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V. S. KOROLIUK, N. LIMNIOS, AND I. V. SAMOILENKO

LEVY APPROXIMATION OF IMPULSIVE RECURRENT PROCESS
WITH SEMI-MARKOV SWITCHING

The weak convergence of an impulsive recurrent process with semi-Markov switching
in the scheme of the Lévy approximation is proved. The singular perturbation prob-
lem for the compensating operator of an extended Markov renewal process is used to
prove the relative compactness.

1. INTRODUCTION

The Lévy approximation is still an active area of research in several theoretical and
applied directions. Since Lévy processes are now standard, the Lévy approximation is
quite useful to analyze complex systems (see, e.g., [1, 9]). Moreover, they are involved
in many applications, e.g., risk theory, finance, queueing, physics, etc. For a background
on the Lévy process see, e.g., [1, 9, 3].

In particular, in [5, Chapter 7 ], the following impulsive process was studied as partial
sums in a series scheme:

v(t)
(1) EM) =&+ ailriy), t>0,e>0.
k=1
Here, the random variables af (x),k > 1 are supposed to be independent and perturbed
by a jump Markov process z(t),t > 0. The embedded Markov chain z,,,n > 0 is defined
by x, = z(7,),n > 0, where 0 =179 < 7y < ... <7, < ...are the jump times of z(t),t > 0.
The corresponding counting process of jumps v(t) := max{k > 0: 7 < t}.
We propose to study a generalization of problem (1):
v(t)
(2) E) =&+ ai(Ei1,7i), t>0,e>0.
k=1
Here, the random variables a5 (u, z), k > 1 depend on the process £°(t), and the switching
process z(t),t > 0 is a semi-Markov one.

We propose to study the convergence of (2) using a combination of two methods. The
one, based on the theory of semimartingales, is combined with a singular perturbation
problem for the compensating operator of an extended Markov renewal process. So, the
method includes two steps.

At the first step, we prove the relative compactness of the semimartingale representa-
tion of a family £°, e > 0, by proving the following two facts (see [2, Chapter 3]):

lim sup P{sup|£°(t)| > ¢} =0,V > 0,7 >0
c—00 t<T

e<eo
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known as the compact containment condition, and
E[¢°(t) — & (s)|* < K|t — s],
for some positive constant k£ independent of €.

At the second step, we prove the convergence of the extended Markov renewal process

€, x5, 75, n > 0, by using the singular perturbation technique as presented in [5, Chapter
3.

Finally, we apply Theorem 6.3 from [5].

Similar results in case of the Poisson approximation of processes with locally indepen-
dent increments with Markov switching are presented in [6].

The paper is organized as follows. In Section 2, we present the time-scaled impulsive
process (2) and the switching semi-Markov process. In the same section, we present
the main results of the Lévy approximation. In Section 3, we present the proof of the
theorem.

2. MAIN RESULTS

Let us consider the space R? endowed with a norm |-| (d > 1), and (E, £), a standard
phase space, (i.e., E is a Polish space, and & is its Borel g-algebra). For a vector v € R?
and a matrix ¢ € R9*4 v* and ¢* denote their transpose, respectively. Let C3(R?) be a
measure-determining class of real-valued bounded functions such that g(u)/|ul> — 0 as
|u| — 0 for g € C3(R?) (see p.354 in [4] and [5, Chapter 7 ]).

For any € > 0 and any sequence zp,k > 0 of elements from R? x E, the random
variables aj (zx—1),k > 1 are supposed to be independent. Let us denote, by G7, ,, the
distribution function of o (), that is,

Gy . (dv) :=P(ag(u,x) € dv),k > 0,6 > 0,7 € E,u € R%.
The switching semi-Markov process x(t),t > 0 on the standard phase space (E,€) is
defined by the semi-Markov kernel
Q(z,B,t) = P(z,B)F,(t),x € E,B € &,t >0,
which defines the associated Markov renewal process z.,, 7,,n > 0:
Q(z,B,t) = P(xpt1 € B, Tnt1 — Tn < tlzy, = 2) = P(zpy1 € Bla, = )X
P(tnt1 — ™ < tlan, = ) =: P(z, B)F,(t).

The corresponding counting process of jumps v(t) := max{k > 0: 7, < t}.
We make the following assumption for the counting process v(t):

3) / Elp(s)dv(s)] < I / E(p(s))ds

for any nonnegative, increasing ¢(s) and {1 > 0 that does not depend on ¢(s).
The impulsive processes £5(t),¢ > 0, > 0 on R? in the series scheme with small series
parameter € — 0, (¢ > 0) are defined by the sum ([5, Section 9.2.1])
v(t/e?)
(4) EW =&+ Y ailliaio), t20

k=1
Here,

& =EE2m) =&+ ai(&y, 5 y).
k=1

It is worth noticing that the coupled process £°(¢),z¢(t),t > 0, is a Markov additive
process (see, e.g., [5, Section 2.5]).
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The Lévy approximation of the Markov impulsive process (4) is considered under the
following conditions.

C1: The semi-Markov process z(t),t > 0 is uniformly ergodic with the stationary
distribution

m(dr)q(z) = qp(dz), q(x) := 1/m(z),q := 1/m,

m(z) = Ef, = /000 F,(t)dt,m := /Ep(dx)m(x),

oB) = [ i) Pl B).p(B) = 1.

C2: Lévy approximation. The family of impulsive processes £°(t),t > 0 satisfies
the Lévy approximation conditions [5, Section 9.2].
L1: Initial-value condition:

supE|§5| < C < o
e>0
and

& = o-

L2: Approximation of the mean values:
a®(u;z) = /d vGs, (dv) = ear (u; ) + %[a(u; ) + 65 (u; 2)],
and )
) = [0 Glalde) = o) + 05 o).

where a1 (u; x), a(u; x) and ¢(u; z) are bounded functions.
L3: Poisson approximation condition for the intensity kernel (see [5, Chapter

9))
Gylusz) = /Rd 9(0)G;, 2 (dv) = (G (us ) + 0 (us )]
for all g € C3(R?), and the kernel G, (u;z) is bounded for all g € C3(R%),
that is,
|Gg(uw; )| < G4 (a constant depending on g).

Here,
(5) Gylu;x) = /]Rd g(v)Gy(dv), g€ C3(R%).

The above negligible terms 07, 07, and 07 satisfy the condition

a’’c?

sup |0°(u;z)] — 0, & — 0.
z€E

L4: Balance condition:
/ p(dz)ar (u;x) = 0.
E

In addition, the following conditions are used:
C3: Uniform square integrability:
lim sup/ V0 Gy oz (dv) = 0.
C— 00 er |'U‘ >c

C4: Linear growth: there exists a positive constant L such that
la(u;2)| < L+ Jul), and Je(uso)] < L(1+ Juf?),
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and, for any real-valued non-negative function f(v),v € R? such that
/ (1+ f(0)|oPdv < oo,
R4\ {0}

we have
|Gua()] < Lf(0)(1+ [ul).
The main result of our work is the following.
Theorem 2.1. Under conditions C1 — C4, the weak convergence
&) =&(t), ¢—0

takes place.
The limit process £9(t),t > 0 is a Lévy process defined by a generator L of the form

(6) Lp(u) = (a(u) — do(u))¢' (u) + 202(@@”(“) +

M) [ p(u-+ o) = o) Gla)
where

a(u) = q /E pldz)a(u; z), Golu) = /E vGo(dv),
Gyu(dv) = q/

E

a1 (u;x) :== q(m)/EP(x,dy)m(u;m), co(u; ) z/Evv*Gu,I(dv),

pd2)Go o (), a2(u) = q /E plda)a? (u; ),

~

o?(u) = 2/ W(dm){al(u;m)ﬁoaf(u; x)+%[c(u;m) —co(u; )]} — a}(u),o?(u) >0
E
Au) = Gu(R?), Gy (dv) = Gy(dv)/A(u),
and Eo is the potential operator of the embedded Markov chain.

Remark 2.1. The limit Lévy process consists of three parts: deterministic drift, diffusion
part, and Poisson part.
There are some possible cases:

1: If a(u) — @o(u) = 0, then the limit process has no deterministic drift.

2: If 02(u) = 0, then the limit process has no diffusion part. As a variant of this
case, we note that if c(u; ) = ¢o(u; ), then also a;(u;x) = 0, and we obtain the
conditions of the Poisson approximation after the renormalization 2 = £ (see,
e.g., Chapter 7 in [5]).

Remark 2.2. In work [5] (Theorem 9.3), an analogous result was obtained for an impul-
sive process with Markov switching. If we study an ordinary impulsive process without
switching, we should obtain 02 = E(a5)?— (E(ag))? = (c—co) —a?. This result correlates
with the similar results from [4, Chapter IX]. In case of our Theorem, this may be easily
shown, but it is not obvious in [5] (Theorem 9.3).

The difference is that we used Eo — the potential operator of an embedded Markov
chain instead of Ry — the potential operator of a Markov process. Due to this circum-
stance, our result obviously correlates with other well-known results.

Remark 2.3. The asymptotics of the second moment in condition L1 contains the second
modified characteristic c(u;x) (see Corollary 4.2 at p.555 in [4]). This characteristic in
limit contains both the second moment of the Poisson part and the dispersion of the
diffusion part, namely ¢ = ¢y + o2.
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3. PROOF OF THEOREM 2.1

The proof of Theorem 2.1 is based on the semimartingale representation of the impul-
sive process (4).

We split up the proof of Theorem 2.1 into following two steps.

STEP 1. At this step, we establish the relative compactness of the family of processes
&4(t),t > 0,e > 0 by using the approach developed in [7]. We recall that the space of all
probability measures defined on the standard space (E, ) is also a Polish space; so, the
relative compactness and the tightness are equivalent.

First, we need the following lemma.

Lemma 3.1. Under assumption C4, there exists a constant k > 0, independent of € and
dependent on T', such that

Esup|¢°(t)]? < kp, VT > 0.
t<T

Corollary 3.1. Under assumption C4, the following compact containment condition

(CCC) holds:
lim sup P {sup|§5( )| > c} =0,Ye9 > 0,7 > 0.

€0 e<gg t<T
Proof. The proof of this corollary follows from Kolmogorov’s inequality.
Proof of Lemma 3.1: (following [7]). The impulsive process (4) has the semimartingale
representation

(7) §(t) = u+ By + M,
where u = &§; Bf is the predictable drift,

v(t/e?)

Bi = ) a* (& aio1) = AT() + A%(8) + 65(8),
k=1
here
v(t/e?) v(t/e?)
Af(t) ==« Z a1(&iy, Ti), A(t) = €7 Z a(€i—1, Th—1):
k=1

and M is the locally square integrable martingale, where
v(t/e?)

® = S0 [ Gl i)+ 00 =

v(t/e?)
e? Z (&1 Thor) T OC(1),

and for every finite 7" > 0

sup |6°(t)] — 0,e — 0.
0<t<T

To verify the compactness of the process £°(t), we split up it into two parts.
The first part of the order of ¢,
v(t/e?)
Al =¢ > aiEpsziy),

k=1
can be characterized by the compensating operator

Lp(u;z) = e 2q(x)[AS(2) P — I)p(u; x),
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where
Af(2)p(u) = o(u+ear(u; ) = ear (u; 2)¢' (u) +€0%p(u).
After simple calculations, we can rewrite the operator:
Lf=c2Q+c A (z)P +6°,
where A1 (x)p(u) = ear(u; )@’ (u).

The corresponding martingale characterization is as follows:

Un

tng1 = P(AT ny1, Tnyr) — 9(A7 0, 25) Z O 1 LE0(AT  25y)-
Using the results from [5], Chapter 1, we obtain the last martingale in the form

t
pip = (AL (1), 27) + ¢° (A7(0), 75) —/0 Lo (A (s), 25)ds,

where x5 1= z(t/€?).
Thus (see, e.g., Theorem 1.2 in [5]), it has quadratic characteristic

< >= /0 [L7 (% (A7 (5), 25))? = 20° (A7 (5), 20 L% (A (s), 27)] ds.

Applying the operator L = e 2Q+¢e 1A (2) P+6° to the test-function p° = p+epy,

we obtain the integrand of the form
Qpt — 201Q¢p1 + 6°¢°.

Thus, the integrand is bounded. The boundedness of the quadratic characteristic
provides the compactness of fif. Thus, ¢(A5(¢)) is compact too and bounded uniformly
by €. By the results from [2, Chapter 3], we obtain the compactness of Aj(t), because
the test-function ¢(u) belongs to the measure-determining class.

Now we should study the second part of the order of £2.
For the process y(t), t > 0, let us define the process

y'(t) = sup [y(s)|.
s<t
Then, from (7), we have

9) (€)1 < 4fu® + (AN + (M))?).
Now we can apply the result of Section 2.3 [5], namely
v(t) t
> (€100 = [ (e (s). () av(s).

k=1
Condition C4 implies that, for sufficiently large €,
t/e?
(10) (A°(1)) = 52/ a(€°(s), 2% (s))dv(s) < Le> / (14 (65(s))1)dw(s).
0 0

Now by (8), condition C4, and Doob’s inequality (see, e.g., [8, Theorem 1.9.2]),
E((M{)")? < 4|E(M),,

we obtain

(1) [(M=)s] =

t/e?
62/ / vu*G(E5(s), dv; x5)du(s)
0o Jra\(o}

t/e?
< L2 / [1+ (€ ())1)]d(s).

0

t/e?
& / (€% (5): 2 ())du(s)

0
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Inequalities (9)-(11), condition (3), and Cauchy-Buniakowski-Schwarz inequality,
(U2 pls)ds)? < t [ o*(s)ds), imply

t/e? t/e?
E((€°(1)))? < ky + hae? / B[((6°(5))")2du(s)] < r + kalye? / B((¢°(s))1)?ds =

B+ kol / B((¢°(s))")%ds,

where k1, ke, and [; are positive constants independent of €.
By Gronwall’s inequality (see, e.g., [2, p. 498]), we obtain

E((€°(1))")* < k1 exp(kalut).
Thus, both parts of £°(¢) are compact and bounded, so
Esup [€5(t)]* < kr.
t<T

Hence, the lemma is proved.

Lemma 3.2. Under assumption C4, there exists a constant k > 0 independent of € and
such that

E[&°(t) — € (s)]” < k|t — s].
Proof: In the same manner with (9), we can write
[€°(t) — €5 (s)|” < 2IBf — BLJ* + 2| M — M.
By using Doob’s inequality, we obtain
E|¢°(t) — €°(s)|* < 2E{|Bf — B> + 8[(M®); — (M*),[}.
Now (11), condition (3), and assumption C4 yield
|Bf — B2 + 8[{M®), — (M?),| < ks[L+ ((65(T)")?]|t — s,

where k3 is a positive constant independent of e.

From the last inequality and Lemma 3.1, the desired conclusion emerges.

The conditions proved in Corollary 3.1 and Lemma 3.2 are necessary and sufficient
for the compactness of the family of processes £°(¢),¢t > 0, > 0.

STEP 2. At the next step of the proof, we apply the problem of singular perturbation
to the generator of the process £°(¢). To do this, we recall the following theorem. Let
C2(RY x E) be the space of real-valued functions twice continuously differentiable with
respect to the first argument, defined on R? x E, and vanishing at infinity. Let C(R% x E)
be the space of real-valued continuous bounded functions defined on R% x E.

Theorem 3.1. ([5, Theorem 6.3]) Let the following conditions hold for a family of
Markov processes £5(t),t > 0,& > 0:
CD1: There exists a family of test functions ¢°(u, ) in C3(R? x E), such that
lim ° (u, 7) = ¢(u),
e—0
uniformly on u,x.
CD2: The following convergence holds:
lim L¢® (u, ) = Ly (u),
E—r
uniformly on u,x. The family of functions LE@® e > 0, is uniformly bounded,
Lo(u) and LE@® belong to C(RY x E).
CD3: The quadratic characteristic of the martingale that characterizes a coupled
Markov process £ (t), x°(t),t > 0, > 0 has the representation (), = fot Ce(s)ds,
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where the random functions (¢, > 0, satisfy the condition

sup E|C°(s)] < ¢ < +o0.
0<s<T

CD4: The convergence of the initial values holds, and

supE|¢*(0)] < C < +o0.
e>0

Then the weak convergence
(1) = £(t), e—0,
takes place.
We consider the extended Markov renewal process
(12) &, an, To,n >0,
where x5, = 2°(75),2°(t) := a(t/e?), & = € (7)) and 75, = 75 4+ €265, n > 0, and
P65, <tla;, =x) =F,(t) =P(0, < 1).

Definition 3.1. [10] The compensating operator L¢ of the Markov renewal process (12)
is defined by the relation

590(56:7%'077-0) = Q(xO)E[QD(gimlle) - 90(56:"7:077-0)‘?0}7
where

Fi:=0(£(s),2°(s),7°(s); 0 < s < ¢t).

Using Lemma 9.1 from [5], we obtain that the compensating operator of the extended
Markov renewal process from Definition 3.1 can be defined by the relation (see also
Section 2.8 in [5])

(13)  Lfp(u,v;x) = [/dey / G, plu+ z,v;y) — o(u,v; )
By analogy with [5, Lemma 9.2], we can prove the following result:
Lemma 3.3. The main part in the asymptotic representation of the compensating oper-
ator (13) is
Lop(u,v,2) = e 2Qe(-, - x) +e a1 (u;2)Qopy, (u, -, -) + [a(u; ) — ag (u; 2)] Qo (u, -, )+

%[C(’LL; CL') - CO(U‘; x)]QOQOZu(u? B ) + G’U«,GJQOQO(uv B ')7

where

Quiple) == a(o) | Pl dn)els). Gurplv) = [ [o(u+2) = o(w)Gur(d),

ao(u;x):/EUGM,$(dv),co(u;x):/Evv*Gu’z(dv).

Proof of this Lemma is analogous to the proof of [5, Lemma 9.2].
The solution of the singular perturbation problem at the test functions ¢°(u,z) =
o(u) + ep1(u, ) + %92 (u, ) in the form
(14) Lfp® =Lp+ 6%
can be found in the same manner with Lemma 9.3 in [5].
To 51mphfy the formula, we refer to the embedded Markov chain. The corresponding
generator Q P —1, and the potential operator satisfies the relation Ro (P-1I)= -1
From (14), we obtain
- Qp=0,
Q1 + Ay (z)Pp =0,
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Qps + Ai(z)Po1 + (A(z) + C(x) + Gu.a) Py = m(z) L,
where
A(x)p(u) = [a(u; ) — ao(u; 2)]¢" (u), A1 (x)p(u) := a1 (u; 2)¢’ (u),

1
C(x) := gle(us @) = co(u; )]y (u).
The second equation yields ¢ = ﬁoAl(x)go. Substituting it into the last equation, we
have
Qp2 + A1(2)PRoAq(2)p + (A(z) + C(z) + Guo)p = m(z)Lep.
Since PRy = Ry + II — I, we finally obtain
(15) ¢ 'L =[(A(z) + C(z) + Gu.) + A1 (z)RoAs (z) — A2 (2)]IL

Simple calculations give us (6) from (15).

Now Theorem 3.1 can be applied.

We see from (13) and (15) that the solution of the singular perturbation problem for
Le® (u, v; z) satisfies conditions CD1, CD2. Condition CD3 of this theorem implies
that the quadratic characteristic of the martingale corresponding to a coupled Markov
process is relatively compact. The same result follows from the CCC (see Corollary 3.1
and Lemma 3.2) by [4, Chapter 9]. Thus, condition CD3 follows from Corollary 3.1
and Lemma 3.2. Due to L1, condition CD4 is also satisfied. Thus, all the conditions of
Theorem 3.1 are satisfied, so the weak convergence £°(t) = £°(t) takes place.

Theorem 2.1 is proved.

The authors thank anonymous referees for the attention to the article and useful
comments that allowed them to improve the presentation of results.
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