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ON THE STABILITY WITH PROBABILITY ONE
FOR A CLASS OF STOCHASTIC SEMIGROUPS

The formulated theorem specifies the result of A.V. Skorokhod concerning the sta-
bility with probability one for the solution of a linear stochastic system built on a
continuous homogeneous semimartingale with independent increments.

We specify the result by A.V. Skorokhod published in monograph [1] concerning the
conditions of the asymptotic stability with probability one of a homogeneous stochastic
semigroup U with values in the space L(R?). The semigroup U is given by the solution
of the linear stochastic differential equation

dUY = AUYdt + ) BUPdwy(t), 0<t< oo, (1)
k=1

where A, By, Bo, ..., B, € L(R?), wy(t), wa(t), ..., w, (t) are independent Wiener processes
with values in R', and the stability is understood as follows: for each z € R?,

PQ@&@%:O>:L 2)

The mentioned result ([1], p. 244, Theorem 18) means that it is sufficient for the
stability of the semigroup U for all # € R lying on a unit sphere with the center at
zero that the following inequality be fulfilled:

n

I8N 2 2
D(@) = (Az,@) + 5 3 |Baf? = 3 _(Buw,)? <0, ®3)
k=1 k=1
where | - | is the norm in R? generated by a scalar product (-,-). In the particular case
with By = By = ... = B,, = 0, hypothesis (3) appears as (Az,z) < 0.

In other words, for the stability of the nonrandom semigroup U? which is a solution
of the equation

dUy = AU dt, (4)
it is required that the matrix A* + A be negatively defined
(A" + Ay, 2) <0, Ja =1, (5)

where A* is the matrix symmetric to A.

Condition (5) for systems of the form (4) is overstated because the classical result of
Lyapunov only requires in this case that the matrix A be stable. This means that we
can found a symmetric positive definite matrix H such that

((A*H+ HA)z,z) <0, |z|=1.
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Thus, it is natural to deduce the conditions for system (1) to be stable, from which
the result of Lyapunov will follow in the absence of stochastic additives. The present
work is devoted to the solution of the above-mentioned problem.

We now pass to exact statements.

All processes are defined on a space (Q,F,F;, P), t > 0, which satisfies the usual
conditions. We consider the stochastic process

Y, = At+ > Brwy(t)
k=1

receiving the values in the space (L(R?), M), d > 1, where L(R?) is the set of real d x d-
matrices alloted with a Borel o-algebra M with respect to the Euclidean norm generated
by a scalar product (A, B) = Sp(B*A). We define U; as a solution of the equation

t
Ut=1+/ dy,U., (6)
0

where I is the identity matrix from L(R?). By L (R?), we denote the set of symmetric
positive definite matrices from L(R?) and, with the help of V € L} (R?), apply it to the
similarity transformation

U,(V)=vu,v—1

Consider the matrix V as a parameter and define the family of processes
9= {U(V); V € LFH(RY)}.
Let V be an arbitrary matrix from L} (R?), and let
M>X>..>2X>0
be its eigenvalues. Then the well-known inequalities
AalUry| < [Ue(V)z| < Ai[Uryl,

y=V-'tz, ze€ RY,
are valid. The mappings z — y = V~!'z and y — = = Vy are one-to-one mutually
inverse. Therefore, the stability in the sense of definition (2) of the process U; yields the
stability of U;(V'), and conversely. Thus, one can judge the stability of the ¥ family of
processes by the stability of any of its representatives.

On the other hand, each process U (V') from ¢ is the solution of an equation of the
form (6):

U(V) = 1+/t Y. (V)UL(V),
0
where

YY) = AV + S Be(V)un (0,
k=1

AV)=VAV™Y By(V)=VB,V™!, k=1,2,..,n
Therefore, the result of A.V. Skorokhod is applicable to the process Uy (V), i.e. Uy(V)
will be stable with probability one, if the following inequality is fulfilled:

_ IS _ & _
Dy(z) = (VAV 1x,x)+§;|\/3kv 1x|2—;(VBkV lz,x)? <0, |z|=1. (7)

The mentioned arguments allow us to formulate the following theorem.
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Theorem. The process Uy defined as a solution of Eq. (6) will be stable with probability
one, if there exists a symmetric positive definite matriz V, for which inequality (7) is

fulfilled.

The formulated theorem makes sense, if there exist the stable processes U; with proba-
bility one, for which condition (3) is not fulfilled. We provide two simple examples which
show that such processes exist. In addition, it is useful to simultaneously clarify the issue
about the stability of the corresponding processes in the square mean sense. The point
is that neglecting the third term on the left-hand side of inequality (7) turns it into the
necessary and sufficient condition of stability in the quadratic mean sense:

1 n
—1 —1)2 —
(VAV 'z, ) + B ,;,1 VB Va='|* <0, [z|]=1. (8)

In fact, if we introduce the designation V2 = C, then inequality (8) is equivalent to

((A*C' + CA)yy,y) + Y (BiCByy,y) <0, |yl =1, (9)
k=1
where y = |V ~lz|7'V~1z. The fact of the existence of a symmetric positive definite

matrix C, for which inequality (9) is fulfilled, is the necessary and sufficient condition of
stability in the quadratic mean sense for the solution of Eq. (1) ([1], p. 227, Theorem
12 and p. 221, formula (47)).

Example 1. Let U; be a solution of Eq. (6) in the phase space L(R?). We choose the
stable matrices
-\ a
A_< 0 _)\>, A >0,

b
Bl_< ’é u)’ By=Bs=..=B,=0.

Concerning the parameters a, i, b, we assume that they are connected by the equation

a+pb=0. (10)

Let us deal with the stability of the process U; in the square mean sense. To this end,
we rewrite condition (8) in the matrix form:

D=VAV '3+ v AV VvV IBVEB V!

The left-hand side of this inequality is a homogeneous function of the zero order in V.
Therefore, it is sufficient to search for a matrix V' in the form

V:( ; g) A=a—pB>0.
1 1 g -\ a AN
vt =z (5 )0 A5 T)-
1 —AA —af a
A —af? “MM+aB )’

_ _ 1 —AA —af —a3?
1 g% _ Ty &
VAT = (VAV )_A( a “AA+afB )’

e 1 —20A+aB)  a(l- )
VAV1+V1AV—Z< a(l — 32) —2<AA—aﬁ>>'

‘We have
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Further,

N 1 g [T a -4\ _ 1 A —bs b
VBV _A< 1] a)( 0 ,u)( -0 1)_A< —b3? uA—I—bﬁ)’

_ _ 2
VBT = (VB = & ( pA—b5 b8 ) ,

A b 1A +bp
) L1 (A —BB)2 + %31 ub(1— B2)A — B2B(1 + %)
1 p#1/2 1+
VBBV = ( pb(1— A DL+ ) (uA+bE)? 4 b
After simple transformations with regard for equality (10), we get finally
po L W=20)A%+0?B(1+5%) —b?B(1 + 3%
A2 —b?*B(1+ 5?) (W =20)A2 +0*(1+52) )

For the matrix D to be negative definite, it is necessary and sufficient that the system
of inequalities

(0* —20)A% + 1?3%(1 + 6%) <0,
det D = (1 = 2X) [(1® = 20) A% + 62 (1 4 5°)%] > 0

be satisfied. Treating A € (0,00) and 3 € (—00,00) as independent variables, we draw
conclusion that this system of inequalities has a solution if and only if

w2 <2\
For arbitrary £, it is sufficient to take
p2(1 22
AL P+
2\ — p?

Thus, the relevant solution U; will be stable in the square mean in the region of param-
eters
Q2 ={(N\a,iu,b) : A >0, a+pub=0, p?* <2}
We now examine the question of the stability of U; with probability one.
We have

2Dy (z) = (VAV ' + VAV + VTIBIV2BV Yz,2) — 2(VBV 'z,2)? =
= é{ [(1® = 20)A% + 0232 (1 + 52)] &f = 26 B(1 + B%)ara + [(0* — 20) A%+
02 (1 4 8%)]23 — 2[(uA — bB)a? + b(1 — B2)z1a2 + (A +bB)a2]’} =
= %{ (1% = 20) A2 4+ 0262 (1 + B2)] 22 — 26°B(1 + B%) w120 + [(1® — 20) A2+
+O(1+ %)) (1 = 2F) = 2[uA + b8 — 2527 + b(1 — B2)ar] "} =
= é{(u2 —20)A% + 03 (1 + B%) — 2(uA 4+ bB)* + b[b(B* — 1) + 8B(LA + bB)| 27—

—20[b8(1 + 6) + 2(1 — %) (A + bB)| w122 — 202[(1 — )z 12 — 2623)".
For 3 =0,
1
A2
Having selected a rather big value A = «, we define the symmetric positive definite

matrix
v_< 1 0), A=a>0,
0 «

2Dy (x) = —(p? + 2\) + — (V202 — 4dbuAz iz — 20%2323), 23+ 25 = 1.
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for which condition (7) of Theorem will be fulfilled:
Dy(z) <0 with |z]=1.
This condition quarantees the stability of the process U; on the set
Qo ={(A\a,u,b): Xx>0, a+ ub=0}.
Concerning condition (3) with A =1, we get
2D(x) = 2D1(x) = —(p? + 2\) + b2l — dbux g — 2072323, 23+ 23 = 1.
Calculating the functional 2D(z) at the points

we obtain
—(E 420N+ %, — (4 2N), —(p 2)\) —dbu, —(p? 4+ 2)) + dby,

respectively. Therefore, for the fulfillment of condition (3), it is necessary that b?V4|bu| <
u? + 2). This means that the set of stability 1 which is defined by inequality (3) lies
in the region

Q={(\a,ub): x>0, a+pb=0, b*>V4|ub| < u* +2\}.

In this case, Q1 C @ C Qo and @ # @Qp. The exact description of the set @)1 is not the
purpose of the present work and demands a separate study. As a result, we obtain the

following picture:
Q2 C Qo and Q2 # Qo,
Q1 C Qo and Q1 # Qo.

Ezxample 2. In Example 1, we change only the matrix A and choose it to be unstable:

A a
A—< 0 )\>, A>0,

b
B1:( /(; ,u>7 By=B3=..=Bn,=0, a+pub=0.

Then
Q2:®7 QOZ{()\7aaM7b):)\>Ov a+,ub207 2>\<:u2}7
Q1 CQ={(\a,ubd):A>0, atpub=0, 2x+ (b* Vv 4|bu|) < p*}.
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