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A. YU. PILIPENKO AND YU. E. PRYKHODKO

LIMIT BEHAVIOR OF A SIMPLE RANDOM WALK WITH
NON-INTEGRABLE JUMP FROM A BARRIER

Consider a Markov chain on Z4 with reflecting barrier at 0 such that jumps of
the chain outside of 0 are i.i.d. with mean zero and finite variance. It is assumed
that the jump from 0 has a distribution that belongs to the domain of attraction
of non-negative stable law. It is proved that under natural scaling of a space and a
time a limit of this scaled Markov chain is a Brownian motion with some Wentzell’s
boundary condition at 0.

INTRODUCTION

Consider a homogeneous Markov chain (X (k), k > 0) on Z with transition probabili-
ties
pij =P(e=j—1), |i[ >0,

p07j = P(é- = .7)7 .] S Z7
where Ee = 0,De = 02 < 00, ¢ is a random variable with values in Z.
We study a limit behavior of a sequence of processes
X, = (Xn(t) = LX([nt]), 1> 0) ,neN.
If the random variable ¢ is integrable (see [1], [2], [3]), then {X,,} converges weakly
to oW, where W, is a skew Brownian motion, i.e., a continuous Markov process with
transition density

pe(z,y) = pe(x—y) + vsign(y) ee(|z|+yl), 2,y € R,

where ¢;(x) = ﬁe‘xz/% is a density of N(0,t).
For example, if P(e = £1) = 1/2, then [1] parameter v € [0, 1] of a limit process W,

equals
E¢
T Bkl

We study a limit of a sequence {X,,} when £ is non-integrable positive random variable
that belongs to a domain of attraction of a positive stable law with o € (0,1). A limit
process X is Markov, but discontinuous. Naturally, it should behave like a Wiener process
outside of 0 and the only points of discontinuity may be moments of hitting 0. More
precise, X will be a Wiener process with Wentzell’s boundary condition where a jump
measure p(du) = u~(“*Yduy has infinite variation. In this case the limit process a.s. has
infinitely many jumps in any neighbourhood of an instant when it hits 0.

Complete description of possible boundary conditions for diffusions was done by
Wentzell [4, 5]. Construction and investigation of the corresponding processes with non-
local boundary condition was done by different methods, including semigroup theory,
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stochastic differential equations, martingale problem, etc., see for ex. [6, 7, 8, 9, 10, 11,
12, 13, 14, 15].

Our proof of the main result is based on the Skorokhod representation theorem, con-
tinuous mapping theorem, and properties of some reflection problem with possibly jump-
type reflection.

1. MAIN RESULTS

Assume that a random variable ¢ belongs to a domain of attraction of a-stable law
Uy on [0,00), a € (0,1). That is, there exists a sequence {a,} such that

(1) lim 2=t &k 4

n—oo (07

(e %]

where {&, k > 1} are i.i.d. copies of &,
Ee e = eiAa, A= 0.

It is known [16] that (1) yields a weak convergence of distributions of processes

[nt]
(2) % = U,(t), n — oo, in D(]0,0)),

where U,(+) is a-stable process, i.e. a cadlag process with homogeneous independent
increments such that U, (0) = 0 and

Ee Malt) — =A% 4 >0, A>0.

)

Recall that Levy-Khinchine measure of U, equals
p(du) = cu™ @ dy,
where ¢ = ﬁ

Theorem 1.1. Let {X(k),k > 0} be a homogeneous Markov chain on Z such that

poj = P(€ =),
where a random variable ¢ takes values in a set {—1,0,1,2,...},
Ee = 0,De = 02 € (0, 00),

¢ takes values in N, and & belongs to a domain of attraction of a-stable law Uy, on [0, 00),
a € (0,1).

Let a process {Xn(t),t > 0} has the same distribution as {X([nt])/+/n,t = 0} given
X(0) = xy.

If 2, /VN0o? — x9,n — 00, then sequences {X,} converges weakly in D([0,0)) to the
process

Xoo(t) = oWa(t) =0 (mo F W)+ Ua(Ué‘l)(M(t)))> >0,

where (W (t)) is a standard Wiener process, M (t) = —minge (o, ((xo+W(s))A0), t >0,
(Ua(t)) is a a-stable process, Ué_l)(t) =inf{s > 0: Ua(s) 2 t}, t >0,
and processes (W (t)) and (Uqa(t)) are independent.

Remark 1.1. If we take a random variable E: mé&, m € N, instead of £, then the limit
process for the sequence {X,,} will be the same.
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Remark 1.2. Tt follows from [17], §3 that W, satisfies the following martingale problem.
For any f € C?%(]0,00)) with a compact support such that

/Om(ﬂu) — £(0))u™ M du =0,

a pI‘OCESS
FVa(t) - 2 / [ (Wa(s))ds

is a martingale. Moreover, using reasoning of [17] it can be shown that Wa is a Markov
(and even strong Markov) process. Hence Wa is a diffusion with generator A = ‘77238—;2,
where a core of A is CZ([0,00)) N {g : [, (g(v) — g(0))u~(@+Vdu = 0}. Existence of a
diffusion with such generator follows from [4], where all possible generators of diffusions
on an interval were described.

Remark 1.3. A non-negative random variable 1 belongs to the domain of attraction of
a-stable law on (0, 00) if and only if P(n > z) ~ 2~ *¢(z),  — 400, where £ is a slowly
varying function [18, § XIIL.6].

Next result is a generalization of Theorem 1.1 to the case when X is a Makov chain
on {—m,—m+1,...,—1}UZ, and a symmetry of a Markov chain is violated not only
at 0 but on {—m,—-m+1,...,0}.

Theorem 1.2. Let X be a Markov chain on {—m,—m+1,..., =1} UZ such that all
states are connected and

pij=Ple=j—1i), i>1,
where ¢ is from Theorem 1.1.
Put 7 =inf{k > 1: X(k) > 1}. Assume that a distribution of X () given X(0) = 0,
belongs to a domain of attraction of a positive a-stable law with o € (0,1). Then the
distributions of {Xn,n = 1} constructed in Theorem 1.1 converge weakly in D([0,00)) to
the distribution of the process aWa(t).

Remark 1.4. Denote Fi(x) = P(X(1) > z/X(0) = i). Condition of Theorem 1.2 on
domain of attraction of a-stable law is satisfied if exists k > 1 and iy, ...,ip € {1,...,m}
such that
Fi(x) = 27 li(x),x — oo, fori € {i1,...,ir},
and for other 4
Fi(z) = o(z= (@), 2 — oo,

where ¢ is a fixed positive number.

Remark 1.5. We conjecture that the limit in Theorem 1.2 is oW, (t) if we replace condi-
tion € > —1 by boundedness of ¢ from below.

By p(z,y) denote a transition density of a process Wa constructed in Theorem 1.1

(it is not difficult to show that this density exists). Let p§°) (z,y) be a transition density

of a Brownian motion killed at zero: pEO) (x,y) = (pe(r — y) — @e(x + y))Lpy>0, where

pi(x) = \/2116712/%. Theorem 1.2 and the same reasoning as in a proof of the Andre

reflection principle yields the following result.

Theorem 1.3. Assume that X (k),k > 0 is a Markov chain on Z such that

1) piix1 =1/2, |i| > 1,

2) Po,j = 5P(€ :j)v bo,—; = (1 - 6)]?(5 :])7 j=1,

where 8 € [0,1], and random variable & belongs to a domain of attraction of a positive
a-stable law with o € (0, 1).
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Then the distributions of the sequence { X, (t) = ﬁX([nt]) ,t > 0}p>1 converge weakly

in D(]0,00)) to the distribution of a Markov process Wa,g(t) with a transition density
~, 0 1+(28—1) sign o 0
B0 @, y) = i (@) + HEEPI O (e faf, y]) = pO (Jel, ) ) 2 € R,

Remark 1.6. By analogy with a skew Brownian motion, the process Wa, 3(t) can be called
“the skew Brownian motion with a-stable boundary condition at 0”.

2. PROOF OF THEOREM 1.1

2.1. Generalization of the Skorokhod reflecting problem. We need the following
generalization of Skorokhod’s reflecting problem (see for ex. [17]).
Let f € D([0,00)) be increasing function, f(0) = 0, and w € C([0,00)), w(0) > 0.
Consider an equation with respect to a pair of unknown functions (X, L):
3) X(t) = w(t) + f(L(1), t =0,

where X (t) > 0 for t > 0, a function L is continuous and non-decreasing, L(0) = 0, and

t
/ L (o)—0dL(s) = L(£), > 0.
0
This system will be called W (w, f) reflecting problem.

Theorem 2.1 ([17]). Assume that lim, . f(x) = co. Then there exists a unique solu-
tion to the problem (3). Moreover
L(t) = fY (= min (w(s) A0)), t >0,
s€[0,t]
i.e.

X(t) = w(t) + f(fTH (= Jmin (w(s) £ 0))), >0,

where fC(x) = inf{y > 0: f(y) > 2}, = >0.

Remark 2.1. Reflection problem for f(x) = x was originally introduced by A.V.Skorokhod
in [19]. If f is arbitrary continuous increasing function, f(0) = 0, then f(f(=V(z)) =
xz, © 2 0, and X (but not L) coincides with the solution of the Skorokhod reflection
problem with f(x) = .

Remark 2.2. Let f(z) = f(Cz), where C' > 0, and (X, L) be the solution of W (w, f).

Then X (t) = X(t), L(t) = L(t)/C.

2.2. Construction of a copy of Markov chain X as a solution of reflection
problem. In this section we associate a distribution of X with a solution of a reflection
problem for some random walk. We will assume for simplicity that all x,, = 0. The proof
of the general case leaves the same, but we would need always add some initial terms.

Let (S(k),k > 0) be a random walk on Z with jumps that have the same distribution
as €. Extend S for all ¢ > 0 continuously by linearity:

S(t) = S([t]) + (t = [ (S([t] + 1) = S([¢]), t > 0.
Consider a reflecting problem W (S, F') :
(4) X(t) = S(t) + F(L(t)), t >0,
where

[«]
F(x) :m—i—Z(fk—l), x 20,
k=1

{&, k > 1} are i.i.d.r.v. with the same distribution as £ and are independent of S.
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It follows from Theorem 2.1 that there exists a unique solution X of (4), and

L(t) = FY(= min (S(s) A0)), t >0,
s€0,t]

where F(-1 (z) = inf{y > 0: F(y) >z}, = > 0.
It is easy to see that L(-) is continuous and non-decreasing piece-wise linear process
such that

either L(t) = L(k), or L(t) = L(k) + (t — k) for all t € [k, k + 1].
In particular,
L(k+1)—L(k) € {0,1}, ke N.
By (ti,i > 1) denote points of growth of the function L([t]), ¢ > 0. Note that ¢;

may take only integer values, X (¢) jumps only when ¢ = ¢; for some 4. This means that
X(t) =0,te [ti — 1,ti), St,i — Sti—l = —1, X(ti) = fz — 1, and

(5) L(k) =i for k = ti,ti+1 —1.
Put

X(k):=1+X(k), k=0,1—1,
X(tl) = 0.

Further define X by a recursion
X(k+i):=14X(k), k=1t+1, ti41—1,
and X (t;y1 +1) := 0.
Taking into account (5), a construction of X can be described as follows
X(k+Lk) =1+ X(k), k>0,
X(t;+L(t;)—1)=0, i>1.

It can be easily verified that distributions of the sequence (X (k), k € Z) and Markov
chain (X (k),k € Z4) coincide.

To prove Theorem 1.1 it suffices to verify that X,, = X, as n — oo, where X,,(t) =
L X([nt]), t =0, n €N.

vn
Put
X““:;%Xmm
A(t) :t“‘Z]l)_((k):O
k<t
Then N
X([t) = XA\([]) — 1, t >0,

and

s ([t _ X(nt])  X([nt]) =1 o (A(m])) 1
o ()= =T = (00 -

Now the proof of the Theorem is as follows. First we prove that )~(n = X as n — 00
in D([0,00)). Secondly we show that for any T' > 0

@ up A1)

—t] =0, n — oo,
tefo,r] T

in probability, and then complete the proof with some minor details.
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2.3. Passage to the limit. It follows form (4) that

(8) J=X(nt) = J=S(nt) + J=F(L(nt)), t >0, n € N.
It is well known that distributions of a sequence
(Sn(t) = ﬁS(nt), t>0), neN,

converge weakly in C([0, 00)) to a distribution of a Wiener process (Donsker’s theorem,
see for ex. [20])

(9) Sp(t) = cW(t), n — oo, in C([0, 00)).
Consider a limit behavior of the second term in (8).

Recall that,

[z]
F(x) :x—l—Z(fk—l), x>0,
n=1

where a distribution of random variables & belongs to a domain of attraction of the
distribution U,. Then, see (2), there exists a sequence {ay} such that

F
@ = U,(t), n — oo,
in D([0, 00)).
Take k(n) := inf{k: ax > /n}. Then a, — oo and a;% — 1lasn — oo (see [18,
§VIIL.3, Lemma 3]). So
(10) a\’}‘? S 1, n— oo
Hence Pk
Flk(n)t) = Uy(t), n — oo, in D([0,00)).
Ak (n)
Therefore (10) yields
(11) Fo(t) = ﬁ (k(n)t) = Uy(t), n — oo, in D([0, 00)).

Taking into account Remark 2.2, the process )?n(t) = %X’ (nt) from reflection prob-

n
lem (8) coincides with a solution of the reflection problem

jzn(t) = Sn(t) + Fn(Ln(t))v >0,
and
(12) La(t) = L(t) k().

We need the following result on a continuity of a solution of reflection problem W (w, f)
on functions f and w.

Proposition 2.1. Let {w,,n > 0} C C([0,00)), {fn,n = 0} C D(]0,00)) be increas-
ing functions such that f,(0) = 0, limgy_ oo fn(z) = 400, and (X, Ly,) be solutions of
W(wy, frn), n=0.

Assume that

1) fn— fo, n — o0 in D([0,0));

2) wy, — wg, n — oo in C([0,00));

8) if t is a point of discontinuity of a function fy, then equation (with respect to the
variable t > 0)

(13) ~ in (wo(s) A0) = fo(t = 0),

has at most one solution.



58 A. YU. PILIPENKO AND YU. E. PRYKHODKO

Then
X, — Xo, n — oo, in D([0,0)),
and
L, — Ly, n — oo, in C([0,00)).

The proof follows from [17, Corollaries 1 and 2].

Let us continue the proof of Theorem 1.1.

By Skorokhod’s representation theorem [21, §1.6], (9) and (11), there exists a single
probability space that contains copies S’n, W, ﬁ‘n, U, of processes S,,, W, F, and U,,
such that convergence with probability 1 holds

S, — oW as n — oo in C([0,0)) a.s.,

and R R
F,, — U, as n — oo in D(]0,00)) a.s.

Note that S,, and F,, are independent, so Sn and Fn are independent.
Let us apply Proposition 2.1 to the process oW as wg and U, as fo.
Equation (13) takes a form

—o min (W(s) A0) = U, (tx — 0),
s€[0,t]
where W is a Wiener process, {tx, k > 1} are points of discontinuity of Ua()
Since W and U, are independent, the last equation has at most one solution with
probability 1.
Thus we have the following convergence on some probability space

(14) X, = X as n — oo in D([0,00)) a.s.,
where Xn, Xoo are solutions of the reflection problems
X () = Su(t) + Fa(La(t)), t >0,
Xoo(t) = W(t) + Ua(Loo(t)), t > 0.

From Theorem 2.1,

Xoo(t) = oW (t) + U, ((A]éfl)(—o' m[%)n](W(s) A0)), t>0.
s€(0.t

It can be easily seen that the processes (U'a (ﬁé_l)(at)),t > 0) and (JUQ (Ué_l)(t)), t>
O) have the same distribution. Since U, and W are independent, the distribution of
Xoo(t),t >0, coincides with the distribution of

s€[0.t]

% (1) - %01 < 72

o (W(t) + Ua (U (= min (W(s) A 0)))> ,t>0.

Observe that

So (14) yields the convergence

X, (@) — Xoo(t) as n — 0o, in D([0,00)) a.s.
Hence, see (6),
(15) X, <A([n”t])) = Xoo(t), n — oo, in D([0,00)).

The following statement can be easily proved from the definition of convergence in a
Skorokhod space, cf. [20, § 14].
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Proposition 2.2. Let {f,, n > 0} C D([0,00)). Assume that a sequence of non-negative
non-decreasing cadlag functions {\,, n > 1} is such that

VI'>0: lim sup |[A () —t] =0,
T

n=00 40,1
fn(An(t)) = f(t),n — oo, in D([0,0)).
Let {t,in)} be the set of jumps of \p, u;n) = )\n(ti")—),v,(c") = An(tén)).
If for any T > 0
(16) supsup [fals) = falu)] = 0,n > oc,

ko seul™ wMno, 1]

then
fn = f,n — 00, in D([0,00)).

Taking into account (15) and Proposition 2.2, to prove Theorem 1.1 it suffices to verify
(7).
We have ()

A([nt 1 1
sup t‘é Tgy—g+ —.

t€[0,T] n n ngnT H=0 n
Observe that >, .7 Lg=o < L(nT) and a sequence L,(T') = L(nT)/k(n) is weakly
convergent by Proposition 2.1. Since n ~ a%/(a,),n — oo, [18, § XIIL.6], where ¢ is a
slowly varying function, and ak—\/(%) — 1, n — oo (see (10)), we have k(n)/n — 0,n — 0.

Therefore L(nT)/n converges to 0 weakly and hence in probability. We have verified
(7). Theorem 1.1 is proved.

3. PROOF OF THEOREM 1.2

We will assume that all x,, = 0. The general case is considered similarly.
Let a random variable £ have a distribution X (7) given X (0) =0:

P(§ =j) = P(X(7) = j/X(0) = 0).
By 71 denote the lengths of the excursion that starts at the instant of kth visit of X to
the set {—m, —m +1,...,0} and finishes at the instant of exit from this set.

Consider a process X constructed in §2.2. A copy of a process X can be constructed
from a process X inserting excursions of lengths {7}, where {7} are copies of {7;}.
This excursions describe behavior of X inside the set {—m,—m + 1,...,0}. Denote the
constructed copy of X by X.

Remark 3.1. Random variables {7;} are i.i.d., but they may depend on X.

Similarly to reasoning of previous section we have representation (6) with

M) =t+ Y Tgg<o-

k<t
L(nT)
Observe that >, Igy<o < D Tk Since all states of initial Markov chain are
= h k=1
connected, the average time spent in the set {—m, —m + 1,...,0} until the exit from it

is finite:
M = E7;, < .

By the strong law of large numbers

n
E Te/n— M, n — oo, a.s.
k=1
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Since L(nT)/n — 0, n — oo, in probability,

L(nT)

Z Tr/n — 0,n — o0,
k=1

in probability.
Condition (16) of Proposition 2.2 is satisfied, the corresponding supremum does not
exceed (m + 1)/+/n. The rest of the proof is the same as in Theorem 1.1.
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