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OLEKSANDER PONOMARENKO AND YURIY PERUN

MULTIVARIATE RANDOM FIELDS ON SOME
HOMOGENEOUS SPACES

The generalized continuous random fields of second order with val-
ues in arbitrary complex normed space X in the case when their
arguments belong to homogeneous space with compact transforma-
tion group G are considered. Such fields are harmonizable in some
sense. The spectral representations of homogeneous random fields
in X and G-invariant positive definite operator-valued kernels are
obtained. The special case of random fields with values in complex
Hilbert space and random fields on three-dimensional spheres are
also studied.

1. INTRODUCTION

The central role in the theory of second-order random functions (pro-
cesses and fields) plays different representations of these functions in the
form of stochastic integrals and series.

Such representations for complex-valued and multivariate finite-dimen-
sional homogeneous random fields over different homogeneous spaces were
studied by A.M.Yaglom [1]. The theory of integral representations of mul-
tivariate generalized random functions of second order with values in linear
topological spaces was studied in [2].

In this paper we consider the representations of generalized random fields
of second order with values in complex normed and Hilbert spaces defined
over compact groups and compact homogeneous spaces by mean of random
series. The main attention is devoted to representations of homogeneous
second order random fields and invariant operator-valued positive definite
functions.

Let X be a complex normed space and X* be its topological dual space
endowed by strong topology. Denote by Lo(2) Hilbert space of all complex
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second order random variables defined on some probability space (2, F, P)
(inner product in Ly(2) is equal to covariance of r.v. from Ly(2)) endowed
by strong topology.

The generalized random element = on €2 in X is continuous linear opera-
tor = : X* — Ly(Q2). Every such element is generated by some usual random
element ¢ on €2 with values in some extension of the space X (see [3]). The
space of generalized random elements in X will denoted by L£(X*, Ly(2))
and endowed by strong operator topology.

Let £(X*, X**) be a space of all antilinear (or conjugate linear) contin-
uous operators from X* into the X** (second dual space for X) endowed
by weak operator topology. Define the expectation EZ € X** of random
element = € L(X™, Ly(2)) by the equality

(EE)(z*) = E(E2*), z* € X* (1)

and covariance operator [, ®] € £(X*, X**) of elements Z, & € L(X*, L(Q))
by the equality

E(Ez")(Qy*) = ([, @y") ("), 2", y" € X (2)

Note that operator [Z,Z] is nonnegative in £(X*, X**), i.e. for all 2* €
X ([E Elz*)(z*) > 0.

Let T be a topological Hausdorff space. The generalized random field of
second order =, ¢ € T'in X is mapping of 7" into L(X*, Ly(2)). In further we
assume that this mapping is continuous. Denote by R(t,s) the covariance
function of random field =Z;,t € T,

R(t,s) = [, EZs],t,s €T (3)

Then R(t,s) is continuous £(X*, X**)-valued kernel on T
Note that the class of covariance functions of the set of all second order
random fields in X coinsides with the set of all continuous positive definite

L(X*, X**)-valued operator kernels on 7', i.e. for all n € N, elements z} €
X*,ti c T,Z = 1,...,71

n n

> D (Rltit)) () >0 (4)

i=1 j=1

(see [4]). This fact give to us the opportunity to obtain spectral represen-
tations of some classes of invariant operator positive definite functions on
compact groups and compact homogeneous spaces by mean of probabilistic
methods.
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2. RANDOM FIELDS ON COMPACT GROUPS

The simplest type of compact homogeneous space is the group space

G = {g} consisting of the elements g of some compact group G. There are

two different families of continuous transformations of G namely left and
right shifts

VIih—gh and V] :h— hg. (5)

Let =,4,9 € G be a second order continuous random field in X over G.
The field =, will be called left (right) homogeneous if its mean function
EZ, and covariance function R(g, h) = [Z,,Z5],9,h € G are invariant with
respect to all left shifts Vgl (right shifts V). Due to transitivity of transfor-
mation group V;(V;), g € G we always have that EZ, = m = const and
that for all s € GG for left homogeneous field

[597 Eh] = [Esga Esh] = R(hflg),g, hed (6)
and for right homogeneous field
(24, Zh] = [24s, Zhs] = R(gh™),9,h € G. (7)

For two-way homogeneous field conditions (6) and (7) must be satisfied
simultaneously, so that the covariance function R such field must be a con-
stant for a class of conjugate elements of G:

R(h) = R(ghg™"),g9,h € G. (8)

In the further we assume that for homogeneous field =, the mean EZ=, is
Z€ero.

According to the theory of unitary representations of compact group G
(see[5],[6]) there exits the system U, of not more than a countable nonequiv-
alent finite dimensional unitary irreducible representations U, = {Uy‘), A=
1,...}, where Ug(A) are homomorphisms of the group G into group of unitary
matrices of finite order dy, namely

UM = [ul (9)| Py, dy < 00, A = 1,2, ...
Ui =UNUR, UX, = U] = U (9)

g
)

The matrix elements u;;”(g) of these representations satisfy the following

orthogonality relations

/G gy (g)dg = Sr,0udds, (10)

where 9, is a Kroneker symbol and dg is unique normed invariant measure

on G, deg =1.
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Theorem 2.1 Let 24,9 € G be a generalized continuous random field of
second order in normed space X on compact group G. Then the field =, is

harmonizable with respect to the system U, = {Ué’\)} of unitary representa-
tions of G (9) in sense that =, admits expansion by the random series of
the form

- A A
=g = Z Z uz(j)(g)@ﬁi)a (11)

where u (g) are the matriz elements of representations {Uy‘)} and CIDE»?)
L(X*, Ly(9)),

&) =dy [ W 9)=,ds, (12)
G

where integral in (12) is understood in sense of strong topology in
L(X*, La(Q)).

The statement of this theorem 1s simple consequence of the fact that
the set of all matrix elements uU Ng) for 1 < i,j < dy, A = 1,2,... of

system {Ug M1 form a complete orthogonal system in the Hilbert space LQ(G)
of complex functions over G whose square of modulus are integrable with
respect to dg.

Theorem 2.2 I. The continuous random field =4, g € G of second order in
X is left homogeneous if and only if it admits the spectral representation of
the form (11) with random elements @g;\) which satisfy the conditions

[cbx\)? CI)(H ] = 5Au51kF( )7 (13)
where
FY = [ ) (9)R(g)dg € L(X*, X** 14
gl = Gujl (9)R(g)dg € L(X7, ), (14)
matrices FX = ||F(>‘ H” | are positive definite in the sense of similar to

(4), and such that the series
Z Z F =" T(FY) (15)
A

is convergent in L(X*, X**).
I1. The covariance function R(g) of Eg can be represented in the form

ZZ (9)F. (16)

Conversely, any Z(X*,X**)—valued function of the form (16), where
FO = ||Fj(l>‘)|| are positive definite operator matrices satisfying the condi-
tion of convergence (15) is a covariance function of some left homogeneous
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random field over G in X.
III. The foregoing situation with spectral representation (11) is quite anal-
ogous for right homogeneous random field =, in X, the only change being
that condition (13) is replaced by condition
A A

(5, @i1) = nudFy (17)
Proof. The necessity of condition (13) in I. From the equalities (6), (12),
(10) and invariance of measure dg it easily follows that

[, @ff] = 03, 0d / w;(9)R(9)dg = 000 Fy" . (18)

Substituting (11) into (6) we can verify equality (16). The operator matrices
F®X) are obviously all positive definite. Because ug,i‘)(e) = J;x, where e is unit
of G, it follows that convergence of series (15) is condition for convergence
of right side of (11) and (16).

The sufficiency of condition (12) and I If M, X\ = 1,2, ... are arbitrary

positive definite (dy x dy) operator £(X*, X**) - valued matrices, then one
can always select CIDE»;‘) € L(X*, Ly(Q2)) such that (13) satisfied. Under con-
dition of convergence of (15) the series in right side of (11) converges and
defines a random field =, in X for which [Z,,, Z;] is given by the formula
(16), i.e. =, is left homogeneous.

The proof of the part III of the theorem is analogous to the proof of
parts I and II.

Corollary 2.3.Continuous L(X*, X**) - wvalued operator function R(g)is
left positive definite, i.e. for all g; € G,xf € X*,i=1,..,n,n €N

n

> [R(g; ' gi)a3)(x}) = 0,

i,j=1

if and only if it admits representation of the form (16).

This result follows from characterization of the class of covariance func-
tions of random fields over G in X by condition (4) and theorem 2.2. This
is an operator version of Bochner theorem for complex positive definite
function over G [7].

Theorem 2.4.The continuous random field 24,9 € G in X is two-way
homogeneous if and only if its admits the spectral representation (11) with

random elements CIDE»?) € L(X*, La(2)) satisfying the condition

[(I)(X)

Ji

O] = 6,010 F ™, (19)

where F'Y) is nonnegative operators in L(X*, X**) such that series > dyF™
)

is convergent in L(X*, X**).
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The covariance function R(g) of two-way homogeneous random field
=4,9 € G in X 1is represented in the form

R(g) =Y xW(g)FY, (20)

where YN = TT(Ué’\)) are characters of the group G.
This theorem is consequence of part I, II and III of theorem 2.2.

Corollary 2.5.The expansion (20) is general characterization of L(X*, X**)
valued operator continuous positive definite functions over G which is in-
variant with respect to two-way shifts. This expansion is operator version
of corresponding result of Bochner for complex functions [7].

3. RANDOM FIELDS ON HOMOGENEOUS SPACES

Let @ = {q} be a homogeneous space with transitive transformation
group G = {g}. It is well known that ) can be identified with the set of left
cosets G /K, where K is a stationary subgroup of G, which leaves invariant
some point ¢y € @, and for ¢ = hK,h € G the actoin gg = ghK. The
topology of G induced naturally a topology in @ [6]. Functions in @ are
continuous if and only if the corresponding functions assuming a constant
value over elements from G/K are continuous on G.

Second order random field =,, ¢ € @ in X is a continuous mapping of )
into £(X*, Ly(Q2)). The field Z, is called homogeneous if for all g € G, p, ¢ €

Q
E=,, = E=Z, = const, [Z,q,Zg] = [E¢, Zp] = R(q,p). (21)

In the following we suppose that E=, = 0.

It is obvious that class of homogeneous random fields on ) coincides
with the class of homogeneous random fields on G which are constant over
all left cosets modulo K.

Now assume that the group G is compact. In order to obtain spectral
representation for =, we must use general theory of spherical functions (or
harmonics)on @ (see [8], [9]). Let us consider the complete system Ug()‘)
of unitary continuous nonequivalent representation of G (9) and choose
in the space of irreducible representations a basis such that to obtain the
irreducible representation of K. In order that a matrix element ul(])‘) (g) be
a constant on all elements of G/K we must have

ulY (gk) =Y ul) (g)ul)(k) =ui(9).g € G,k € K. (22)

It means that the equalities

u()‘)-(k‘) =0mj,m=1,..,d,ke K

mj
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take place. So elements ug‘) (g)which are constant on cosets of G/K fill
out the column of Ug corresponding to the identity representation of K.
If representation Ug(A) contains ry times the identity representation of K,
suppose that in basis e, ...eq, these identity representations correspond to
the first 7, basis vectors, U,i’\)ej =ej,k € K,j =1,...,r\. In this case the
functions of ¢
A A , .
w(-)(q) = ugj)(g),z =1,.,dyj=1,..,r\,A=1,2, ... (23)

v

are called spherical functions on ) while the functions

v (g) =uM (9) i =1, G =1, A= 1,2, (24)
are called zonal spherical functions. The functions (24)are constant on all
spheres with center at ¢, i.e. sets of points kq, k € K,q € Q (set kq,k € K
is a sphere with center ¢o(= K) and passing through the point ¢). The
zonal function 1/)1(;‘) (¢) depends only on the invariants of the ordered pair of
points ¢ and ¢y which remain unaltered under all transformations g € G,
i.e. on the composite distance from ¢ to go:

%(J/\)(Q) = wz(])\)(anO) = %(J/\)(QQ:QQO)ag € G?Lj = 17 "'77')\7)‘ = 1727 (25)

Theorem 3.1. The continuous random field =,,q € Q) of second order in
X on compact homogeneous space QQ = G /K is harmonizable in the sense
that it admits the representation

—ZZZw (26)

=1 j=1

where 1[)( are spherical harmonics (23)on Q and CID(A € L(X*, La(2)) have

the form
a0 = / 0 (g) 2dg)~ / 0D (Q)Zqda, (27)
Q

where dq is G-invariant measure on Q).

The statement of the theorem is consequence of the fact that accord-
ing to general theory of spherical harmonics the functions (23) represents
a complete orthogonal system in the Hilbert space Ly(Q) of complex func-
tions ¢(q), q € Q such that |p(q)|? is integrable with respect to G-invariant
measure dq on ). So only the harmonics (23) enter into the expansion of
the function ¢(g) which is constant over all cosets from G/ K.

Theorem 3.2 The continuous homogeneous random field Z,,q € @ on
compact homogeneous space Q@ = G/K in X admits the spectral represen-
tation (26) if and only if random elements @5-;\) € L(X*, Ly(Q)) satisfy the
relations

(@, @] = 0n 0 F, (28)

ji o



MULTIVARIATE RANDOM FIELDS 111

where operators Fj(;‘) € L(X*, X™)
The covariance function R(q,p) = [Z,, =] of such field Z,can be repre-
sented in the form

Rig.p) =Y. > vV (a,p)Fy (29)

X gi=1

where Qﬁl(;\)(q,p) are the function (25). Conversely, any L(X*, X**)-valued

function of the form (29), where ||Fj(l>‘)]| are positive definite matrices in
L(X*, X**) such that series (29) converges is a covariance function of some
homogeneous field =,,q € Q.

This theorem is consequence of foregoing theory of spherical harmonics

in view of theorems 2.2 and 3.1.

Corollary 3.3. The representation (29) gives general form of all continuous
G-invariant positive definite operator L(X*, X**)-valued kernels on Q =
G/K. This is operator version of related result of Bochner [7] for complex-
valued functions.

4. SOME SPECIAL CASES

The special case of generalized random field in complex normed space
X is such field in complex Hilbert space H with inner product (-|-) and
strong topology. In this case it is more appropriate to give the definition
of generalized random element of second order = in H as continuous linear
mapping from H into Ly(Q2), = € L(H, Ly(2)), the definition of expectation
[E= as vector of H, for which

E(Zz) = (2|EZ),z € H, (30)

and the definition of covariance operator [=,®] of elements =, & €
L(H, Ly(€2)) as linear continuous mapping of H into H which satisfy the
relation

([=, @Jzly) = (E(=2)(Py), 2,y € H. (31)

So covariance [=,®] belongs to the space of bounded linear operator
L(H,H) = L(H) in space H. Every generalized random elements = €
L(H, Ly(R2)) is generated by some usual random element in some quasinu-
clear extension of H (see [3]).

In the further we assume that the space L(H, Ly(2)) is endowed by
strong operator topology and the space L£(H) is endowed by weak operator
topology.

The second order generalized random field =, ¢ € T over some topolog-
ical space T is a continuous mapping of T into L£(H, Ly(€2)). The class of

—_

covariance functions of such fields, R(t, s) = [Z;, Z,],t, s € T coinsides with
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the class of continuous L£(H )-valued operator positive definite kernels, i.e.
forallt, e T,x; e H1=1,...n,neN

D (Rt ty)ai|z;) > 0. (32)
ij=1

The all results section 2 and 3 of this paper are valid for corresponding
generalized random fields over G and G/K in Hilbert space H and positive
definite invariant £(H)-valued operator kernels with using instead of space
L(X*, Ly(£2)) of generalized random element in X the space L(H, Ly(2))
of such elements in H and instead of covariance operators from £(X*, X**)
the covariance operators from L£(H).

In the case, when @ is sphere S in three-dimensional Euclidean space R?
with transformation group G as the group of all rotations g around center
of sphere 0, the homogeneous random field =y ., (0, ¢) € S, in X admits the
expansion in the form of series

00 l
Zop=) ), V"0, (33)

=0 m=—1

in accordance of theorem 3.2, where Y;(6, ¢) are spherical harmonics and
®! are random elements from L£(X*, L(2)) with covariances

where F), are nonnegative operators from £(X*, X**).

It follows from the equalities (33) and (34) and the addition theorem
of associated Legendre functions that corresponding covariance function R
of the field =y, depends only on angular distance 0 5 between the points

(61, ¢1), (02, p2) € Sa, ie.

R(9172> = [5(917501)75(927@02)]

and has representation of the form

R(612) = Y _ Pi(cosby ) By, (35)
=0

where

20+1
P(COSng Z Y 01g01 (92(,02) Bl = 9 E

Conversely, for every @ and Fj satisfying (34) and such that the series
(35) converges the field (33) is homogeneous and the function (35) is a
covariance function of a homogeneous random field over S5.
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Note that representations (33) and (35)are multivariate analogue of re-
sults of Obukhov [10] (see also [11]) for complex-valued fields on Sy. Ex-

pansion (35) gives general form of G-invariant positive definite £(X*, X**)-
valued kernel on Sy. This is a operator version of result of Shoenberg [12]
for complex-valued case.
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