6].

Remark 4. In the paper it is proved, that the condition (A1) guarantees the independence
of the random variables {6, —6;_1, j > 1}. This condition is an analogue of the following
property in continuous time: the process is left-continuous and upper-semicontinuous.
The reason for us to impose this condition is that, without it, the random wvariables
{0; —0;_1, j > 1} have no means to be independent. Seemingly, their dependence can
be controlled in terms of properly chosen Markov chain, but then the application of the
renewal theory methods becomes more complicated. Hence in this paper, for the sake of
simplicity, we restrict ourselves to the chains Z that satisfy condition (A1).

3. PROOF OF THEOREM 1

To make the structure of the proof more transparent, we omit the proofs of auxiliary
Lemmas here. These proofs are given in Section 4.

Lemma 1. Suppose that the following condition holds true for a sequence of random
elements {(,}: for each A € F, such that u(0A) =0
N

. 1
RN oy ;x@m = u(4) as.
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Then the sequence {(,} is uniformly distributed with measure p almost surely.

By Lemma 1, it is enough to prove that for any A from F, such that u(0A) =0

N
(1) A Nr1 ZOXZ(n)GW =pu(4) as.,
where W:={n>0:2z, € A}.
We conduct the proof of the statement (1) for such sets in several stages. The first is
contained in the following Lemma.

N
Lemma 2. Let W be a subset of Z., such that lim ﬁ > Xmew = a. Then
N—o0 m=0

N
. 1
i By 2 Xamew =

Further, let {&,7 > 1} be a sequence of i.i.d. random variables and P{{ = j} =
pj,J =1,0,—1,-2,.... Let Z be a random process, given by the relations

(2) Z(0)=0 a.s., for each natural i : Z(i) = (Z(i— 1)+ &) V0 a.s.

Clearly, then the distributions of Athe random processes Z and Z are the same, hence
in what follows we identify Z with Z.

Recall that _; = 0, 6; = sup{n : Z(n) < j} is the moment of the last visit of the
state j (j > 0). Decompose the time axis (0,00) into the random intervals (6;_1,6;],
j=0.

Lemma 3. Consider a random sequence {&,, n > 1}. Then the segments of the sequence
{80,41,--,80,,, }, are independent and identically distributed. Particulary, the random
variables {01 — 6,02 — 01, ...} are i.i.d.

In Lemma 2 above, the set W and the constant a are not specified. Now, let W =
{n>0:z, € A}, a = u(A). Define the random variables o; in the following way

0o b5
00 = ZXZ(k)eWa gj = Z Xz(kyew, J=1
k=0 k=6;_1+1

N
Lemma 4. Suppose that there exists lim Eﬁ > Xzm)ew = a, and the random
N —oc0 m=0

variables oj,j > 1 are independent. Then
N

. 1
N N+1 mZ::oXZ(m)EW =a as.

Note that for each natural j and non-negative n : {o; =n} € 0{&p,_, +1,-.-,&p, }, hence
the random variables ¢, j > 1 are independent. Therefore the conditions of Lemma 4
hold, so one can deduce (1). The theorem is proved.

4. PROOFS OF LEMMAS 1 — 4

The proof of Lemma 1. Let {a,, n > 1} be a dense set in X and {rg, k > 1} be a dense
set in (0, 00), such that for any positive integer n and k
w(OB(an, 1)) = 0.

Let A be the class of finite intersections of the balls {B(ay,, 7)), n,k € N}. Then for
any set A from A
lim 1 (4) = p(A),

n— oo
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which implies the weak convergence of measures y,, to measure pu, see [5], chapter 1, § 2,
corollary 1. ([l

N N
The proof of Lemma 2. We represent E% Y XZ(m)ew @S asum ) v, NCp, Where ¢, =
m=0 n=0

n
%ﬂ > Xkew, Un, N are some numbers, which will be identified below.
k=0

Write the following chain of transformations

;X
Em Z XZ(m)ew =
m=0
1 N 1 N m
Ni_HmXZ:OP{Z(m) eEW}= N1 Z ZP{Z(m) = n}Xnew =

m=0n=0

N N N
1
m ZXneW Z P{Z(m) = n} = an,NXnEWa
n=0 m=n n=0

where

N
1
Wn, N N+1mE:n {Z(m) =n}

Denote a,, = xnew. Then

Cn = (ag + ... + an) — a, n — oo.

n+1
It is sufficient to prove that

wo,Nao + ... Fwy,Nan — a, N — 00.

To do that, express wo yao + ... + Wy, nvan using the numbers ¢, ¢y, ...,cny and apply
Toeplitz theorem.

Wy, NGO + ... + WN NaN = wo nCo +wi n(2¢1 — o) + ... +wn N (N 4+ 1)ey — Ney—1) =
co(won —wiN) + ... +eno1(Nwnv_1nv — Nwn n) +en((N + Dwn,n).
Further, denote
Vo,N = Wo,N — W1,N,

v, = 2(wi,N — Wa,N),

uN-1,8v = N(wn_1,N — WN,N),

UN,N = (N —+ l)wN,N.
N
Now, to prove that > v, yc, — a, N — 00, let us verify the conditions of Toeplitz

n=0

theorem:

N
(1) > vpn — 1, N — o0;
n=0

(2) for any non-negative n : v, vy — 0, N — o0;
) ) — — : n — -
(3) for any integer n, N, such that 0 <n < N:v, y >0
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Note that the third property has the following interpretation: the expectation of the
number of the visits to the state n during the first IV steps of the random walk decreases
as m increases.

The first property holds true, because

N N
Z Un,N = (Wo,N — wi,N) + oo + (N(wn-1,8v —wN,N)) + (N +Dwyn = Z Wn,N =
n=0 n=0
L. ;. Nom ;XN
T A T S R e

Note that E; > 0, hence Z is transient. Thus P{Z(N) =m} — 0, N — o0, so

N
1
WnN =N mZ::nP{Z(m) =n}—0, N — oo,

which implies the second property.
Let 1 <k < N. Then the following inequality holds true

N N
(3) > P{Z(m)=0}> > P{Z(m)=k}.
m=0

m=k

We prove the inequality (3) by induction on N. For N = 1 the required inequality is
obvious. Note, that for m >n > 1:

P(Z(m) =} = S P{Z(m) = n Zn-1) =i} = 5 PZ(n-1) = ihps

1=n— i=n—1
Hence
N N m-—1
S PzZm) =k =3 3 P{Zm—1) = i}p, =
m=k m=ki=k—1
N-1 N
Z Z P{Z(m —1) = i}pr—; < (the induction assumption) <
i=k—1m=i+1
N—-1 N-1 N-1 N-1
P{Z(m) = 0}pp—; = ( > pk—i) (Z P{Z(m) = 0}> <
i=k—1 m=0 i=k—1 m=0

N-1 N
S P(Zm) =0} < 3 P{Z(m) = 0},
m=0 m=0

as required.

Thus vg,ny > 0.

Now let us prove the third property. Let us show that if 1 < n < N, then v, v >0
using induction on N.

For N =1 this is obvious. Suppose the statement is proved for N =1,...,. M —1 (M >
2). Now let us prove it for N = M. Take M > n + 2. Then

M M
UpM = Wp,M — Wni1,m = 2, P{Z(m)=n}— Y P{Z(m)=n+1}=

m=n m=n+1
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M m-1

> > P{Z(m)=mn, Z(m 1) =k}—

m=n k=n—1

M m-1
S Y P{Zm)=n+1,Z(m—1) =k} =
m=n+1 k=n
M m—1 M m—1
S Y P -1 =kpak— X5 P{Zm—1) = kbpusik =
m=n k=n—1 m=n+1 k=n
M-—1 M M-1 M
Pk > P{Z(m—-1)=k} = > pnp1r 2 P{Z(m—-1)=k}=
k=n—1 m=k+1 k=n m=k+1
—1 M M-—2 M
Pr—i P{Zim—-1)=i}— > pn-i ., P{Zm-1)=i+1}=
1=n—1 m=i+1 1=n—1 m=1i+2
M-—1 M ) M—2 M )
len—i le{Z(mfl):Z}f len—i Z2P{Z(m71):2+1}2
i=n— m=i+ i=n— m=i+

M— M M
, pni( > P{Zm-1)=i} - X P{Z(m—l)zi—i—l})z
t=n—1 m=i+1 m=i+2

M—1 M—1
pni( > P{Z(m)=i}— > P{Z(m)=i+1}) >0,
i m=i+1
by the induction assumption.
For M =n+ 1 and for M = n the third property is obvious. (]

The proof of Lemma 3. The proof is based on the Corollary 2 from the article [4]. For
the reader convenience we formulate this statement below.

Proposition 1. Suppose that {&,}k>0 is a sequence of i.i.d. random variables and that
the sequence of random events {F), }n>0:

(F1) stationary (i.e. the sequence of random variables xr, is stationary),

P{F,} >0,

(F2) xr, = 9(&nt1,&nt2, -.-) for some measurable function g.

Also suppose that

(4) FoN Foim =Bl i 0 Fupm, 1> 0,m >0,

For some array of events {E}, . }n>0m>0, with each E; ., € Oniinym (here
Ontlnt+m 1S the o-algebra generated by the random variables &, n+1 < k < n+m),
and such that, for each fized m, the sequence {E,, ,,\, tn>0, is stationary.

Put 79 = min{n > 0 : xp, = 1}, 71 = min{n > 7 : xp, = 1}, k > 0. Suppose,
that 7, < oo a.s. for all k. Then the segments of the sequence {&r,41,...,6r,,, }, are
independent and identically distributed. In particular, the random variables {1 — 719, T2 —
T1,...} are i.4.d.

Denote F, :={Vm >1: &+ .o+ &upm 21}, By vy = {Vm cm>m/ > 1
Sn1 + o+ &ngm > 1}, and g(Tng1, Tng2,..) = X{¥m>1:ani1+...+ansm>1}- Recall that
Z is given by (2).

Put

Z0):=0; Zn)=& +..+&, n>1

Then the inequality P{F,} > 0 follows from the transience of the random walk Z. It
is easy to see that all other conditions of Proposition 1 hold true. Herein 74 coincides
with 0. The lemma is proved. ([l
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The proof of Lemma 4. Recall, that 6; := sup{n : Z(n) < j}, and that

0o 0;
0p = ZXZ(k)EWv 05 = Z Xzkew, J=1.
k=0 k:9j71+1

First of all, note that the random variables 0;, j > 0 has finite expectations. Indeed,
let gj := sup{n : Z(n) < j}. Condition 2) of Theorem 1 is necessary and sufficient for
the random variables @-, j > 1 to have finite expectations; see [6], Theorem 5.1. Further,
for any non-negative n : Z(n) < Z(n), hence if Z(n) > j, then Z(n) > j. Thus gj >0,
and Ef; < oo, as required.

Let K > 0 such that K > E(6; — 6p). First of all, prove that

1

9",
Z XZ(m)ew — @, T —» O0.
m=0

Indeed, denote A,, := [nE(6; — 6p)] (here [z] is the integer part of number z). Then
from the strong law of large numbers, O"HI —1,n — o0, a.s.

An+
Note that
1 A
EAn 1 mz::OXZ(m)eW —a, N — Q.
Further,
1 On 1 An
0= |9 41 Z XZ(m)ew — A +1 Z XZ(m)eW| <
" m=0 n m=0
min{6,,,A,}
10, — A, | N 10, — A, | _
(A, +1)(0,+1) — XZz(m)ew (O + 1, An + 1) =
2|0n_An| |9,L—An‘
6 <2 —0 —
() max{@n—l—l,An—i—l}_ An+1 , N oo a.s.,
hence
1 0”’ 1 An
T 7 —0,n— .S.
|9n 1 mZ:OXZ(m)eW A1 mZ:OXZ(m)eW| , N — 00, a.s
Since

0 A

1 - 1 -
- - <
|9n +1 mE:o XZ(m)ew A, +1 mE:O Xz(m)ew| S

(2 A
1 = 1 n
— + |— E <92
|0n + 1 mz::OXZ(m)eW | |An 1 :OXZ(m)€W| ~ 4,

then the dominated convergence theorem implies (5). From (5) we have

0,
1 n
(7) E9n+1 Zg XZ(m)ew — @, 71— 00.
m=0o
Let us prove that
1 0’”/
(8) nrl Z XZ(m)ew — aE(91 — 90), n — oQ.

m:490
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Note that E(¢; — 6p) = lim E(i:'_:'ll, n — oo a.s. It follows from this statement and
n— oo
(7) that

0,
li E —aE(0; — 0p)| =
imsup B > Xz(myew — aB(61 — 6o)
m=0Up
h,+1 1 & b, +1.. 1 &
li EZ —_— -E2 _E—— =
13;8;1)]9 n+10,+1 z; XZ(m)ew n+l 0, +1 Z; Xz(m)eW|
m=0p m=Uo
0
0, +1 0, +1 1 "
li E —-E m <
17131_>s01ip (nJrl n+1>9n+1ze><z( YEW | =
m=0bp
0, +1 0, +1
li E - =0.
P T T Tt

So (8) is proved.

0, n
Note that > Xzm)yew = > Om.
m=1

m=0g
Now we use the following analogue of the strong law of large numbers for the ran-
dom variables o,,, that, generally speaking, are not identically distributed, but still are
independent.
n

> (0m — Eop) = 0,n — 00, a.s.

m=1

1

Proposition 2. -

Proof. Denote 0}, := 0mX{s,,<m}- Then using the fact that for each positive integer m,
0<om, <0,—0n_1as., and that the random variables 8, —60;_1, j > 1 are independent,
one can deduce that

(9)

n
Z (o), —Eol)—0, n—o0, as.

m=1

1
n+1

The proof of (9) is similar to that of the classical Khinchine strong law of large numbers
(see [7], chapter 4, § 3, Theorem 3).

Further Eo,,, — Eo/, = EomX{o,>m} < EO1X(9,>m} — 0, m — oo by the dominated
convergence theorem. Hence,

R ,
(10) T ;(Eam —Eo,) =0, n— oo.
Further
> Plom>m}< Y P{lp>mb=) P{li>ml=> > P{h=1+1}=
m>1 m>1 m>1 m>11>m

l
DD P{h=1+1} =) IP{6i=1+1} <Eb < oc.

1>1 m=1 1>1
Thus, from the Borel-Cantelli lemma, a.s. there exists M = M (w) such that for each
m>M: o, =0,

n
Hence the sequence { Y oy, — 0}, }n>1 is bounded almost surely, and therefore
m=1

1
n+1

n
Zam—ain—>0, n — oo.

m=1

(11)
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Hence (9), (10) and (11) imply that almost surely

n

1
Z (om — Eoy,) =
n+1 =
1 n n n
1 Z(O’m —ol)+ Z(O’;n —Eo),) + Z(Eain —Eo,) | =0, n— oo,
m=1 m=1 m=1
which completes the proof. O

n
So, from Proposition 2 H%H > (om — Eop,) — 0,n — oo, hence (7) implies that a.s.
m=1

n 6 n
1 1 _ ondl 1
T 21 om — aE(0; — 6y), n — oo. Thus T ZOXZ(m)EW = T Zoam —
m= m= m=

a,n - 0. Further, we proved, that a.s.

o A
1 n 1 n
|m Z Xzmyew = 74— Z Xz(myew| =0, n — oo,
" m=0 n m=0
and thus,
1 &
A 11 Z XZ(m)ew —* @, T — O0.

n m=0

Let My be the biggest non-negative number, such that Aps, < N. Then |N—A, | <
E(0; — 6p) + 1. Further, repeating the transformations (6), we have that a.s.

- 1w
N7 ZXZ(k)eW A Z Xz(kyew | =
N+1k:0 AMN+1 Py
N — A]\/[N E(91 — 90) +1
<2 — 0 —
N+1 = N+1 e
N
thus a.s. ﬁ > Xz(kyew — a, N — oo, which completes the proof. O
k=0
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